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Chapter 1 10

Exercise 1.1:

Reg[0] is N.

Reg[1] is the loop counter and an address into the input segment.
Reg[2] is the current number from the input.

Reg[3] is the minimum of the input numbers seen so far.

Reg[4] is the maximum of the input numbers seen so far.

The word size is [log(N + 1)].

-

-

0
1
2
3
4
5.
6
7
8
9

10.
11.
12.
13.

read Reg[3] < In[0]

let Reg[4] < Reg[3]

let Reg[1] < Reg[1] + 1

if Reg[1] > Reg[0] then goto line 11
read Reg[2] < In[Reg[1]]

if Reg[2] > Reg[3] then goto line 8
let Reg[3] < Reg[2]

goto line 2

if Reg[2] < Reg[4] then goto line 2
let Reg[4] < Reg[2]

goto line 2

write Reg[3]

write Reg[4]

halt
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Chapter 1 11

Exercise 1.2: The program uses register aliases N, n, y, lo, hi, mid, and xval. The loop invariant
is that the lowest address i € {0, 1,...,n— 1} such that x;,; = y, if it exists, must be between
lo and hi, inclusive. No register ever exceeds N, except that mid might be almost as large as 2N
because of line 5. Thus word size [log(2N)] = O(log N) suffices. The time efficiency is O(logN)
since the loop has O(logN) iterations (as hi — lo goes down by a factor of approximately 2 in
each iteration), and O(1) instructions are executed per iteration. The space efficiency is O(log N)
since the work segment is not used.

( )

0. letn<—N—1
1. read y « In[n]
2. letlo—0
3. lethie—n—1
4. if lo = hi then goto line 13
5. let mid « lo + hi
6. let mid « |mid/2]
7. read xval « In[mid]
8. if y > xval then goto line 11
9. let hi < mid

10. goto line 4

11. let lo &« mid + 1

12. goto line 4

13. read xval < In[lo]

14. if xval = y then goto line 16

15. reject

16. accept

-~
o
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Exercise 1.3: The program loops through the bit positions, from most significant to least
significant, to find the first position on which x and y differ. It uses register aliases N, xptr, yptr,
xbit, and ybit. The word size is [log(N + 1)] = O(logN). The time efficiency is O(N) since the
loop has at most N /2 iterations, and O(1) instructions are executed per iteration. The space
efficiency is O(log N) since the work segment is not used.

( N
0. letxptr — |N/2]
1. letyptr < N
2. if xptr = 0 then goto line 10
3. let xptr < xptr — 1
4. let yptr < yptr — 1
5. read xbit < In[xptr]
6. read ybit < In[yptr]
7. if xbit < ybit then goto line 10
8. if xbit > ybit then goto line 11
9. goto line 2

10. reject
\11' accept )
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Exercise 1.4: For ELEMENT DISTINCTNESS € TIME[N ], the idea is to take one pass through the
input list, using the work segment to remember which values have been seen already. For any
nonnegative integer y < N2, Mem[y] will be 1 if y has been encountered in the input so far
(“discovered”), and 0 otherwise. The program rejects if it sees an input value that was previously
seen, and accepts if it finishes the input without encountering any duplicates. It uses register
aliases N, i, xi, and disc. For convenience we think of the indices as 0,...,N — 1, so register xi
actually gets x;,; from the input. No register ever exceeds N2, so word size [log(N? +1)] =
O(log N) suffices. The time efficiency is O(N) since the loop has only N iterations, and O(1)
instructions are executed per iteration. This implementation’s space efficiency is O(N?logN),
but it doesn’t matter.

( N
0. ifi > N then goto line 8

1 read xi < In[i]

2 load disc < Mem[xi]

3 if disc = 0 then goto line 5
4 reject

5. store Mem/[xi] < 1
6

7

8

leti —i+1
goto line O

accept
& J

For ELEMENT DiSTINCTNESS € SPACE[logN], the idea is to compare each pair of input
elements and reject iff a duplicate is encountered. The program only needs to remember the
current pair of indices 0 <i < j < N. It uses register aliases N, i, j, xi, and xj. No register ever
exceeds N2, so word size [log(N? + 1)] = O(log N) suffices. The space efficiency is O(logN)
since the work segment is not used. The time efficiency is O(N?), but it doesn’t matter.

( A
if i > N then goto line 11

read xi < In[i]

let je—i+1

if j > N then goto line 9
read xj < In[j]
if xi # xj then goto line 7

reject

letje—j+1
goto line 3

leti —i+1

goto line O

accept

Y © N UpRODh e O
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e
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=
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Exercise 1.5: For eachu € {1,2,...,n}, Mem[u] will be 0 if node u is undiscovered, and will
be u’s predecessor otherwise. To mark s as discovered, we let s be its own predecessor (though
this doesn’t matter, as long as Mem[s] # 0). The second phase of the algorithm (line 29 through
line 34) outputs the path backward from t to s. The same word size as plain BFS works.

f 0. letptr <~ N—2 12. if head = tail then goto line 28 A

1. read s « In[ptr] 13. load u <~ Mem/[head]

2. letptr—N—1 14. let head < head + 1

3. read t « In[ptr] 15. read ptr < In[u]

4. if s # t then goto line 7 16. read outdeg « In[ptr]

5. write t 17. let end < ptr + outdeg

6. halt 18. if ptr = end then goto line 12

7. store Mem[s] < s 19. let ptr < ptr + 1

8. read head « In[0] 20. read v « In[ptr]

9. let head < head + 1 21. load pred <~ Mem[v]

10. store Mem[head] < s 22. if pred # 0 then goto line 18
11. let tail « head + 1 23. store Mem[v] « u
24. if v =t then goto line 29
25. store Mem[tail] < v
26. let tail « tail + 1
27. goto line 18
28. reject
29. write v
30. if v =s then goto line 34
31. load v « Mem[v]
32. write v
33. goto line 30
34. halt
\§ J
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Exercise 1.6: The first loop (line 1 through line 12) tabulates the indegrees of all nodes. The
second loop (line 16 through line 22) initializes the queue to contain all nodes with indegree
0 in G. The third loop (line 23 through line 40) “deletes” each node of indegree 0. The count
register records how many nodes have been deleted and written to the output segment. If not all
nodes get deleted, the graph must not be a dag. The program’s word size is [log(N + 1)] since
no register ever exceeds N.

( 0. read n < In[0] 23. if head = tail then goto line 41 A
1. if u > n then goto line 13 24. load u <~ Mem[head]
2 letu—u+1 25. let head < head + 1
3 read ptr < In[u] 26. write u
4. read outdeg < In[ptr] 27. let count < count + 1
5. let end < ptr + outdeg 28. read ptr < In[u]
6 if ptr = end then goto line 1 29. read outdeg < In[ptr]
7 let ptr < ptr +1 30. let end « ptr + outdeg
8 read v « In[ptr] 31. if ptr = end then goto line 23
9. load indeg < Mem[v] 32. let ptr < ptr + 1
10. let indeg < indeg + 1 33. read v < In[ptr]
11. store Mem[v] « indeg 34. load indeg < Mem[v]
12. goto line 6 35. let indeg < indeg — 1
13. let head < n+1 36. store Mem[v] « indeg
14. let tail < head 37. if indeg > 0 then goto line 31
15. letu« 0 38. store Mem[tail] < v
16. if u > n then goto line 23 39. let tail « tail + 1
17. letue—u+1 40. goto line 31
18. load indeg « Mem|u] 41. if count < n then goto line 43
19. if indeg > 0 then goto line 16 42. halt
20. store Mem[tail] < u 43. reject
21. let tail « tail + 1
22. goto line 16
\§ J
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Exercise 1.7: If G has n nodes then the input size is N = n?, since the adjacency matrix has
one bit for each ordered pair of nodes (indicating whether G has an edge between those nodes).
( )
compute n « vN
forue1,...,n—2:
forve—u+1,...,n—1:
forwe—v+1,...,n:
if each of {u, v}, {v,w}, {w,u} is an edge in G: accept

reject

J

The value of n can be computed in O(log N) time with binary search, as mentioned in §1.5.4.
The algorithm’s time efficiency is O(n®) = O(N ') since each of the nested loops has at most n
iterations, and each iteration contributes O(1) to the running time (since each of the three edge
look-ups {u, v}, {v,w}, {w,u} takes O(1) instructions). The space efficiency is O(logn) = O(log N)
since n, u, v, w each take at most [log(+/N +1)] bits, so an implementation would be register-only
with word size O(logN).
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. . . -1 -
Exercise 1.8.a: Let x; ,_; ‘- X; ¢ be the binary representation of x;, so x; = Z;-l:o x;j- 2. Our

algorithm determines whether there are more Os or 1s among the most significant bits of all the
x; numbers; the variable ¢ counts how many Os.

( N
compute n « vN
initialize ¢ < 0
forie<1,...,n:
if x; ,_; = 0: increment c
if c > [n/2]: reject
\else. accept

J

The time efficiency is O(n) = O(+/N) since n can be computed in O(log N) time (as mentioned
in §1.5.4) and the loop has n iterations and O(1) instructions per iteration. Word size O(logN)
suffices, so the space efficiency is O(log N) since an implementation would be register-only (using
registers for the variables n, c, i, and intermediate calculations).
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Exercise 1.8.b: Our algorithms identify the exact median (after which, outputting its least
significant bit is trivial). For LEAST SIGNIFICANT BIT oF MEDIAN € TIME[N], the following
algorithm maintains these outer loop invariants:

* The overall median is the k™ smallest among all x; such that i remains “in contention.”
® Xjp—1°'"*Xjjt+1 is the same for all i in contention.

compute n < VN
initialize k « [n/2]
mark each i € {1,...,n} as “in contention”
forjen—1,...,0:
initialize ¢ <~ 0
fori<1,...,n:
if i is in contention and x; ; = 0: increment ¢
if c > k:
fori—1,...,n:
if i is in contention and x; ; = 1: mark i “not in contention”
else if ¢ < k:
fori1,...,n:
if i is in contention and x; ; = 0: mark i “not in contention”
update k <« k—c
pick any i that remains in contention

Output Xi,o
g J

The invariants hold at the beginning (with j = n—1) and are preserved by each outer iteration:
The variable ¢ counts how many numbers in contention have 0 in position j. If ¢ > k then
the median has 0 in position j, and if ¢ < k then the median has 1 in position j. The input
numbers with the wrong bit in position j are culled from contention (maintaining the second
invariant), and k is updated accordingly (maintaining the first invariant). Correctness of the
output is implied by the invariants holding at termination (with j = —1) since all x; numbers in
contention are identical and the median is among them.

The time efficiency is O(n?) = O(N) since the part before the outer loop contributes O(n),
the outer loop has n iterations, each inner loop has n iterations, and each iteration contributes
O(1) instructions. An implementation would use a list of n bits in the work memory to keep track
of which indices i are in contention, so that O(1) time suffices to look up (and change) whether
i is contention.

For LEAST SIGNIFICANT BT oF MEDIAN € SPACE[log N ], the idea is to try each x; and check
whether it’s the median, by comparing it to all input numbers. Note that x; is the median iff
there are fewer than [n/2] indices j with x; < x; and fewer than [n/2] indices j with x; > x;;
the variables a and b count these two things respectively.
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-
compute n < vN

fori<—1,...,n:
initialize a < 0 and b < 0
forj«—1,...,n:
compute whether x; is <, =, or > x; as in Exercise 1.3
if x; < x;: increment a
else if x; > x;: increment b
if a <[n/2]and b < [n/2]: terminate and output Xx; ,

J
The algorithm only needs to remember n, i, a, b, j, and an index for walking through x; and
x; to see which is greater by comparing bits in most-to-least-significant order. None of these

variables ever exceeds n, so they can be kept in registers with word size O(log N'). Thus the space
efficiency is O(logN).
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Exercise 1.9: Suppose x; has bit-length m;, and denote the binary representation of x; by
X m,—1""" X - Define m =[logn]+ max}_, m;, and note that D x; <n-maxl 2™ < 2™ so
m bits are enough for the output. For any given i and j, we can look up the bit x; ; in O(1) time.

For each i, a “pointer” variable p; holds the index of the next input number x,, that has
remaining bits (as we sweep from least to most significant). So p, is the lowest index of an input
number with remaining bits, and if p; > n then no input numbers with index > i have remaining

bits. If x; has no remaining bits, then p; is junk.

(- . . . \
initialize ¢ < O

fori < 0,1,...,n: initialize p; < i+1
forj«<0,1,...,m—1:
initialize i <~ O
while p; < n:
ifj<mp:
update i < p;
update ¢ < ¢+ x; ;
else: update p; < p,.
let z; < ¢ mod 2
update ¢ « [c/2]
\output the binary number z,,_; - - - 272

J

This algorithm is correct because it produces the same output as the standard carry algorithm; it
just saves time by skipping over input numbers that have run out of bits. Initializing the p;s takes
O(n) = O(N) time. The rest of the time is O(number of iterations of the inner “while” loop).
Let’s “charge” an inner iteration to the input number x,, , for the value of p; at the beginning of
the iteration. Each x; only gets charged for m; + 1 many iterations, namely m;, many iterations
where the “if” condition is true (j =0, ...,m; — 1), and one iteration where it’s false (j = my,
so the “else” executes). This is because after the “else” executes, the pointer chain will skip over
x; for the rest of the algorithm. Thus the time is O(Zzzl(mk + 1)) = O(N). The carry c always
fits in O(log N) bits (just like in Claim 1.1), as do all pointers and indices, so O(log N) word size
suffices.
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Exercise 1.10: Let deg(v) denote the degree of a node v. Fori € {0,1,...,deg(v)—1}, let v[i]
denote v’s i™ neighbor according to v’s adjacency list in the input. For any integer i, let v[i]
stand for v[i mod deg(v)]. View an undirected edge {u, v} as a pair of directed edges (u, v) and
(v,u), and note that u = v[i] and v = u[j] for some i and j that are unrelated to each other.

if s = t: accept A
if deg(s) = 0: reject
initialize (u,v) < (s,s[0])
repeat until (u,v) = (s[—1],s):
if v=t: accept
find i such that u = v[i]
update (u,v) « (v,v[i+1])
reject
N\ J

This algorithm only needs registers for s, t, u, v, i, deg(s), deg(v), and some pointers into the
input. None of these ever exceeds N, so we can keep them in registers with word size O(logN).
Thus the space efficiency is O(logN).

We prove that this algorithm is correct. It is correct if s = t or deg(s) = 0, so assume s # t
and deg(s) > 0.

We first argue that the algorithm always terminates. It traverses a walk from s, with (u, v) as
the current directed edge. Supposing for contradiction that it runs forever, it must traverse some
directed edge at least twice, by the pigeonhole principle. Consider the first edge (u, v) traversed
at least twice. The edge preceding (u,v) on the walk is uniquely determined as (u[j — 1],u)
where j is such that v = u[j]. If (u,v) # (s,s[0]) then the first two traversals of (u,v) would
both be preceded by the same edge, contradicting the assumption that (u, v) is the first edge
traversed at least twice. If (u,v) = (s,s[0]) then the second traversal of (u, v) would be preceded
by (s[—11],s), so the algorithm actually would have terminated and rejected.

Now, we argue that the algorithm accepts iff t is reachable from s:

=: Suppose the algorithm accepts. Since it traverses a walk from s and only accepts when it
reaches t, this means there exists a walk (and hence a path) from s to t.

&: Suppose there exists a path wy = w; — -+ = wy from s = wy to t = w,. We claim that the
algorithm traverses each directed edge on this path, and thus reaches t and accepts. Suppose for
contradiction it doesn’t. Consider the least £ such that the algorithm doesn’t traverse (w,, w,,1).

First, suppose £ > 0. Let i be such that w,_; = wy[i], and consider the least k € {1,2,...,
deg(w,) — 1} such that the algorithm doesn’t traverse (w,,w,[i + k]). Such a k exists since
Wyy1 7 wy_1 and the algorithm doesn’t traverse (w;, wy, ). If k = 1 then the algorithm would
traverse (w,, w,[i + k]) immediately after traversing (w,_;,w;), so we must have k > 1. Since
we considered the least such k, the algorithm must traverse (w,, w,[i + k — 1]). We claim that
after it does that, it eventually traverses the reverse edge (w,[i + k — 1], w,), after which it
would immediately traverse (w,, w,[i+k]), which is a contradiction. Proof of the claim: Since s’s
connected component is a tree, deleting the undirected edge {W[, wyli +k—1]} would disconnect
the component (Theorem 0.6). After deleting this edge, s is in w,’s connected component (by
the paths - w; — -+ = w;) and thus not in w;[i +k—1]’s connected component, which means
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the algorithm will not reject while it’s inside w,[i + k — 1]’s connected component. Since the
algorithm doesn’t run forever, the walk must eventually leave that component in the only possible
way, which is the edge (w,[i +k— 1], wy).

Now, suppose ¢ = 0. Consider the least k such that the algorithm doesn’t traverse (s,s[k]).
Such a k exists since the algorithm doesn’t traverse (s, w;). We must have k > 0 since (s,s[0])
is the first edge the algorithm traverses. The same argument from the previous paragraph
shows that after traversing (s,s[k—1]), the algorithm would eventually traverse the reverse edge
(s[k —11],s) and then immediately traverse (s,s[k]), which is a contradiction.
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Exercise 1.11.a:

let Reg[i] < Reg[j] < Regl[k] ~AAAS let Reg[i] < Reg[j] ® Reg[k]
let Reg[i] < —Regli]

Then, update the line numbers of all branch instructions.
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Exercise 1.11.b: Observe that x = y = (-x)V y for all x,y € {0,1}". First, assume that
there are no hardcoded constants and that i # j # k:

let Reg[i] < Reg[j] = Reglk] EVNUVAS let Reg[j] < —Reglj]
let Reg[i] < Reg[j] V Reglk]
let Reg[j] < —Reglj]

If i = j # k then the last line of the substitution should be removed. If j = k then:
let Reg[i] < Reg[j] = Reg[j] ~AAAS let Reg[i] «<— =0

If a constant stands in for Reg[k] but not for Reg[j], then the first substitution above still works
(with the last line removed if i = j). If constants stand in for both Reg[j] and Reg[k], then
Reg[i] can just be assigned a negated constant (since if x,y € {0,1} are constants, then
—(x = y) = x A(—y) is also a constant, though (—x) V y itself is not a constant). Finally,
suppose a constant stands in for Reg[j] but not for Reg[k]. Assuming i # k:

let Reg[i] < x = Reg[k] EVNUVAS let Reg[i] «— —x
let Reg[i] < Regl[i] V Regl[k]

Assuming i = k:

let Reg[i] < x = Regli] o let Reg[i] < —Regli]
let Reg[i] < x A Regli]
let Reg[i] <« —Regli]

Then, update the target line numbers of all branch instructions.
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Exercise 1.12: Perhaps the simplest way to check whether Reg[j]’s leftmost bit is 1 is to do an
unsigned comparison to see whether Reg[j] is greater than its bitwise negation. Employing a
fresh “register h”:

let Reg[i] < Reg[j] > Reg[k] o let Reg[h] < —Reglj]
if Reg[j] > Reg[h] then goto 3 lines below
let Reg[i] < Reg[j] > Reglk]
goto 6 lines below
let Reg[h] <~ =0
let Reg[h] < Reg[h] > Regl[k]
let Reg[h] < —Reg[h]
let Reg[i] < Reg[j] > Reg[k]
let Reg[i] < Regl[i] vV Reg[h]

This also works with constants standing in for Reg[j] and/or Reg[k].
Then, update the target line numbers of all preexisting branch instructions.
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Exercise 1.13.a: Note that x Ay = —((=x)V(—y)) for all x, y € {0,1}". Employing two fresh
“registers g and h”:

let Reg[i] < Reg[j] AReglk] EVNUVAS let Reg[g] < —Reglj]
let Reg[h] < —Regl[k]
let Reg[i] < Reg[g] V Reg[h]
let Reg[i] <« —Regli]

This also works with constants standing in for Reg[j] and/or Reg[k].
Then, update the target line numbers of all branch instructions, and apply Theorem 1.2.
The proof of Theorem 1.2 reintroduces bitwise-and instructions when masking Reg[0] to
make the “effective word size” match the original word size, but this can be sidestepped by
applying a similar substitution:

let Reg[0] < Reg[0] A Reg[1] s let Reg[0] «<— —Reg[0]
let Reg[1] < —Reg[1]
let Reg[0] < Reg[0] V Reg[1]
let Reg[0] < —Reg[0]

The mask in Reg[1] doesn’t need to be kept (it may be overwritten in the next instruction anyway),
so we don’t bother re-negating it at the end of the substitution.
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Exercise 1.13.b: Note that x Vy = —((=x) A (-y)) for all x,y € {0,1}". Employing two
fresh “registers g and h”:

let Reg[i] < Reg[j] V Reglk] EVNUVAS let Reg[g] < —Reglj]
let Reg[h] < —Regl[k]
let Reg[i] < Reg[g] A Reg[h]
let Reg[i] <« —Regli]

This also works with constants standing in for Reg[j] and/or Reg[k].
Then, update the target line numbers of all branch instructions, and apply Theorem 1.2.
The proof of Theorem 1.2 reintroduces bitwise-or instructions when constructing constants,
but this can be sidestepped by replacing “let Reg[0] « Reg[0]V1” with “let Reg[0] < Reg[0]+1”
since the least significant bit of Reg[0] is guaranteed to be O here.
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Exercise 1.13.c: Note that -x = x & (0—1) for all x € {0,1}" since 0—1 is the all-1 word.
Employing a fresh “register h”:

let Reg[i] < —Regl[j] EVNUVAS let Reg[h] <~ 0—1
let Reg[i] < Reg[j] ® Reg[h]

This also works with a constant standing in for Regl[j].
Then, update the target line numbers of all branch instructions, and apply Theorem 1.2.
The proof of Theorem 1.2 reintroduces bitwise-not instructions when doing the masking, but
this can be sidestepped by replacing “let Reg[1] < —0” with “let Reg[1] « 0— 1" here.
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Exercise 1.14: Here’s pseudocode for the new program:

run the original program, ignoring all write instructions, and using an extra register m
to remember the largest output address that would be written to
(in place of “write Out[Reg[j]] « Reg[i]”: if Reg[j] > m then let m < Reg[j])
fora<0,1,...,m:
reset the registers and work segment for the original program
run the original program, ignoring all write instructions, and using an extra register v
(reinitialized to 0) to remember the latest value that would be written to Out[a]
(in place of “write Out[Reg[j]] <« Reg[i]”: if Reg[j] = a then let v < Reg[i])

write v
g J
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Exercise 1.15: Let P’ and L’ be the classes of all total problems in P and L, respectively. We
show that P=Liff P" = L:

= This is trivial.

<: Assume P’ = L’. To see that P = L, consider any promise problem A € P. Say program II
solves A with time efficiency < cN¢ for some integers c,d. On invalid inputs to A, IT might take
more than cN¢ steps. Define a program I1’ that runs IT but counts how many steps it takes, and
rejects if it takes more than cN¢ steps. Since IT’ runs in poly time on all inputs (including invalid
inputs to A), it solves some total problem A’ € P’ that’s consistent with A. By the assumption
that P’ = L', we have A’ € L’. Thus some log-space program solves A’ and therefore solves A, so
A el

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 1 31

Exercise 1.16: This oracle reduction from DIRECTED MIN PATH HEIGHT to DIRECTED REACHA-
BILITY does binary search over the possible path heights:

( . )
on input (G, s, t):

let G’ be G but without height labels on the edges
query the oracle on input (G, s, t)
if the oracle rejected: halt and report that t is not reachable from s
initialize lo < 0 and hi < m
while lo < hi:
let mid < | (lo + hi)/2]
let G},;4 be G but with all edges of height > mid removed, and without height labels
query the oracle on input (G4, S, t)
if the oracle accepted: update hi < mid
if the oracle rejected: update lo < mid + 1

output lo
\\ P J

Assuming t is reachable from s, the reduction maintains the loop invariant that the minimum
height of any path from s to t is > lo and < hi, because the oracle accepts iff G has a path from
s to t of height < mid. The loop terminates since hi —lo decreases in each iteration. Thus the
output is correct since the invariant holds at the end when lo = hi.

In fact, the loop terminates within O(logm) = O(log N) iterations since hi — lo decreases by
about a factor of 2 in each iteration. Each iteration of the reduction takes O(N) time. Using BFS
to implement the oracle, each query (which has size < N) gets answered in O(N) time. Thus
the overall time efficiency is O(N log N ), with word size O(logN).
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Exercise 1.17: This reduction program uses register aliases N, n, m, i, j, xbit, ybit, gbit, and
ptr. The word size is [log(N + 1) since no register ever exceeds N and there is a 2-bit constant.

( )

0. letn« |N/2|
1. letmeN-—-1
2. write-query n
3. write-query m
4. if j > n then goto line 20
5. leti <0
6. if i > m then goto line 18
7. let gbit < 0O
8. if i < j then goto line 15
9. letptr —i—j
10. if ptr > n then goto line 15
11. read xbit < In[ptr]
12. let ptr <~ n+j
13. read ybit < In[ptr]
14. let gbit « xbit - ybit
15. write-query gbit
16. leti —i+1
17. goto line 6
18. letje—j+1
19. goto line 4
kzo. query )
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Exercise 1.18.a: Assume A <7 B and B € EXP. Consider the algorithm that runs the reduction
and uses B’s exponential-time algorithm to answer each oracle query. By definition, this algorithm
solves A. Let N denote A’s input size. If the reduction produces a query of size M, B’s algorithm
takes 2P°YM time to answer the query. Since the reduction makes only poly N many queries, each
of poly N size, the time efficiency of A’s algorithm is:

polyN + polyN - 2poy (polyN ) — opolyN

—— —— —— e
time of number time of B’s  query
reduction of queries algorithm size

Thus A € EXP. Formally, this can be seen by the same proof as Lemma 1.12. The erase phases
do not dominate the running time, and word size poly N should be used to accommodate the
largest word size needed by B’s algorithm on any of the oracle queries.
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Exercise 1.18.b: Assume A <7, B and B € QUASIP. Consider the algorithm that runs the re-
duction and uses B’s quasi-polynomial-time algorithm to answer each oracle query. By definition,
this algorithm solves A. Let N denote A’s input size. If the reduction produces a query of size M,
B’s algorithm takes 2P°Y1°8M time to answer the query. Since the reduction makes only 2P°YlogN

many queries, each of 2P°V1°8N size the time efficiency of A’s algorithm is:

2polylogN + 2polylogN ) poly(log ( 2poblogN y) — 2polylogN + 2polylogN +poly(polylogN) _ 2polylogN
—_—— —_—— ——
time of number time of B’s query
reduction of queries algorithm size

Thus A € QUASIP. Formally, this can be seen by the same proof as Lemma 1.12. The erase phases
do not dominate the running time, and word size polylog(2P°¥1°¢N) = polylog N should be used
to accommodate the largest word size needed by B’s algorithm on any of the oracle queries.
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Exercise 1.19.a: Let u;,...,u, be G’s nodes. Observe that G is connected iff for every i €
{2,...,n}, u; is reachable from u;:

=: This is immediate from the definition of “connected.”

<: Assume that for every i € {2,...,n}, u; is reachable from u;. To see that G is connected,
consider any two nodes u; and uy. If j =1 or k =1 then there is a walk between u; and u; by
assumption. Otherwise, there is a walk from u; to u; and a walk from u; to u; by assumption,
and concatenating these yields a walk from u; to uy. Thus . is reachable from u;.

Hence, the following oracle reduction from UNDIRECTED CONNECTIVITY to0 UNDIRECTED
REACHABILITY is correct:

( )
on input G with nodes uy,...,u,:

fori«2,...,n:
query the oracle on input (G, u;,u;)
if the oracle rejected: reject

accept
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Exercise 1.19.b: Map G (with nodes u.,...,u,) to G’ where:

* G’ has n—1 copies of G.

* For each i € {2,...,n}, G’ has an edge between u; in the (i — 1)* copy and u; in the i
copy.

* sisu; in the 1% copy.

* tisu, in the (n —1)* copy.

This reduction only needs log space, and it’s correct because G is connected iff for every i €
{2,...,n}, u; is reachable from u; in G (Exercise 1.19.a) iff ¢ is reachable from s in G':

=: Assume that for every i € {2,...,n}, u; is reachable from u; in G. Then t is reachable from s
in G’ by a path that goes from u; to u, in the 1% copy, then takes the edge to u; in the 2" copy,
then goes from u; to u5 in the 2™ copy, then takes the edge to u; in the 3™ copy, and so on.

<: Any path from s to t in G’ must have the form described in the previous paragraph, so its
segments within the individual copies must be paths from u; to u; for each i € {2,...,n}.
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Exercise 1.20.a: The idea is to have II; run IT; and I1, “in parallel,” alternating steps between
the two (a step of I, a step of IT,, a step of I14, a step of II,, and so on) until one of them halts.
Thus if IT; (x) takes t steps and I1,(x) takes > t steps, then IT5(x) will run t steps of I1;(x) and
at most t steps of I1,(x), and thus have only 2t running time (plus some bookkeeping overhead),
and similarly if I1,(x) finishes before IT; (x).

More formally: II; has two work segments, Mem; for IT; and Mem, for II, (which is OK
by Lemma 1.5), and has sets of registers Reg; for I1; and Reg, for II,. If I1; has L; many
lines and II, has L, many lines, then II; has 4 - L - L, many lines. For each tuple (i, 1,,j) €
{0,...,L;—1} x{0,...,Ly —1} x {1, 2}—representing that IT; should execute line i; next, and
IT, should execute line i, next, and it’s I1;’s turn now—TII3 has a pair of instructions: The first
instruction in the pair is the instruction from line i; of IT; (updated to use Mem; and Reg; and
modified target line number if it’s a branch). The second instruction in the pair is an unconditional
branch to the first instruction in the pair corresponding to (i; +1,i,,2) if j = 1, or to (iy,iy+1,1)
if j = 2 (or we just omit the unconditional branch if it would go to a nonexistent line number
withi; +1>L;oriy+1>L,).
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Exercise 1.20.b: The idea is to have I, run II; and II, “in parallel,” but instead of strictly
alternating between them, II, takes a step of whichever one will have used less work memory
so far. Thus if IT;(x) uses s words (the first s words of its work segment) and II,(x) uses > s
words, then IT,(x) will use s words for IT;(x) and at most s words for I1,(x), and thus use only
(2s +0O(1))W memory space, and similarly if IT,(x) uses less work space than IT;(x).

More formally: II, has two work segments, Mem; for IT; and Mem, for II, (which is OK
by Lemma 1.5), and has sets of registers Reg; for II; and Reg, for IT,. Also, 14 has a register
nicknamed a that holds what will be the highest work segment address accessed so far by II;
after executing the next step of I1;. Also, I, has a similar register b for IT,. Suppose I1; has L;
many lines and I1, has L, many lines. For each tuple (i;,i,) € {0,...,L; —1} x{0,...,Ly —1}—
representing that IT; should execute line i; next, and II, should execute line i, next—II, has a
bundle of instructions:

* If line i; of I1; is a load or store, the bundle updates a «— max(a, address of load/store).
* If line i, of I, is a load or store, the bundle updates b « max(b, address of load/store).

* If a < b, the bundle executes line i; of IT; (updated to use Mem; and Reg; and modified
target line number if it’s a branch), then branches to the bundle corresponding to (i; +1,i5)
(if a branch wasn’t already taken).

* If a > b, the bundle executes line i, of I, (updated to use Mem, and Reg, and modified
target line number if it’s a branch), then branches to the bundle corresponding to (i;,i,+1)
(if a branch wasn’t already taken).
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Exercise 1.20.c: If I1; and I, solve a search problem, they might not output the same solution
as each other, so we must not mix their outputs together. We update IT; and I1, to first determine
which of IT;(x) or IT,(x) uses less time (for II3) or space (for I1,), by running the entire simula-
tions as above but ignoring all write instructions, then reset all the registers and work memory
and just run whichever of IT;(x) or IT,(x) was more efficient, executing the write instructions
this time.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 2 40

Exercise 2.1: Consider this algorithm for Rock Scissors PAPER COLORING:

let G’ be the undirected version of G, with arrow directions erased
for each connected component of G:
pick an arbitrary node s in the component and assign it an arbitrary color, say c(s) = rock
run BFS in G’ starting from s, assigning colors to nodes as they’re discovered:
whenever a node u causes the discovery of a node v:
if the corresponding edge in G is (u, v):
let c(v) be the unique color beaten by c(u)
if the corresponding edge in G is (v, u):
let c(v) be the unique color that beats c(u)
if c(u) beats c(v) for every edge (u, v) of G: accept
\else: reject

J

Say a coloring is winning iff c(u) beats c(v) for every edge (u, v) of G. If the algorithm accepts,
then it has found a winning coloring. Conversely, suppose G has a winning coloring. To see that
the algorithm accepts, we claim it maintains the invariant that G has a winning coloring that
agrees with the algorithm’s color assignment c to the nodes discovered so far. To see that the
invariant is maintained when we assign rock to the first node s in a connected component of G’:

* If a winning coloring assigns scissors to s, we can obtain another winning coloring (that
agrees with c so far) by changing the colors in that component: scissors to rock, and rock
to paper, and paper to scissors.

* If a winning coloring assigns paper to s, we can obtain another winning coloring (that
agrees with ¢ so far) by changing the colors in that component: paper to rock, and rock to
scissors, and scissors to paper.

During BFS, if the invariant holds before we color v, it must continue to hold after we color
v, because in every winning coloring of G, the color of either endpoint of an edge is uniquely
determined by the color of the other endpoint. At termination, the invariant guarantees that the
algorithm’s final color assignment is winning, so the algorithm accepts.
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Exercise 2.2:

So = {0}

S1 = SoU(Sp+7) = {0}u{7} = {0,7}

Sy = 5;U(5;+3) = {0,7}u{3,10} = {0,3,7,10}

S3 = S,U(S,+4) = {0,3,7,10}u{4,7,11,14} = {0,3,4,7,10,11,14}

S; = S3U(S3+10) = {0,3,4,7,10,11,14} U {10,13,14,17,20,21, 24}
= {0,3,4,7,10,11,13,14,17,20,21, 24}

The output is “reject” since 19 & S,.
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Exercise 2.3.a: View Wit[1],...,Wit[n] as an assignment to the n variables. This verifier
program uses word size O(log N) and registers nicknamed N, ptr, next, j, i, b, xi. It uses ptr as a
pointer into the input. The outer loop iterates over the clauses. The inner loop checks whether a
particular clause is satisfied and rejects if not. The inner loop has three iterations (using j as the
counter)—one iteration per literal in the clause. It reads i as the index of the literal’s variable,
and b as the bit indicating whether the literal is positive. Then xi is the bit assigned to the i
variable. This literal satisfies the clause iff xi = b.

( )
0. let ptr < 2
1. if ptr = N then goto line 16
2 let next < ptr+ 6
3 let j <0
4 if j = 3 then goto line 15
5. letje—j+1
6 read i < In[ptr]
7 let ptr < ptr+1
8 read b « In[ptr]
9 let ptr < ptr +1
10. read-witness xi <« Wit[i]
11. if xi > 1 then goto line 15
12. if xi # b then goto line 4
13. let ptr < next
14. goto line 1
15. reject
\16' accept )
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Exercise 2.3.b: For each node index u € [n], Wit[u] = 1 means u € S, and Wit[u] = 0 means
u ¢ S. This verifier program uses word size O(log N) and registers nicknamed N, n, k, uind, vind,
size, ptr, deg, end. The left column checks that |S| > k, and the right column checks that S is
independent.

( )
0. letptre—N-—1 11. letu<«0
1. read k « In[ptr] 12. if u = n then goto line 25
2. read n < In[0] 13. letue—u+1
3. if u = n then goto line 9 14. read-witness uind « Wit[u]
4. letue—u+1 15. if uind = 0 then goto line 12
5. read-witness uind < Wit[u] 16. read ptr < In[u]
6. let size < size + uind 17. read deg < In|[ptr]
7. if uind < 1 then goto line 3 18. let end < ptr + deg
8. reject 19. if ptr = end then goto line 12
9. if size > k then goto line 11 20. let ptr < ptr+1
10. reject 21. read v « In[ptr]
22. read-witness vind « Wit[v]
23. if vind = 0 then goto line 19
24. reject
25. accept
- J
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Exercise 2.3.c:  View Wit[1],...,Wit[n] as the labels of nodes in the order they're visited by
some full path from s to t. This verifier program uses word size O(log N) and registers nicknamed
N,n,i,s,t,u, v, w, uthere, ptr, outdeg, end. (Here, w refers to a node, not to the whole witness.)
In the left column, after checking that the witness list starts with s and ends with t, we check
that the list only contains valid node labels and that each node appears at most once (and thus
exactly once) in the list. For the latter, we let Mem[u] be 1 the first time we encounter node label
u € [n] in the witness list, and reject if we encounter u again. In the right column, we check that
node Wit[i] has an edge to node Wit[i + 1] for each i.

( N

0. read n < In[0] 18. leti«1
1. letptr<— N—2 19. letu«s
2. read s < In[ptr] 20. if i = n then goto line 32
3. read-witness u « Wit[1] 21. letie—i+1
4. if u # s then goto line 33 22. read-witness w «— Wit[i]
5. letptr<— N —1 23. read ptr < In[u]
6. read t < In[ptr] 24. read outdeg < In[ptr]
7. read-witness u < Wit[n] 25. let end « ptr + outdeg
8. if u # t then goto line 33 26. if ptr = end then goto line 33
9. if i = n then goto line 18 27. let ptr < ptr+1

10. leti —i+1 28. read v < In[ptr]

11. read-witness u « Wit[i] 29. if v # w then goto line 26

12. if u < 1 then goto line 33 30. letu —w

13. if u > n then goto line 33 31. goto line 20

14. load uthere « Mem|[u] 32. accept

15. if uthere = 1 then goto line 33 33. reject

16. store Mem[u] « 1

17. goto line 9

. _J
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Exercise 2.4: Assume A <;' B by reduction F, and B € NP by verifier V. Then A € NP by
a verifier V' that, on input x, computes F(x) and then runs V on input F(x) using the same
purported witness w. This is correct because:

Alx)=1 © B(F(x)=1 < (EIW: V(F(x);w) accepts) = (EIW: V/'(x;w) accepts)

Also, V' is poly-time since if x has size N, then computing F(x) takes poly N time, and F(x) has
polyN size, and running V on input F(x) takes poly(poly N) = poly N time. The word size of V
on input x should be at least the word size of V/ on input F(x).
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Exercise 2.5.a: Let V, and V be poly-time verifiers for A and B. We may assume V, and
V5 have the same word size. Consider a verifier V that, on input x and purported witness w,
runs V, and V; on the same x and w, and accepts iff at least one of them accepts. Succinctly,
V(x;w) =V,(x;w)V Vg(x;w). Then V is poly-time and is a correct verifier for A V B because:

(AVB)(x)=1 © (A(x)=1)V(B(x)=1)
= (EIW 2 Vil w) accepts) \% (EIW 2 V(s w) accepts)
= (Elw : (V4 (x;w) accepts) V (Vg(x; w) accepts))

= (Elw: V(x;w) accepts)

Thus AV B € NP.
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Exercise 2.5.b: Let V, and Vj be poly-time verifiers for A and B. We may assume V, and Vp
have the same word size. Consider a verifier V that, on input x and purported witness (w4, wg),
runs V,, and V; on the same x with w, for V, and wj for V3, and accepts iff both of them accept.
Succinctly, V(x; w4, wg) = Va(x;w4) A Vg(x; wg). Then V is poly-time and is a correct verifier
for A A B because:
(AAB)(x)=1 & (A(x)=1)AB(Xx)=1)
= (Elw 2 Va(x;w) accepts) A (Hw s Va(x;w) accepts)
= (EIWA, wg @ (V4(x;wy) accepts) A (Vg(x; wg) accepts))

= (EIWA,WB: V(x;wy,wg) accepts)

Thus A AB € NP.
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Exercise 2.6: Let V be such a verifier. We modify V into a verifier V' that is correct for A,
takes O(T) execution steps, accesses only the first O(T) words of its witness segment, and has
O(logmax(T, N))-bounded word size, thereby showing A € NTIME[T].

V'’ expects the witness to be rearranged so the word at the first address V would access is
now at address 0, and the word at the second unique address V would access (not counting
re-reads of the first address) is now at address 1, and the word at the third unique address V
would access (not counting re-reads of the first two addresses) is now at address 2, and so on.
Whenever V reads a witness segment address it hasn’t read before, V' instead reads from the next
fresh witness segment address and caches the word in its work memory. Whenever V re-reads a
witness segment address, V' instead looks up the corresponding word in the cache.

V' uses three work segments (which is OK by Lemma 1.5, which also works for verifiers):

* Mem; corresponds to V’s work segment.

* Mem, records which witness segment addresses V has already accessed: Mem,[a] =1 if
V has already read from address a, and Mem,[a] = O otherwise.

* Memj; is the cache of witness segment words: Memgs[a] is the word V would have read at
address a (if V read from address a yet).

V'’ has the same registers as V and a register nicknamed wsize to remember the number of unique
witness segment addresses V has accessed so far. The code of V' is the code of V but using Mem,
in place of Mem and with the following substitution, which is simple to de-sugar:

read-witness Reg[i] < Wit[Reg[j]] s if Mem, [Reg[j]] =1:
load Reg[i] <~ Mems[Reg[;j]]
else:
read-witness Reg[i] « Wit[wsize]
let wsize «— wsize + 1
store Mems[Reg[j]] < Regli]
store Mem,[Reg[j]] « 1

(V’ needs another register to load Mem,[Reg[j]] into.) Here’s the efficiency analysis:

V'’ takes O(T) steps since each step of V corresponds to O(1) steps of V'.

» V/ accesses only the first O(T) words of its witness segment, because it reads them in
sequence.

* V’/ uses the same word size as V. Note that wsize fits in this word size since wsize < the
largest address accessed by V.

Now, we argue that V' is correct since V is correct:
(Eiw s V(i w) accepts) = (EIW’ : V/(x;w') accepts)

=: Suppose V(x;w) accepts. Let ay, ay, as, . .. be the unique witness segment addresses accessed
by V(x;w), in the order they are first accessed. Define w’ by w} = w,, for each i > 0. The first
time V(x;w) reads wg,, V/(x;w’) will read w}, and each subsequent time V(x;w) reads We,s
V/(x;w") will read the cached copy. Thus V’(x;w’) faithfully runs V(x; w) and outputs the same
thing (accept).
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<: Suppose V’(x;w’) accepts. Let ay,a;,ds,... be such that when V'(x;w’) reads wj, V is
reading address q; of its witness segment. Define w by w, = w/ for each i > 0 (and the other
words of w can be 0). Thus V’(x;w’) faithfully runs V(x;w), so V(x;w) accepts since V'(x;w")
does.
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Exercise 2.7.a: The general DNF construction from Lemma 2.9 yields:

flx) = \/?zo(x_ﬂ\'“/\x_i/\xiﬂ/\---/\xn)
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Exercise 2.7.b: The bits of x are sorted iff there is no consecutive 10 in x:

f() = N2 GV xig)
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Exercise 2.8.a: There are 2" —(g)—n— 1 assignments on which f evaluates to 1, so the general
DNF construction from Lemma 2.9 has exponential size, and isn’t monotone anyway. Instead,
we design a monotone DNF expressing that there exist three variables that are assigned 1:

fl) = \/i<j<k (x; A X A x)

This has () terms, each of width 3, so the size is () -3 =n(n—1)(n—2)/2 < n®.
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Exercise 2.8.b: Lemma 2.9 yields a CNF with ('21) + n+ 1 clauses, each of width n, but it isn’t
monotone. Instead, we design a monotone CNF expressing that for every two variables, there
exists a different variable that is assigned 1:

flx) = /\i<j (\/k¢{i,j}xk)

This has (g) clauses, each of width n— 2, so the size is (;) (n—=2)=n(n—1)(n—2)/2 < n.
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Exercise 2.9: One way to phrase the proof is with the probabilistic method. Suppose ¢ is a
k-CNF with fewer than 2 clauses. Pick a uniformly random assignment. For each clause C of ¢:

Pr[C is unsatisfied] = ]—[f:1 Pr[i™ literal of C is unsatisfied] = ]_[1;1 1/2 = 27k

By a union bound:

Pr[ ¢ is unsatisfied] = Pr[3 unsatisfied clause in ¢]

IA

chause Ciny Pr[C is unsatisfied]
(number of clauses in ¢)-27%
ok . 9=k

1

A

Since Pr[ ¢ is satisfied] > 0, there exists a satisfying assignment for ¢.
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Exercise 2.10.a: This is NP-complete. It’s in NP since a poly-time verifier can view the witness
as a tuple of three assignments and check that they’re distinct and each satisfy ¢. We reduce
SaT to this problem by mapping ¢ to a CNF ¢’ that’s ¢ but also has a clause (x,.1 V X,42)
where x,,; and x,,, are fresh variables (that aren’t in ¢). To show this poly-time mapping
reduction is correct, we argue that ¢ has a satisfying assignment iff o’ has at least three satisfying
assignments:

=: If ¢ has a satisfying assignment, then the same assignment together with x, ;x5 = 10
satisfies ¢’, and the same assignment together with x,,;x,,, = 01 satisfies ¢/, and the same
assignment together with x,,,1x,.,, = 11 satisfies .

<: If ¢’ has at least three satisfying assignments, then any such assignment (ignoring x,,,; and
X,4+2) also satisfies ¢.
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Exercise 2.10.b: This is in P by an algorithm that accepts iff for each variable x;, either ¢ has
no x; literals or ¢ has no X; literals. To show this poly-time algorithm is correct, we argue that
it accepts iff there exists an assignment that satisfies none of ¢’s clauses:

= Suppose for each variable x;, either there’s no x; or there’s no x;. Assign x; = 1 if there’s no
x;, and assign x; = 0 if there’s no X;. Then every literal in every clause of ¢ is unsatisfied.

&: Suppose some assignment satisfies none of ¢’s clauses. For each variable x;, if x; = 1 then
there’s no x; (otherwise a clause containing x; would be satisfied), and if x; = 0 then there’s no
X; (otherwise a clause containing x; would be satisfied).
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Exercise 2.10.c: This is NP-complete. It’s in NP since a poly-time verifier can view the witness
as an assignment and check that it satisfies all but one of ¢’s clauses. We reduce Sar to this
problem by mapping ¢ to a CNF ¢’ that’s ¢ but also has an empty clause (). To show this
poly-time mapping reduction is correct, we argue that ¢ is satisfiable iff ¢’ has an assignment
that satisfies all but one clause:

=: If  has a satisfying assignment, then the same assignment satisfies all clauses of (’ except
the new empty clause.

<: If ¢’ has an assignment that satisfies all but one clause, then the one unsatisfied clause must
be the empty one, so the same assignment satisfies .

For someone who doesn’t like allowing empty clauses, we could instead put a pair of clauses
(x;) A (X;) in ¢/, where x; is any variable (it doesn’t matter which variable).
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Exercise 2.10.d: This is in P by an algorithm that accepts iff there exist two clauses in ¢ that
consist of different sets of literals. To show this poly-time algorithm is correct, we argue that it
accepts iff there exists an assignment that satisfies some but not all of ¢’s clauses:

=: Suppose clauses C; and C, consist of different sets of literals. This means one of them has
a literal that the other doesn’t—say, C; has x; but C, doesn’t have x;. Then we can assign the
variables that appear in C, so C, is unsatisfied, but assign x; = 1 to satisfy C;. (C, might have
X;, in which case unsatisfying C, already entails x; = 1, which is fine.)

«: Suppose there exists an assignment that satisfies some clause C;—say, x; = 1 and C; contains
x;—but doesn’t satisfy some clause C,. Then C, must not have the literal x; (otherwise C, would
also be satisfied by x; = 1), so these two clauses consist of different sets of literals.
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Exercise 2.10.e: This is NP-complete. It’s in NP since a poly-time verifier can view the witness
as an assignment and check that it satisfies ¢ and that x;x;.; # 11 for all i < n. We reduce
SaT to this problem by mapping ¢ (x; -+ x,) to a CNF ¢’(x1x5 - - - X5,_1X5,) that’s ¢ but with x;
changed to x,; everywhere. To show this poly-time mapping reduction is correct, we argue that
¢ is satisfiable iff ¢’ has a satisfying assignment such that x;x;,; # 11 for all i < 2n:

=: If ¢ has a satisfying assignment to x;x,---X,, then the same assignment to x,X4 - Xo,,
along with x; = x5 = -+ = x5, = 0, satisfies ¢’, and for every pair of consecutive variables, at
least one of them (the odd-index one) is not assigned 1.

<: If ¢’ has a satisfying assignment (such that x;x;,; # 11 for all i < 2n), then the assignment
to XX, -+ - Xy, iS an assignment to XX, - - - X, that satisfies .

Someone who’s bothered by the variables x; x5 - - - X5,,_; not appearing in ¢’ could add clauses
Ge) AGea) A=+ A (xgno1)-
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Exercise 2.10.f: This is in P by an algorithm that accepts iff ¢ is satisfied by at least one
of the following n + 1 many assignments: 000---000, 000---001, 000---011, ..., 001---111,
011---111,111---111. That is, for each i € {0, ...,n}, we consider the assignment with x; =
Xy =+ =x; =0and x;;; = x;;5 = - = x,, = 1. Since these are the only assignments such
that x;x;,, # 10 for all i < n, the algorithm is correct by definition. It runs in O(N?) time since
there are n + 1 < O(N) many assignments to try, and it takes O(N) time to evaluate ¢ on any
such assignment.
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Exercise 2.11.a: This is in NP since Sat is. We reduce SaT to this problem by mapping
@(xq---x,) to a CNF ¢’(x; -+ x,, 1" Yy,) that's ¢ but with each occurrence of X; changed
to y;, and with new clauses (x; V y;) A (x; V ;) for each i. The modified original clauses only
have positive literals, and each new clause has only positive literals (x; V y;) or only negative lit-
erals (x; VY;). To show this poly-time mapping reduction is correct, we argue that ¢ is satisfiable
iff ' is satisfiable:

=: If ¢ has a satisfying assignment to x; ---x,,, then ¢’ is satisfied by this assignment along
with y; - - y, = the bitwise negation of x; - - - x,,. The modified original clauses are satisfied like
in ¢, and (x; V ;) is satisfied since one of x;, y; is 1, and (X; V J;) is satisfied since the other of
x;,¥; is 0.

<: If ¢’ has a satisfying assignment to x; - X,,, Y1 * - * ¥, then ¢ is satisfied by the x; - - - x,, part
of this assignment. Since each (x; Vy;)A(X; VY;) is satisfied, x; and y; must be assigned opposite

bits, so y; is equivalent to Xx;. Thus the original clauses are satisfied like their counterparts in
/

Q.
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Exercise 2.11.b: This is in NP since SAT is. We reduce Sat to this problem by mapping
¢(x1---x,) to a CNF ¢’ defined as follows: For each i, define o; as the number of occurrences
(positive or negative) of x; in ¢. Then ¢’ has variables x; 1 x; 5 - - X;,, for eachi. In ¢’ we have a
copy of ¢ but with the j™ occurrence of x; changed to x; j (and if this occurrence happens to be a
negative literal x;, it becomes X; ;). So far, every variable occurs in only one clause of ¢’. For each
i such that o; > 2, we add to ¢’ the clauses (; 1V x; 2) A(X; 2V X; 3) A+ AN (X 01 VX 0 )N (X1, V
x;1). These clauses are equivalent to the cycle of implications x; ; = X;5 = *+* = X; 5, = X; 1,
which are satisfied iff x; ; = x;5 = +-- = x;,, (since if one of these variables is assigned 1, the
cycle ensures they're all assigned 1). Each variable occurs two more times in these new clauses
(or zero more times if 0; < 1). To show this poly-time mapping reduction is correct, we argue
that ¢ is satisfiable iff ¢’ is satisfiable:

=: If ¢ has a satisfying assignment to x; - - - x,,, then ¢’ is satisfied by the assignment where
Xi1=Xjp="+""=X;, = X; for each i. The modified original clauses are satisfied like in ¢, and
the new clauses are satisfied since x;; = x;, =+ = x; ,, for each i.

&: If ¢’ has a satisfying assignment, then for each i, x; 1X; 5 "+ X;,, must all be assigned the
same bit, since the new clauses are satisfied. Assigning x; this common bit (for each i), the
original clauses of ¢ are satisfied like their counterparts in ¢’.
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Exercise 2.12: Suppose the algorithm rejects because x; and X; are reachable from each other.
We claim that ¢ is unsatisfiable. Consider any assignment. If x; = 0 and Xx; = 1, then at least
one implication on a path from X; to x; must be unsatisfied, since 1 = 0 is false. If x; = 1 and
X; = 0, then at least one implication on a path from x; to X; must be unsatisfied.

Now, suppose the algorithm doesn’t reject. We claim that it produces a consistent assignment—
that is, no variable gets assigned both 0 and 1—and that this assignment satisfies .

Let £; ~ £; mean {; is reachable from ¢; (including the possibility that {; and {; are the
same node). A key observation is that by the definition of the implication graph, if £; ~ {; then
1.

Suppose for contradiction some variable x; gets assigned both 0 and 1. There are two cases:

» Suppose X is assigned both 0 and 1 during the same outer iteration, associated with x;,
say. For one of the literals £; € {x;,X;}, all literals reachable from £; (including £; itself)
are assigned 1. Since both x; and X; are among these literals, that means ¢; ~» x; and
Xj Z_l (since £; ~ x1), SO £; ~» Z

 If {; is X; then X; ~ x; (as we just showed), which means the algorithm actually would
have chosen ¢; to be x; (by the innermost “if” condition).

* If {; is x; then x; ~» Xx; (as we just showed) and x; ~ x; (by the innermost “if”
condition), so the algorithm actually would have rejected.

* Suppose x; gets assigned 0 and assigned 1 during different outer iterations. Say, £ is
assigned 1 during the x; iteration where ¢; is assigned 1, and later, E is assigned 1 during
the x; iteration where {; is assigned 1. This means ¢; ~» {; and £} ~» E (since £; ~» E),

SO £; ~» E Thus, x; would have been assigned during the x; iteration, so nothing at all

would get assigned during the x; iteration.

Now that we know the algorithm produces a consistent assignment, we show that this as-
signment satisfies . Consider any clause (£; V £;) of ¢. Suppose x; gets assigned before x;.
(The situation is symmetric if x; gets assigned before x;.) If £; =1 then the clause is satisfied
by £;. Now, suppose Ef 1, and say this _assignment happens in the x; iteration with {; getting
assigned 1. Then {; - {;, and we know {; — {; is an edge, so {; ~ {;. Thus {, is assigned 1 in
the same outer iteration, and the clause is satisfied by ¢.
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Exercise 2.13.a: (3 Vx3) A (33) A (xaVX3) A ()
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Exercise 2.13.b: To obtain ¢|,, we delete from ¢ each term having at least one literal that
evaluates to 0 under a (since the term is already unsatisfied), and we delete from all other terms
of ¢ any literals that evaluate to 1 under a (leaving only literals whose variables are xs in a).

(x3) V (x4) V (X3 AX4) V (3 Axy)
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Exercise 2.14.a: To show INDEPENDENT SET SEARCH <j INDEPENDENT SET, consider this
poly-time reduction:

( )
on input (G, k):

query the oracle on input (G, k), and reject if the oracle rejected
initialize H — G and S « 0
while |S| < k:
pick any node v of H
let H « H but with v (and its edges) removed
query the oracle on input (H',k —|S|)
if the oracle accepted: update H « H’
if the oracle rejected:
update H < H but with v and all of v’s neighbors (and their edges) removed
update S « S U {v}

output S
\\ P J

Assume G has an independent set of size k. The reduction maintains these loop invariants:

(1) H is a subgraph of G that contains none of the nodes of S.
(2) H has an independent set of size k —|S]|.
(3) For every independent set in H, its union with S is an independent set in G.

These invariants trivially hold before the first iteration. It’s straightforward to see that (1) is
maintained. Inside the loop, there’s always an option for v, because (2) ensures that H has
at least k — |S| > 0 nodes. If the oracle accepts then (2) is maintained, by the definition of
INDEPENDENT SET, and (3) is maintained since H shrinks and S is unchanged. Now, suppose
the oracle rejects. Before updating H and S, every (in particular, some) independent set of size
k—|S| in H contains v. Such an independent set doesn’t include any of v’s neighbors. Thus if we
remove v from such a set, it would be an independent set in the updated H and have size k —|S]|
(for the updated |S|), so (2) is maintained. Also, (3) is maintained since all of v’s neighbors get
excluded from H.

The loop terminates in poly time since H shrinks in every iteration. At termination we have
|S| =k, and (3) implies that S is an independent set in G, so the output is correct.
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Exercise 2.14.b: To show DIRECTED FULL PATH SEARCH Sf, DIRECTED FULL PATH, consider
this poly-time reduction:

( . )
on input (G, s, t):

query the oracle on input (G, s, t), and reject if the oracle rejected
initialize H < G and let u; =s
fori < 1,2,...,n—1 where n is the number of nodes:
for each edge (u;,v) in H:
let H' « H but with u; (and its edges) removed
query the oracle on input (H’, v, t)
if the oracle accepted:
update H < H’ and letu;,; =v
continue to the next outer iteration

output u; > uy — - —u
§ " Y,

Assume G has a full path from s to t. The reduction maintains these loop invariants:

(1) uy »uy —---—u;isapathinG.
(2) H is a subgraph of G containing all nodes except u;,us,...,U;_q.
(3) H has a full path from u; to t.

These invariants trivially hold before the first iteration. Assume these hold at the start of iteration
i. We have u; # t by (2) and (3) and the fact that i < n. (3) ensures that the oracle will accept
for at least one edge (u;,v), so the reduction will define u;,;. Whichever node the reduction
defines u;,; to be, (3) is maintained, by the definition of DIRECTED FuLL PaTH. Also, (2) is
maintained by the definition of H’, and (1) is maintained since u;,; is in H and is thus not among
uy,...,U;_1, by (2). At termination, u; — -+ — u,, is a full path in G by (1), and u,, =t since we
argued that u; # t for each i < n, so the output is correct.
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Exercise 2.14.c: We show

GRAPH 3-COLORING SEARCH Sg GRAPH 3-COLORING WITH SOME PREASSIGNED COLORS

<p' GraPH 3-COLORING

which implies GRAPH 3-COLORING SEARCH S;’, GRAPH 3-COLORING (Lemma 1.13).

GRAPH 3-COLORING WITH SOME PREASSIGNED COLORS
Input: Undirected graph G, partial 3-color assignment ¢ to G’s nodes

Output: Does there exist a proper 3-coloring of G that’s consistent with c?

For GRAPH 3-COLORING WITH SOME PREASSIGNED COLORS S;’f GRrRAPH 3-COLORING, map
(G,c) to G’ where G’ has a copy of G and a triangle with nodes {r, g, b}, where:

* r has edges to all nodes v with ¢(v) = green or ¢(v) = blue.
* g has edges to all nodes v with c¢(v) =red or c¢(v) = blue.
* b has edges to all nodes v with c(v) =red or c¢(v) = green.

This reduction takes poly time. To show that it’s correct, we argue that G has a proper 3-coloring
consistent with ¢ iff G’ has a proper 3-coloring:

=: Assume G has a proper 3-coloring consistent with c¢. Augmenting this by making r red, g
green, and b blue, we have a proper 3-coloring of G'.

<: Assume G’ has a proper 3-coloring. Since colors are interchangeable, we may assume r is
red, g is green, and b is blue. This proper 3-coloring of G must be consistent with ¢, because:

* Each node v with c¢(v) = red is adjacent to g and b and is thus red.
* Each node v with c(v) = green is adjacent to r and b and is thus green.
* Each node v with c¢(v) = blue is adjacent to r and g and is thus blue.

For GRAPH 3-COLORING SEARCH Sg GRAPH 3-COLORING WITH SOME PREASSIGNED COLORS,
consider this poly-time reduction:

. N
on input G:

initialize ¢ « empty 3-color assignment to G’s nodes
query the oracle on input (G, ¢), and reject if the oracle rejected
for each node v:
let c(v) « red
query the oracle on input (G, ¢)
if the oracle rejected:
update c(v) « green
query the oracle on input (G, c)
if the oracle rejected:
update c(v) < blue

output ¢
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Assume G has a proper 3-coloring. The reduction maintains the loop invariant that G has a proper
3-coloring consistent with ¢, at the boundaries of iterations. This invariant is maintained if the
oracle accepts the red query or the green query, by the definition of GRAPH 3-COLORING WITH
SoME PrREASSIGNED CoOLORS. If the oracle rejects both those queries, then every (in particular,
some) proper 3-coloring consistent with the ¢ from the beginning of the iteration colors v blue,
so the invariant is maintained in this case as well. At termination, the invariant says G has a
proper 3-coloring consistent with ¢, and the only such assignment is c itself, so the output is
correct.
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Exercise 2.14.d: To show SUBSET Sum SEARCH <j SUBSET SuM, consider this poly-time
reduction:

N
on input (xq,...,X,, t):

query the oracle on input (x,...,X,, t), and reject if the oracle rejected
initialize I < @ and s « ¢
forie—nn—1,...,1:
if x; =s:
update [ < T U {i} ands < 0
halt and output [
if x; <s:
query the oracle on input (xq,...,X;_1,$ — X;)

if the oracle accepted: update I « I U {i} and s « s —x;
. J

Assume t is achievable from x, ..., x,. The reduction maintains these loop invariants:

(1) s=t—x;.
(2) s is achievable from x,..., X;.

These invariants trivially hold at the start of the first iteration (i = n). It’s straightforward to
see that (1) is maintained. (2) is maintained if x; = s since O is always achievable. If the oracle
accepts in iteration i then (2) is maintained, by the definition of SuBsSeT Sum. If the oracle
rejects, then every (in particular, some) way of achieving s from x,...,x; doesn’t use x;, so s is
achievable from x,...,x;_; and (2) is maintained.

The reduction cannot complete all n iterations without terminating (with some x; =s), since
otherwise the final s would be positive but achievable from nothing (by (2) with i = 0), which is
a contradiction. At termination we have s = 0 and s = t — x; (by (1)), so x; = t and the output
is correct.
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Exercise 2.15: We define a decision problem C and show that C € NP and B <} C. Since A is
NP-complete, we have C < A and thus B <) A (Lemma 1.13).

Index the bits of w € ({0, 1}")T = {0,1}*" as wyw,---wyy,. A partial assignment is an
element of {0,1,+}"". Say w € {0,1}'" is consistent with a partial assignment a when w; = q;

for all i such that a; # *.

(call this problem C)

Input: Valid input x to A, and partial assignment a

Output: Does there exist w € ({0, 1}")7 such that V(x;w) accepts and w is consistent with
a?

C € NP by a poly-time verifier that reads w from the witness segment and checks that V' (x;w)
accepts and that w is consistent with a. This reduction shows B <7 C:

(o .« . . \
initialize a « *x---*

query the oracle on input (x, a)
if the oracle rejected: reject (report that no such w exists)
forie—1,..., TW:
let b be the same partial assignment as a except that b; =1
query the oracle on input (x, b)
if the oracle accepted: update a; « 1
if the oracle rejected: update a; < 0
\output a

J

The first oracle query’s answer indicates whether A(x) = 1. The output is correct if A(x) =0, so
assume A(x) = 1. The loop maintains the invariant that there exists w such that V (x;w) accepts
and w is consistent with a. Inside the loop, if the oracle accepts, then of course the invariant
continues to hold since the new a equals b. To see that the invariant is maintained if the oracle
rejects, assume there exists w such that V(x; w) accepts and w is consistent with the a from the
beginning of the iteration. This w must have w; = 0 (since if it had w; = 1 then it would be
consistent with b and the oracle would accept), so w is consistent with the new a (after letting
a; < 0).

When the loop terminates, a € {0, 1 is an assignment. By the loop invariant, there exists
w such that V(x;w) accepts and w is consistent with a. The only assignment consistent with a
is a itself, so V(x; a) accepts and the output is correct.

}TW
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Exercise 2.16.a: The idea is similar to the search-to-decision reduction for SAT (Theorem 2.14).
We only consider one variable (rather than iterating through all variables), but we query the
oracle twice—with both possible bits plugged into that variable.

~
on input p(x;xy -+ X,):

if n =0 (no variables):
if ¢ has no clauses: accept
else: reject
else:
query the oracle on input ¢ |g,.....
query the oracle on input ¢|;,.....
if the oracle accepted at least one of those queries: accept

else: reject
. _J

This is correct because ¢ is satisfiable iff either ¢|g,.... O @|1,...« is satisfiable. Those queries
are each smaller than ¢.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 2 73

Exercise 2.16.b: On input 2, either the downward self-reduction outputs A(z) without making
a query, or it produces a query y (smaller than z) and a bit b such that A(z) = A(y) @ b. (That
is, b indicates whether to flip the output. In a mapping reduction, b would always be 0.)

( . )
on input x:
initialize g < x and a « 0O
repeat:

run the downward self-reduction on input z
if it outputs A(z) without making a query: halt and output A(z) ® a

L else if it produces (y, b): update z <— y and a < b @ a
J

This maintains the invariant that A(x) = A(z) ® a. The “else” case maintains the invariant since
before updating z and a we have A(x) = A(z)®a = (A(y)® b)®a=A(y)® (b ® a), so after
updating z and a we have A(x) = A(z) ® a again.

The algorithm halts since the size of z decreases in each iteration but can’t go below 0. The
output A(z) & a is correct by the invariant, so this algorithm solves A.

If x has size N, then the loop has at most N + 1 iterations, each of which takes time poly N
since the downward self-reduction takes time poly in the size of z, which is < N. Thus the
algorithm runs in time (N + 1) - poly N = poly N. We conclude that A € P.
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Exercise 2.17: Suppose there exists a proper k-coloring—that is, a partition of the nodes into
k many independent sets. At least one of these independent sets must have > n/k nodes (since
if each had < n/k nodes, then the total number of nodes would be < k - n/k = n). The set of all
nodes outside such an independent set is a node cover (Claim 2.17) of size < n—n/k.
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Exercise 2.18: Consider this algorithm for CLIQUE:

(on input (G, k) where G has n nodes (numbered 1,...,n) and m edges: R
if (g) > m: reject
for every k-tuple of distinct nodes (vy,...,v;) € [n]*:
for each pair (i, j) with 1 <i<j < k:
if v; and v; are not adjacent: continue to the next k-tuple
accept
reject
J

Since every clique with k nodes has (g) edges, we know G has no clique with k nodes if G has
fewer than (g) edges. The rest of the algorithm is a standard brute force search. Only log space
is used when (S) > m, So assume (g) < m. This implies k? < 2m +k < N, so k < +/N. Each v,
is one O(log N)-bit word. Thus the algorithm needs O(+/N log N bits to remember the current
(v1,-.., V), plus O(log N) bits (a constant number of words) to check whether {v;,...,v}isa
clique and update the k-tuple (for the next iteration) if not.
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Exercise 2.19: INDEPENDENT HALF € NP by a poly-time verifier that checks that the purported
witness is an independent set containing at least half of G’s nodes. We show INDEPENDENT
SET <}' INDEPENDENT HALF by mapping (G, k) to this graph G

* If k < n/2, where n is the number of nodes in G, then G’ contains a copy of G and n — 2k
new isolated nodes (having degree 0). Note that G’ has 2n — 2k nodes. To show the
reduction is correct, we argue that G has an independent set of size > k iff G’ has an
independent set of size > n—k:

=: Any independent set of size > k in G, together with all n — 2k new nodes, forms an
independent set of size > k+ (n—2k) =n—kin G'.

<: Any independent set of size > n—k in G’ must contain > (n — k) — (n— 2k) = k nodes
in G, so those nodes form an independent set of size > k in G.

* If k > n/2 then G’ contains a copy of G and a clique of 2(k + 1) — n new nodes, isolated
from the rest of G. Note that G’ has 2(k + 1) nodes. To show the reduction is correct,
we argue that G has an independent set of size > k iff G’ has an independent set of size
>k+1:

=: Any independent set of size > k in G, together with any one of the new nodes, forms
an independent set of size > k+ 1 in G'.

<: Any independent set of size > k + 1 in G’ must contain < 1 new node and thus > k
nodes in G, so those nodes form an independent set of size > k in G.

(Actually, this case is unnecessary for showing INDEPENDENT HALF is NP-complete, since
our reduction for 3-SAT <7' INDEPENDENT SET always produces (G, k) with k < n/2.)

In all cases, the reduction takes poly time.
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Exercise 2.20: SHY SET € NP by a poly-time verifier that checks that the purported witness
is a shy set of size > k in G. We show INDEPENDENT SET <J' SHY SET by mapping (G, k) to
(G’,k’) where G’ contains a copy of G, and each node v of G has a new neighbor v’ (which is
only adjacent to v) in G’, and k' = k + n where n is the number of nodes in G. To show this
poly-time mapping reduction is correct, we argue that G has an independent set of size > k iff
G’ has a shy set of size > k’:

=: Consider any independent set S of size > k in G. Let S’ contain S along with all n new nodes.
Then S’ is a shy set of size > k’ in G’: Each v € S is adjacent to v/ € S’ but not adjacent to any
other node in S (since S is independent) or to any other new node (by the definition of G’), and
each new node v’ has only one neighbor in G’ (namely v) so certainly at most one neighbor in
s’

<: Consider any shy set S’ of size > k’ in G’. Let S contain all nodes v of G such that v € S’
and v/ € S’. Then S is an independent set of size > k in G: Each v € S is adjacent to v/ € S’
and so cannot be adjacent to any other u € S since S’ is shy. Also, |S’| > k + n implies |S| > k
by the contrapositive: Since |S| many nodes v of G contribute 2 to |S’| (the two nodes v and v’)
and n—|S| many nodes v of G contribute at most 1 to |S’| (at most one of the nodes v or v/), it
follows that |S’| < |S|-2+ (n—|S])-1 =S| + n and thus if |S| < k then |S’| < k + n.
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Exercise 2.21: STINGY 2-SAT € NP by a poly-time verifier that checks that the purported
witness is an assignment that satisfies ¢ and has < k many variables assigned 1. We show NopE
CoveR <} STINGY 2-SAT by mapping (G, k) to (y, k) where each node v in G has an associated
variable x, in ¢, and each edge {u, v} in G has an associated clause (x, V x,) in ¢. To show this
poly-time mapping reduction is correct, we argue that G has a node cover of size < k iff ¢ has a
satisfying assignment with < k many variables assigned 1:

=: Suppose S is a node cover of size < k in G. Then the assignment where x, =1 if v € S and
x, =0if v ¢ S satisfies ¢ since S is a node cover (for each clause (x, V x,), we have x, =1 or
x, =1sinceu €S or v € S since S covers the edge {u,v}), and the number of variables assigned
lis|S|<k.

&: Suppose some assignment satisfies ¢ with < k many variables assigned 1. Then the set of
nodes S where v e Sif x, =1 and v ¢ S if x, = 0 is a node cover in G since ¢ is satisfied (for
each edge {u,v}, we have u € S or v € S since x, = 1 or x, = 1 since the assignment satisfies
the clause (x, V x,)), and |S| is the number of variables assigned 1, which is < k.
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Exercise 2.22: DoMINATING SET € NP by a poly-time verifier that checks that the purported
witness is a dominating set of size < k in G. We show NopE COvER <J' DOMINATING SET by
mapping (G, k) to (G’, k) where G’ is G but with any nodes of degree 0 removed, and for each
edge e = {u, v} of G, G’ has not only the edge e but also a path of two new edges {u,w,}, {w,, v}
where w, is a new node. To show this poly-time mapping reduction is correct, we argue that G
has a node cover of size < k iff G’ has a dominating set of size < k:

=: Suppose S is a node cover of size < k in G. We may assume S contains no nodes of degree
0 (since removing such nodes from S would preserve the node cover property). Then we claim
that S is a dominating set in G’. Consider any node of G’. If it’s an original node v from G, then
there’s an edge {u, v} in G (since v has degree > 1), and either u € S or v € S since S is a node
cover in G, so v is dominated by S since G’ has the edge {u, v}. If it’s a new node w, associated
with some edge e = {u, v} from G, then again either u € S or v € S since S is a node cover in G,
so w, is dominated by S since G’ has the edges {u,w,}, {w,,v}.

<: Suppose S’ is a dominating set of size < k in G’. Define a subset S of G’s nodes: If v € S’ is
an original node of G, then put v in S, and if w, € S’ is a new node of G’ associated with some
edge e = {u, v} of G, then put one of u or v in S (it doesn’t matter which one) if it isn’t already
there. Then |S| < |S’|, and we claim that S is a node cover in G. Consider any edge e = {u, v} of
G. Since w, is dominated by S’, we have either u € S’ and thusu € S, or v € S’ and thus v € S,
or w, € S’ and thus either u € S or v € S. In all cases, edge e is covered by S.
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Exercise 2.23: ALMoOsST CLIQUE € NP by a poly-time verifier that checks that the purported
witness is an almost clique of size > k in G. We show CLIQUE <7’ ALMOST CLIQUE by mapping
(G, k) to (G', k") where G’ has a copy of G and two new nodes y and z, which both have edges
to all nodes of G but {y, z} is not an edge in G’, and k’ = k + 2. To show this poly-time mapping
reduction is correct, we argue that G has a clique of size > k iff G’ has an almost clique of size
>k

=: Consider any clique S of size > k in G. Then S U {y, z} is an almost clique of size >k’ in G’
since {y,z} is the only edge not present in G’ between two of those nodes. This is because for
any other pair of nodes in S U {y, z}, if both are in S then there’s an edge since S is a clique, and
if one is y or z then there’s an edge by the definition of G’.

<: Consider any almost clique S of size >k’ in G'.

* Suppose y € S and z € S. Then {y, 2z} must be the missing edge of S, so S\ {y,z} is a
clique of size > k in G.

* Suppose y ¢ S and z ¢ S. If {u, v} denotes the missing edge of S, then S \ {u} is a clique
of size >k’—1>kin G (asis S \ {v}).

* Suppose y € S and g ¢ S (or symmetrically, y ¢ S and z € S). If {u, v} denotes the missing
edge of S, then u # y since y has edges to all nodes in G, and S \ {u, y} is a clique of size
>kin G (asis S\ {v,y}).
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Exercise 2.24: We show INDEPENDENT SET <J' INDEPENDENT SET GaP COUNTING by mapping
(G,k) to (G, k") as follows: Say G = (V,E) and |V| = n. Then G’ = (V',E’) where V' =V x[n+1]
and E' = {{(u,1),(»,)} : {u,v} € E}, and K’ = (n + 1)k. To show this poly-time mapping
reduction is correct, we argue that:

(i) If G has an independent set of size > k, then G’ has > 2K many independent sets.

(ii) If G has no independent set of size > k, then G’ has < 2k -1 many independent sets.

A key observation is that S’ C V’ is an independent set in G’ iff
Si={u: (u,i) €8’ foratleast one i} C V
is an independent set in G:

=: Assume S’ is independent. For all u € S, and v € Sy, we have (u,i) € S” and (v,j) € S’ for
some i, j. Since {(u,1),(v,j)} & E’, we have {u,v} ¢ E. Thus S}, is independent.

<: Assume Sy, is independent. For all (u,i) € S’ and (v,j) € S’, we have u € Sj, and v € Sj,.
Since {u,v} ¢ E, we have {(u,1),(v,j)} ¢ E’. Thus S’ is independent.

Proof of (i): Assume S is an independent set of size > k in G. There are > (2”“)" many sets S’
such that S{, C S, because for each u € S there are 2"*! possibilities of {i eln+1]: (u,i)e S’}.
Each such S’ is an independent set in G, by the key observation. Thus G’ has > 2("+1k = 2K
many independent sets.

Proof of (ii): Assume every independent set in G has size < k — 1. There are < 2" many
independent sets S in G. For each such S, there are < (2"*1)*~! many sets S’ such that S{, = S.
For every independent set S’ in G’, S, is an independent set in G by the key observation. Thus
G’ has < 2. 20+ 1(k=1) — gn+(n+Dk=(n+1) — 9k'~1 many independent sets.
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Exercise 2.25.a: Map (G,s, t) to the graph G’ that’s G but with any incoming edges to s removed
and any outgoing edges from t removed. To show this poly-time mapping reduction is correct,
we argue that G has a full path from s to t iff there exist s’ and t’ such that G’ has a full path
from s’ to t’:

=: Any full path from s to t in G must not use any incoming edges to s or any outgoing edges
from t, so it’s also a full path froms’ =stot' =t in G’.

<: Any full path from s’ to t’ in G’ must have s’ = s since s has no incoming edges (hence can
only be visited at the start) and t’ = t since ¢ has no outgoing edges (hence can only be visited
at the end) and is thus a full path from s to t in G.
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Exercise 2.25.b: Map G to (G',s’,t") where G’ contains a copy of G and a new node s’ with
edges to all nodes of G, and a new node t” with edges from all nodes of G. To show this poly-time
mapping reduction is correct, we argue that (there exist s and t such that G has a full path from
s to t) iff G’ has a full path from s’ to t’:

= For any full path from some s to some t in G, prepending s’ — s and appending t — t’ yields
a full path from s’ to t’ in G’.

<: For any full path from s’ to t’ in G’, removing the first edge s’ — s and removing the last
edge t — t’ yields a full path from some s to some t in G.
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Exercise 2.26.a: We combine insights from our poly-time algorithms for GRAPH 2-COLORING
(Theorem 2.1) and SmaLL SUBSET SuM (Theorem 2.3). For each i, the following algorithm
computes the set S; of all possible numbers of red nodes in all proper 2-colorings of G’s first
i connected components. Since the i™ connected component’s proper 2-coloring (if it exists)
is unique except for interchanging the two colors (say, red and blue), this gives two possible
numbers (of red nodes in the i connected component) to add to each number in S;_;.

(if the number of nodes n is odd: reject
compute ¢ < number of connected components in G
let Sy < {0}
fori«1,2,...,c:
find a proper 2-coloring of G’s i™ connected component
if that’s impossible: reject
let a; and b; be the numbers of red and blue nodes in that proper 2-coloring
let S; « (Sim1 + @) U(S;—1 + b;)
if n/2 € S,: accept
else: reject
.

J

The algorithm runs in poly time, including the line S; « (S;_; +a;)U(S;_1 +b;) since |S;_;| < n.
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Exercise 2.26.b: CoNNECTED EQUITABLE 3-COLORING € NP by a poly-time verifier that checks
that the purported witness is a proper 3-coloring of G with equal numbers of red, green, and blue
nodes. Defining CONNECTED 3-COLORING to be GRaPH 3-COLORING but where the input graph
must be connected, we know CONNECTED 3-COLORING is NP-complete since our reduction for
3-Sar <J' GRAPH 3-COLORING (Theorem 2.25) always produces a connected graph and thus also
shows 3-SaT <7 CONNECTED 3-COLORING. We show CONNECTED 3-COLORING <;' CONNECTED
EQuITABLE 3-COLORING by mapping G to G’ where G’ contains a copy of G, and for each node
v in G, we have two new nodes v’ and v” forming a triangle with v in G’. Note that G’ is still
connected. To show this poly-time mapping reduction is correct, we argue that G has a proper
3-coloring iff G’ has an equitable proper 3-coloring:

=: Consider any proper 3-coloring of G. For each node v in G, give its companions v’ and v” the
two colors other than v’s color. This yields a proper 3-coloring of G’, and it has equal numbers
of red, green, and blue nodes since in each triangle v,v’,v”, there is one of each color.

<: Any proper 3-coloring of G’ (with equal numbers of red, green, and blue nodes, though that
doesn’t matter now) is also a proper 3-coloring of G if we ignore the new nodes, since G’ contains
a copy of G.
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Exercise 2.27: BARELY 3-SAT € NP by a poly-time verifier that checks that the purported
witness is an assignment satisfying one and only one literal in each clause of ¢. We show GrRaPH
3-COLORING <} BARELY 3-SAT by mapping G to ¢ where each node v in G has three associated
variables v, v,, v, and one associated clause (v, Vv, V), and each edge e = {u, v} in G has three
associated variables e,, eg, e, and three associated clauses (u, Vv, Ve )A(ugVvgVeg)A(up Vv, Vey).
To show this poly-time mapping reduction is correct, we argue that G has a proper 3-coloring iff
¢ has a barely satisfying assignment:

=: Suppose c¢: V — {r, g, b} is a proper 3-coloring of G’s set of nodes V. For each node v, assign
1 to v.(,) and 0 to the other two associated variables (barely satisfying (v, V v; V v,)), and for
each edge e = {u, v}, assign O to e (, (barely satisfying (u.,)V V@)V ecu))) and O to e, (barely
satisfying (u.(,) V V¢(v) V €c(v))) and 1 to the other associated variable (barely satisfying the other
associated clause).

<: Suppose some assignment barely satisfies ¢. For each node v, since (v, V v, V 1) is barely
satisfied, we assign v the unique color c(v) such that v,(,) = 1. To see that this 3-color assignment
is proper, consider any edge e = {u, v}. If c(u) = c(v) then the clause (uc(,)VV.()Ve.)) wouldn’t
be barely satisfied, since u(,) and v,(,) would both be 1.
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Exercise 2.28: BALANCED TRIPARTITION € NP by a poly-time verifier that checks that the
purported witness is a partition of [n] into I,J,K such that x; = x; = xg, using an ITERATED
ApprTion algorithm. We show BALANCED PARTITION S;” BALANCED TRIPARTITION. On input
(21,..0,%,):
* If X[, is even then map to (xq,..., X, X,41) Where X1 = Xx[,3/2. To show that the
reduction is correct, we argue that there exists I C [n] such that x; = x{,;/2 (that is,
X[ = X[g}~y) iff there exists a partition of [n + 1] into I’,J’,K’ such that x; = x; = x:

=: Assume X; = X[p)\; = X[}/2. Letting I’ =1, J’ = [n]\ I, and K’ = {n + 1}, we have
Xy = Xy = Xgr-
&: Assume Xp = Xy = Xg/ = X[p41]/3 = X[/ 2. By symmetry of I’,J’, K’, we may assume
n+1¢1I'. Letting I =1', we have I C [n] and x; = x[,,1/2.

* If x[,] is odd then the input is necessarily a no-input, so map to some trivial no-input of

BALANCED TRIPARTITION such as (1).

In all cases, the reduction takes poly time.
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Exercise 2.29.a: Consider this algorithm on input (G,s, t):

( )
topologically order G’s nodes vy, vy, ..., V,, so i < j for each edge (v;,v;)
if v #s or v, # t: reject
fori«1,2,...,n—1:
if (v;, v;;41) is not an edge in G: reject
accept
& J

G has a topological order since it’s a dag (Theorem 0.9). To show this algorithm is correct, we
argue that it accepts iff G has a full path from s to t:

=: If the algorithm accepts, then v{ = vy — --- — v, is a full path from s to t in G.

<: Assume the algorithm rejects. If v; # s then G has no full path from s to t since v, has indegree
0 and thus v; is not reachable from s. If v, # t then G has no full path from s to t since v, has
outdegree 0 and thus t is not reachable from v,. Now, assume v; =s and v,, = t and (v;, v;;) is
not an edge in G for some i € [n—1], and suppose for contradiction that G has a full path from s
to t. Consider the least j such that this path does not step from v; to v;,;. (Such a j exists since
the path cannot step from v; to v;;;.) Thus the path begins vy = v, = -+ > v;_; > v; = v,
for some k > j + 1. But then the path cannot visit v;,; since v;,, is not reachable from vj. This
contradicts the assumption that the path is full (visits all nodes).

A topological order can be found in linear time, by the proof of Theorem 0.9. Thus this
algorithm runs in linear time.
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Exercise 2.29.b: ExacT PATH LENGTH IN A DAG € NP by a poly-time verifier that checks that the
purported witness is a path of length T from s to t in G, using an ITERATED ADDITION algorithm
to calculate the path’s length. We show SuBseT Sum <7' EXacT PATH LENGTH IN A DAG by
mapping (x1,...,Xx,, T) to (G,s,t,£, T’) (where £ is the tuple of edge lengths) as follows: G has
a path with nodes v, vy, ..., Vo,, on which each of the 2n edges has length 1. For each i € [n], G
has an edge of length x; + 2 from v,;_5 to v,;. Note that G is indeed a dag (without multi-edges)
since the nodes are topologically ordered—each edge goes from a lower index node to a higher
index node. Let s = vy and t = v,, and T’ = T + 2n. To show this poly-time mapping reduction
is correct, we argue that there exists I C [n] with x; = T iff G has a path of length T’ from s to t:

=: Assume x; = T. Consider this path from s to t: For each i € [n], if i € I then take the edge
Voi_og — Vo; Of length x; + 2, otherwise take the edges v,;_5 — v5;_; — v5; of length 14+ 1 = 2.
This path has total length >, (x; +2) + X 2= X +2n=T",

<: Consider any path of length T’ from s to t. Define I C [n] as follows: For each i € [n], if
the path takes the edge v4;_5 — Vv,; then include i in I, otherwise if the path takes the edges
Voi_g — Voi_1 — Vy; then exclude i from I. As in the = direction, this path has total length
x; +2n, so we must have x; =T’ —2n=T.
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Exercise 2.29.c: Consider this algorithm on input (G, s, t,£, T) where £ is the tuple of edge
lengths:

( )
topologically order G’s nodes vy, v, ..., V,, so i < j for each edge (v, v;)

let a, b be such thats =v, and t = v,
if a > b: reject
initialize S; « @ for each j € [n]
let S, < {0}
forje—a+1,a+2,...,b:
for each edge (v;,v;):
for each r € S;:
insert r + E(Vi’vj) into S; (if not already there)
if T € Sy: accept
else: reject
&

J

Using the notation S+x = {r+x : r €S}, wehave S; =} foreach j <aand §; = Uedge (Vl_,vj)(Sﬁ
K(v,-,vj)) for each a < j < b. The algorithm is correct since S; is the set of all lengths of paths from
s to v;. Since each path has < n edges and each edge has length < n?, each path has length < n®
and thus each S; € {0,1,..., n3}. The outer two loops just iterate over all nodes and edges and
hence have < N iterations, where N is the input size. The innermost loop has < n®+1 < N3
iterations. Each of the < N* iterations takes O(1) time. Finding a topological order takes O(N)
time, by the proof of Theorem 0.9. Thus the whole algorithm runs in poly time.
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Exercise 2.30.a: We show 2-NAE Sat <[ GRAPH 2-COLORING, which implies 2-NAE Sat € P
since GRAPH 2-COLORING € P (Theorem 2.1). The input ¢ can have two types of 2-NAE clauses:

* Equality type: —(x; < X;) and =(X; < x;) are equivalent to (x; < x;), which is satisfied
iff x; and x; are assigned the same bit, and thus x; and x; might as well be the same
variable.

* Non-equality type: —(x; < x;) and —(x; < X;) are equivalent to (x; @ x;), which is
satisfied iff x; and x; are assigned opposite bits.

First, we map ¢ to ¢’: For each equality type 2-NAE clause (x; < x ), we remove it and replace
x; with x; throughout the whole formula. Thus ¢ is satisfiable iff ¢’ is satisfiable. Since ¢’ only
has non-equality type 2-NAE clauses, we map it to the graph G with nodes representing the
variables of ¢’ and with an edge {x;, x;} for each 2-NAE clause (x; ® x;) of ¢’. Viewing 0 and 1
as the two colors, (x; ® x;) is satisfied by an assignment iff the edge {x;, x;} is multicolored by
the corresponding 2-color assignment. Thus ¢’ (and hence ¢) is satisfiable iff G has a proper
2-coloring. This reduction takes poly time.
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Exercise 2.30.b: 4-NAE SaT € NP by a verifier that checks that the purported witness is a
satisfying assignment. We show 3-Sat <7' 4-NAE Sat. Map 3-CNF ¢ to 4-NAE formula ¢’ by
creating a new variable z and changing each clause (£; V £, V £3) (where {4, {,, {5 are literals)
to ~({; & [, & {3 < 2). To show this poly-time mapping reduction is correct, we argue that
¢ is satisfiable iff ¢’ is satisfiable:

=: For any assignment that satisfies ¢, the same assignment along with z = 0 satisfies ¢’, since
if at least one of £,,£,,£5 is 1, then among {{,{,, {5,z there’s at least one 1 (the same £;) and at
least one 0 (namely 2).

<: Consider any assignment that satisfies ¢’. Since the bit values are interchangeable (swapping
0 and 1 in any assignment doesn’t change the value of ¢”), we may assume z = 0. Now the same
assignment (ignoring z) satisfies ¢, since if there’s at least one 1 among £, {5, {3,z then it must
be among €1,¢,,{5.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 2 93

Exercise 2.30.c: 3-NAE SaAT € NP by a verifier that checks that the purported witness is a
satisfying assignment. We show 4-NAE Sat <7' 3-NAE Sar. Map 4-NAE formula ¢ to 3-NAE
formula ¢’ by replacing the i™ 4-NAE clause —({; < {5, < {3 < () (wWhere £,0,,(5,0, are
literals) with two 3-NAE clauses ~({; & {, & y;) A ({3 & (4 & ¥;) where y; is a fresh
variable, for all i. To show this poly-time mapping reduction is correct, we argue that ¢ is
satisfiable iff ¢’ is satisfiable:

=: Consider any assignment that satisfies ¢. For the i 4-NAE clause ~({; < {, < {5 < £,)
of ¢, there’s at least one 1 and at least one 0 among {;,{,,{3,¢4. The corresponding 3-NAE
clauses in ¢’ are satisfied by the same assignment along with:

. ylzllfel =€2=Oorif€3=€4=1.
e y;=0ifl; =4, =1orifl3=40,=0.
* y; doesn’t matter otherwise.

<: Consider any assignment that satisfies ¢’. The same assignment (ignoring y, ¥, . ..) satisfies
¢: For the i™ 4-NAE clause ~({; < £, & {5 < £,) of @, if y; = 0 then there’s a 1 among £, {,
and a 0 among {3,{,, and if y; = 1 then there’s a 0 among £, ¢, and a 1 among {3, {,.
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Exercise 2.30.d: Max CuT DEcisioN € NP by a verifier that checks that the purported witness
is a cut that’s crossed by > k edges. We show 3-NAE Sat <! Max CuT DEcisioN. Map 3-NAE
formula ¢ to (G, k) where G is as in the proof of Theorem 2.21, and k = n + 5m where n is the
number of variables and m is the number of 3-NAE clauses. To show this poly-time mapping
reduction is correct, we argue that ¢ is satisfiable iff G has a cut that’s crossed by > k edges:

=: Consider any assignment that satisfies ¢. Define a cut of G with a “0 side” and a “1 side,”
where each node is on the side corresponding to the value of the literal labeling the node. This
cut is crossed by each of the n variable gadget edges, each of the 3m clause-to-variable edges,
and 2 of the 3 edges in each 3-NAE clause gadget (since the literals in the 3-NAE clause are
either two Os and one 1 or one 0 and two 1s under the assignment), for a total of k = n+5m
edges.

&: Consider any cut of G that’s crossed by > k edges. Say one side is the “0 side” and the other
is the “1 side.” It’s impossible to cut more than n + 5m of the n + 6m edges in G, since in each
of the m 3-NAE clause gadget triangles, at least one edge must be uncut (since there are three
nodes but only two sides). So the cut must be crossed by exactly k edges, and the m uncut
edges must be one per 3-NAE clause gadget. Thus all variable gadget edges, all clause-to-variable
edges, and 2 out of 3 edges in each 3-NAE clause gadget must be cut. Assign each variable
x; the value corresponding to the side of the cut that the x; variable gadget node is on. Since
all variable gadget edges and all clause-to-variable edges are cut, every node must be on the
side corresponding to its literal’s value under this assignment. Each 3-NAE clause of ¢ must be
satisfied since 2 out of 3 of its gadget’s edges are cut (because if it weren't satisfied, then all the
3-NAE clause gadget’s nodes would be on the same side, so none of this gadget’s edges would
be cut). Thus ¢ is satisfiable.
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Exercise 2.30.e: Max 2-Sat DEcisioN € NP by a verifier that checks that the purported witness
is an assignment satisfying > k clauses. We show Max CuT DECISION <p' MAX 2-SAT DECISION.
Map (G, k) to (¢, k") where each node v in G becomes a variable x, in ¢, each edge {u,v} in
G becomes a pair of clauses (x, V x,) A (3, VX,) in ¢, and k' = k + m where m is the number
of edges in G. To show this poly-time mapping reduction is correct, we argue that G has a cut
crossed by > k edges iff p has an assignment satisfying > k’ clauses:

=: Consider any cut crossed by > k edges in G, say with a “0 side” and a “1 side.” Assign each
variable x, according to which side of the cut v is on. If edge {u, v} crosses the cut, then both
clauses (x, V x,) A (X, VX,) are satisfied, since one of x,, x, is 1 and the other is 0. If edge {u, v}
doesn’t cross the cut, then one of its two clauses is satisfied, since x,,, x, are either both 1 or both
0. Thus this assignment satisfies > 2 -k + 1 - (m —k) = k’ clauses.

<: Consider any assignment satisfying > k’ clauses in ¢. Cut G’s nodes into a “0 side” and a
“1 side” by putting each node v on the side corresponding to x,’s value. For each edge {u, v}, if
both clauses (x, V x,) A (X, V X,) are satisfied, then x, # x,, and so {u, v} crosses this cut. It’s
impossible for neither clause to be satisfied. So the number of edges with both clauses satisfied,
and hence crossing the cut, must be > k' —m = k.
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Exercise 2.30.f: We show 3-NAE Sat <7' GRAPH 3-COLORING. Map 3-NAE formula ¢ to G as
in the proof of Theorem 2.21 but with an extra “base” node adjacent to all variable gadget nodes.
To show this poly-time mapping reduction is correct, we argue that ¢ is satisfiable iff G has a
proper 3-coloring, using colors {0, 1, 2}:

=: Consider any assignment that satisfies ¢. Let “base” have color 2. Color the variable gadget
nodes according to the satisfying assignment: Node x;’s color is variable x;’s value, and node X;’s
color is the opposite bit. Since each 3-NAE clause is satisfied, we can color its gadget as follows:
Give color 0 to one node whose literal has value 0, give color 1 to one node whose literal has
value 1, and give color 2 to the other node. This 3-color assignment is proper: Each variable
gadget edge, “base”-to-variable-gadget edge, 3-NAE clause triangle edge, and clause-gadget-to-
variable-gadget edge is multicolored.

<: Consider any proper 3-coloring of G. Since colors are interchangeable, we may assume
“base” has color 2. For each variable x;, the nodes x;,x; must be colored 0,1 or 1,0 since they’re
adjacent to each other and to “base”. Assign each variable x; the same bit as node x;’s color,
and note that the literal X; is the same bit as node X;’s color. For each 3-NAE clause gadget, the
nodes must have all three colors due to the triangle edges. The node with color 0 is adjacent to a
variable gadget node with value 1, so the corresponding literal in the 3-NAE clause has value O.
The node with color 1 is adjacent to a variable gadget node with value 0, so the corresponding
literal in the 3-NAE clause has value 1. Each 3-NAE clause in ¢ is therefore satisfied by this
assignment.
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Exercise 2.31.a: NobDE DisjoINT PaTHs € NP by a verifier that checks that the purported
witness consists of node disjoint paths from s; to ¢; for all i. We show 3-Sat <! NODE D1SJOINT
PaTHs. Map an n-variable m-clause CNF ¢ to (G, (515 t1)s -+ o5 (Smans tm+n)):

* Each clause has a separate five-node gadget in G: For the i clause, node s; has edges to
three nodes representing the clause’s three literals, and those three nodes each have an
edge to t;.

* For each variable x;, G has two paths from s,,,; to t,,,;: One path goes through all nodes
representing x; literals in the clause gadgets (in any order), and the other path goes
through all nodes representing X; literals.

To show this poly-time mapping reduction is correct, we argue that ¢ is satisfiable iff there exist
node disjoint paths from s; to t; for all i:

=: Suppose ¢ has a satisfying assignment a € {0, 1}". For variable x;, if a; = 0 then pick the
path from s,,,; to t,,,; through the x; nodes, and if a; = 1 then pick the path from s,,,; to t,,;
through the X; nodes. For the i clause, pick the path from s; to t; through a node representing
a satisfied literal. These paths are node disjoint.

&: Suppose there exist node disjoint paths from s; to t; for all i. For variable x;, assign a; = 0 if
the path from s,,,; to t,,,; goes through the x; nodes, and assign a; = 1 if the path from s,,,; to
tm+: g0es through the X; nodes. (These are the only two possible paths.) For the i clause, the
path from s; to t; must go through a node representing a satisfied literal since all the paths are
node disjoint. Thus a satisfies ¢.
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Exercise 2.31.b: EDGE DisJoINT PaTHs € NP by a verifier that checks that the purported wit-
ness consists of edge disjoint paths froms; to t; for all i. We show NopE D1sJOINT PATHS <! EDGE
DisJjoINT PaTHS. Map (G, (515t1) -+ (St tk)) to (G’, (51,in> t1.0ut)> + - +> (Sk.in> tk,out)) where each
node v in G corresponds to an edge (v;,, Voue) in G', and each edge (u, w) in G corresponds to an
edge (Ugye, Wip) in G':

in G: \% in G’: Vin (ou?/Y

To show this poly-time mapping reduction is correct, we argue that G has node disjoint paths
from s; to t; for all i iff G’ has edge disjoint paths from s; ;;, to t; ,, for all i:

=: For any node disjoint paths in G from s; to t; for all i, the corresponding paths in G’ are edge
disjoint.

<: For any edge disjoint paths in G’ from s; ;, to t; o, for all i, the corresponding paths in G are
node disjoint, because if two of the paths in G shared a node v, then the corresponding paths in
G’ would share the edge (Vin, Vout)-
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Exercise 2.32: To express “p = a”: For each i such that a; = 1, include the clause (pl- \%
\/ j>ia=0 P ]-). To modify this to express “p > a”: Also include the clause (\/ jia;=0 P j) (which is
the empty clause if a = 1---1). The size is O(W?2).
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Exercise 2.33: Consider any CNF expressing “p # q”. For each assignment of the form (p,q) =
(a, a), the CNF evaluates to 0 and so at least one clause is falsified. We claim that no clause in
the CNF can be falsified by two such assignments. By the pigeonhole principle (pigeon a flies
into a hole corresponding to a clause falsified by (a, a)), this implies that the CNF has at least
2W clauses, since there are that many possibilities of a. Suppose for contradiction that (a,a) and
(b, b) falsify the same clause, where a # b. Falsifying the clause means being consistent with a
certain partial assignment (c,d). Thus a and b are both consistent with ¢ and with d. So (a, b)
is consistent with (c,d) and therefore falsifies the clause and the CNF. But (a, b) should satisfy
the CNF since a # b, so this is a contradiction.
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Exercise 2.34.a: We modify the CNF from the proof of Theorem 2.31 so that the conditions “if
p=0"%fp=1"%“fp=2"...,“f p=W-—1"only check the least significant |log,(W —1)|+1
bits of p, rather than all bits of p. The “p < W —1” requirement means only those least significant
bits matter, since the other bits of p must be 0 for the CNF to be satisfied anyway.

Define j = |log,(W —1)] as the index of the most significant 1 in the binary representation
of W — 1. We may assume W > 1. To express “p = [log,(q)]”:

ifpj--'pOZOthean_l-'-ql =0---000
ifpj---p():lthenqw_l---ql =0---001
if pj---po=2thenqy_;---qa=0---01

if pj---po=W —1thenqy_, =1
ps<W-1

For each “if”, the “then ...” part has size O(W), and the “if” condition multiplies the size by
0(j) = O(logW). Since there are W many “if” statements, each of size O(W log W), their total
size is O(W?21logW). The “p < W — 1” part only contributes +O(W?) to the size.
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Exercise 2.34.b: We claim that for every assignment a € {0,1}", there is a CNF expressing
“p < a” with size O(W +log?a). With a = W — 1, we get size O(W +log?> W) = O(W).

Now, we prove the claim. Define j = |log,(a)] as the index of the most significant 1 in q,
assuming a # 0. The CNF “py,_;-+-pj.q = 0---0 and p;---py < a;j---a,” does the job. The
“Pw—1*+Pj+1 =0---07 part has size O(W). The “p;---py < a;---a,” part has size O((j + 1)?) =
O(log? a) using the construction from §2.8.1.

If a =0, then “p < a” just means “p = 0---0”, which has size O(W).
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Exercise 2.35: There are < W options for i, and < W options for j, and O(1) options for a; b;c;,
and each clause has width O(W), so the size is O(W - W - 1- W) = O(W?3).

To prove that this CNF expresses “p = q + r”, we show that for every assignment (p,q,r) =
(a, b, c), we have a # b + c iff at least one clause is falsified.

=: Suppose a # b + ¢, and let i be the least significant index such that a; # (b + ¢);.

* Suppose bjc; € {01,10} for all j <i. Then a;_;---ay=1---1 by the minimality of i, and
a; # (b+c); = b; ®c; since there’s no carry into position i. Thus (a, b, c¢) falsifies the clause:

“piq;r; # a;bjc; or p;_1---pgF1---1"

* Suppose b;c; € {00,11} for some j < i, and consider the greatest such j. Thus byc; €
{01,10} for all k withi > k > j.

* Suppose bjc; = 00. Then there’s no carry into position j+1,s0 a;_;*--aj,; =1---1
by the minimality of i, and a; # (b + ¢); = b; ® ¢; since there’s no carry into position
i. Thus (a, b, ¢) falsifies the clause:

“Piqir; # a;bic; or pi_y---pjr1 F1---1 or q;r; #00”

* Suppose b;c; = 11. Then there’s a carry into position j + 1, which is propagated
all the way into position i, so a;_;---aj;; = 0---0 by the minimality of i, and
a;#(b+c);=1b,; dc;, thatis, a; = b; ® c;. Thus (a, b, ¢) falsifies the clause:

“Piqiri # a;bic; or pi_y-+-pjr1 #0---0 or g;r; #11”

&: Suppose at least one clause is falsified. We don’t need separate notation for the a;b;c; in
the clause definition and the a;b;c; of our assignment (a, b, ¢), because these must be equal—
otherwise the clause would be satisfied by the “p;q;r; # a; b;c;” part.

* Suppose “p;_y:--po # 1---1” is falsified, where a; # b; ® c;. Thatis, a;_---ap=1---1.

* Suppose bic, € {01,10} for all k < i, so there’s no carry into position i. Then
a#b+csince a; #b; ®&c; =(b+c);.

* Suppose byc; € {00, 11} for some k < i, and consider the least such k. Then b,c, €
{01,10} for all £ < k, so there’s no carry into position k. Then a # b + ¢ since
ar=1#b®dc, =(b+c)y.

* Suppose “p;_1*pj41 # 1--+1 or q;r; # 00” is falsified, where a; # b; ® ¢;. That is,
aj_q-++ajyp =1---1 and b;c; =00.

* Suppose byc € {01,10} for all k with i > k > j, so there’s no carry into position i.
Then a # b + ¢ since a; # b; & ¢; = (b +¢);.

* Suppose byc, € {00,11} for some k with i > k > j, and consider the least such k.
Then b,c, € {01, 10} for all £ with k > £ > j, so there’s no carry into position k. Then
a#b+csincea,=1%# b, ®c, =(b+c).

* Suppose “p;_1*Ppj41 # 0---0 or g;r; # 117 is falsified, where a; = b; ® ¢;. That is,
aj_q-*+aj41 =0---0 and bjc; =11.
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* Suppose bic, € {01,10} for all k with i > k > j, so there’s a carry into position i.
Thena#b+csincea; =b;®c;#1®b;®c; =(b+c¢);.

* Suppose bic;, € {00,11} for some k with i > k > j, and consider the least such k.
Then byc, € {01, 10} for all £ with k > £ > j, so there’s a carry into position k. Then
a#b+csinceay,=0#1& b, ®c, =(b+c).
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Exercise 2.36: By definition, NTIME[N ] C P means that for every A € NTIME[N ] there exists
d such that A € TIME[NY]. We need to swap the quantifiers, so d doesn’t depend on A. We
accomplish this using NP-completeness.

Assume NTIME[N] C P. Since SAT € NTIME[N ], there exists ¢ such that Sat € TIME[N®]. By
Corollary 2.33, NTIME[N] € TIME[N® polylog N] C TIME[N°*!]. So we can take d = c + 1.
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Exercise 2.37:
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Exercise 2.38: As noted in §2.8.5, we may assume the array contains n distinct numbers. Also,
since the exact values don’t matter—only the relative order matters—we may assume the array
contains the numbers [n] = {1,2,...,n} (the smallest number might as well be 1, and so on).
Thus, the given comparison network is not a sorting network iff there exists a permutation of
[n] that it fails to sort. Here’s a poly-time verifier:

( N
given a purported witness w:

if w isn’t a permutation of [n]: reject
simulate the given comparison network with w as the initial array contents
if the array contains 1,2,...,n in order at the end: reject

else: accept
& J

The point is that a witness (a counterexample to being a sorting network) never requires numbers
that are too large to handle in poly time. In fact, it can be shown that it also suffices to use some
w € {0,1}" as the witness (the zero-one principle), but that’s not necessary for showing NoT A
SORTING NETWORK € NP.
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Exercise 2.39: <: Assume coNP = NP. Since B € NP, we have B € coNP.

=: Assume B € coNP. For every A € NP, we have A <7' B and thus A <y B by the same
reduction. This implies A € coNP since a verifier for A can run the mapping reduction and then
run a verifier for B on the query. Thus NP € coNP. By complementing both sides, we also have
coNP C cocoNP = NP. We conclude that coNP = NP.
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Exercise 2.40: Abbreviate WHICH 1S SATISFIABLE as B. Since B(yg, ;) = SAT(p;), we have
B € NP by a verifier that ignores ¢, and just runs a SaT verifier on ;. Since B(¢g, 1) =
SaT((py), we have B € NP by a verifier that ignores ¢, and just runs a SaT verifier on ¢,. Thus
B € NP N coNP.

To see that B is (NP N coNP)-hard, consider any A € NP N coNP. Since SAT is NP-hard, we
have A <7 Sat by some reduction F; and A <p Sat by some reduction F,. We have A <I' B by
mapping x to (¢, ¢1) = (Fp(x), F1(x)). This is correct because: If A(x) = 1 then , is satisfiable
and g isn’t and thus (g, ¢1) is a valid input to B and B(y,, ¢;) = 1. If A(x) = 0 then ¢, is
satisfiable and ¢, isn’t and thus (¢, ¢;) is a valid input to B and B(¢g, ¢;) = 0.
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Exercise 2.41: Suppose NPUcoNP = PSPACE. To see that PSPACE C NP (hence NP = PSPACE),
consider any A € PSPACE. Define a decision problem B that takes as input (x, b) where x is
a valid input to A and b is a bit, and B(x,b) = A(x) ® b. Then B € PSPACE by an algorithm
that runs a poly-space algorithm to compute A(x) and then xors the result with b. Thus by
assumption, B € NP U coNP. If B € NP then A € NP by a verifier that, on input x, runs a
poly-time verifier for B on input (x,0), which works since B(x,0) = A(x). If B € coNP (that is,
B € NP) then A € NP by a verifier that, on input x, runs a poly-time verifier for B on input (x, 1),
which works since B(x,1) = A(x) ® 1 = A(x). Either way, A € NP.
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Exercise 2.42: Assume A <7 B and B € NP N coNP. Say B € NP by a verifier V;, and Be
NP by a verifier V. Then A € NP by a verifier U that views the purported witness as w =
(q,a;,wq,as,wy,...,a,,w,) where q is the number of oracle queries the reduction makes, a; €
{0,1} is the answer to the i™ query, and w; is a witness for the i™ query. The size of each w; is
cN¢ for integers c, d big enough that cN¢ is larger than the running time of both V; and V;, on
any query the reduction might make on an input of size N.

N
U(x;q,a7, W1, ..., 0q, Wg):
fori1,...,q:
continue the execution of the reduction on input x
if it terminates without making another query: reject
let y; be the i query
run Vo, (yi; wy)
if it rejected: reject
tell the reduction that q; is the answer to the query
continue the execution of the reduction on input x
if it makes another query: reject
output the same bit the reduction does )

U also rejects if the word a; doesn't fit in a single bit, or if some word of w; doesn’t fit in the
word size for V,, (y;).
U runs in poly time. To see that U is correct, we prove that for every valid input x:

A)=1 (EIW : Ulx;w) accepts)

=>: Suppose A(x) = 1. Let w = (q,a;,wy,...,aq,w,) be the actual number of queries q, the
actual query answers a; = B(Yy;), and actual witnesses w; for the queries. Then U(x;w) runs the
reduction exactly as if the answers came from a real oracle for B, and it doesn’t reject before
the reduction finishes: It doesn’t reject due to the “number of queries” checks, and it doesn’t
reject due to V (y;;w;) rejecting, because a; = B(y;) means there indeed exists w; such that
Vg, (yi;w;) accepts (by completeness of V; and V). Thus U(x; w) accepts because the reduction
accepts when A(x) = 1 and the queries are answered according to B.

<: Suppose there exists w such that U(x; w) accepts. Then w has the form (q, a;, w1, ..., a5, w,)
where each q; is a single bit. Since V,, (;; w;) accepts, we must have a; = B(y;) (by soundness
of V; and Vj). Thus ay, ..., a, are the actual answers to the queries the reduction makes, and q is
the actual number of queries (since otherwise U(x;w) would reject if the reduction tried to make
a (q + 1)* query or terminated after fewer than g queries). Thus U(x;w) runs the reduction
to completion, exactly as the reduction would run if the answers came from a real oracle for B.
Since U(x;w) accepts, the reduction accepts input x, so A(x) = 1.

Since A <7 B implies A <7 B by flipping the reduction’s output, we also have A € NP and
thus A € coNP.
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Exercise 3.1:

X1 0 O 1
Xz . .
X3 @, () @ ()

0 1 0 1 0 1 0 1

x QO O O O O O O
0

1 of \1 0f \1 0/ \1 0/ \1 0/ \1 0/ \1 0/ \1

ONONONORONONORORORORORORONORORE)

P1 has exactly one winning strategy, depicted with the bold edges: P1 plays x; = 0, and then
after P2 plays x,, P1 responds by making x5 # x5.
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Exercise 3.2.a: Given a monotone CNF ¢(x; - - - x,), we accept iff each clause contains at least
one J1-quantified variable (that is, with odd index). To show this log-space algorithm is correct,
we argue that it accepts iff 3x; - Vx,: @(x:--x,) =1:

=: If each clause contains at least one 3-quantified variable, which is a positive literal, then P1
can win the game by assigning 1 to all these variables.

&: If some clause contains only V-quantified variables, which are positive literals, then P2 can
win the game by assigning O to all these variables.
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Exercise 3.2.b: For a CNF ¢, say a variable x; is pure when x; occurs only positively or only
negatively throughout p—that is, there do not exist both a clause with x; and a clause with X;.

Map a 3-CNF ¢(x; -+ x,,) in which each clause has at least one pure variable to a 2-CNF
Y(xy-+-x,) as follows: For each clause of ¢, if it contains an 3-quantified pure variable then
we delete the clause, and otherwise we pick one Y-quantified pure variable in the clause and
shrink the clause by removing that literal. To show this log-space mapping reduction is correct,
we argue that 3x;---Vx, @ (e x,)=1iff Jx;---Vx,: Plxy--x,)=1:

=: Assume P1 has a winning strategy for . Then P1 can apply the same strategy to ), except
that when P2 assigns the “good” value to a pure variable (x; = 1 and x; occurs positively, or
x; = 0 and x; occurs negatively), P1 continues as if P2 had assigned the “bad” value. This
guarantees that each clause of 1) is satisfied because the corresponding clause in ¢ is satisfied
by a literal whose variable is not pure, and thus that literal remains in the clause in 1) and is
assigned the same value.

&: Assume P1 has a winning strategy for 1. Then P1 can apply the same strategy to (¢, but
assigning the “good” value to each 3-quantified pure variable. This guarantees that ¢ is satisfied
because each clause that was deleted from ) is satisfied by a literal with an 3-quantified pure
variable, and each other clause is satisfied by the same literal that satisfies the corresponding
clause in 1.
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Exercise 3.2.c: We use a subroutine similar to the one for QSatr € PSPACE (Lemma 3.1)
but exploiting the fact that if x; appears only positively or only negatively in the contraction
¢lay.-q;_5-+> then we need not recurse on both possible values of x;, since the current player
would only make the obvious move: If it’s P1’s turn, he would assign x; to satisfy the clauses in
which it appears. If it’s P2’s turn, he would assign x; so as not to satisfy the clauses in which it
appears.

(. ] )
wins(i,a; -+ a;_1):

if i = n+ 1: evaluate and return ¢(a; ---a,)

if i is odd and x; isn’t in @|g,...q,_ 4., OF 1 is €ven and X; isn’t in ¢ |q,...q, s
return ~wins(i + 1,a; - - a;_;0)

if i is odd and X; isn’t in ¢|g,..q,_;s..x> O 1 is even and x; isN’tin @[y ..q,_ s
return ~wins(i + 1,a; - --a;_;1)

return ~wins(i + 1,a; ---a;_;0) V ~wins(i + 1,a; ---a;_1)
L J

If wins(i, a; - - - a;_;) reaches the return statement on the last line, then x; and X; both appear in
Play-a;_yss> SO Play i ;05x A0 Plg...q,_; 14 DOth have fewer clauses than ¢, ...q,_ ... Since
each assignment to x; satisfies at least one clause, which disappears from the contraction.

This implies that in the tree where nodes represent calls to wins, every root-to-leaf path has
at most clogn nodes with siblings, since each such node has fewer clauses in the contraction
of ¢ than its parent does, and ¢ starts with at most clogn clauses. Thus the tree has at most
2¢10gn — n¢ Jeaves, and each root-to-leaf path has n+ 1 nodes, so the tree has poly n many nodes.
Each node contributes polyn time, so the overall time efficiency is polyn = poly N.
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Exercise 3.3: We already showed that if s = Lima then P1 has a winning strategy, and if
s = Montreal then P2 has a winning strategy.

If s = Seoul then P1 has a winning strategy: P1 should go to Lagos. Then P2 must go to
Stockholm, and then P1 goes to Montreal, and then P2 must go to Lima, and then P1 should go
to Athens, at which point P2 loses since the only outgoing edges lead to Seoul and Stockholm,
which were both already visited.

If s = Lagos then P1 has a winning strategy: P1 should go to Seoul. Then P2 must go to
Lima, and then P1 should go to Athens, and then P2 must go to Stockholm, and then P1 goes to
Montreal, at which point P2 loses since the only outgoing edges lead to Lima and Lagos, which
were both already visited.

If s = Stockholm then P1 has a winning strategy: P1 goes to Montreal. If P2 goes to Lagos,
then P1 goes to Seoul, and then P2 must go to Lima, and then P1 goes to Athens, at which point
P2 loses since the only outgoing edges lead to Seoul and Stockholm, which were both already
visited. On the other hand, if P2 goes from Montreal to Lima, then P1 should go to Athens, and
then P2 must go to Seoul, and then P1 goes to Lagos, at which point P2 loses since the only
outgoing edges lead to Seoul and Stockholm, which were both already visited.

If s = Atlanta then P2 has a winning strategy: P1 must go to Athens. Then P2 should go to
Stockholm. Then P1 must go to Montreal, and then P2 goes to Lima, at which point P1 loses
since the only outgoing edges lead to Athens and Atlanta, which were both already visited.

If s = Athens then P2 has a winning strategy: First, suppose P1 goes to Stockholm, and then
P2 goes to Montreal. If P1 goes to Lima, then P2 goes to Atlanta, at which point P1 loses since
the only outgoing edges lead to Athens and Atlanta, which were both already visited. On the
other hand, if P1 goes from Montreal to Lagos, then P2 goes to Seoul, and then P1 must go to
Lima, and then P2 goes to Atlanta, at which point P1 loses since the only outgoing edges lead
to Athens and Atlanta, which were both already visited. Now, suppose P1 goes from Athens to
Seoul at the beginning. Then P2 should go to Lagos. Then P1 must go to Stockholm, and then
P2 goes to Montreal, and then P1 must go to Lima, and then P2 goes to Atlanta, at which point
P1 loses since the only outgoing edges lead to Athens and Atlanta, which were both already
visited.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 3 117

Exercise 3.4: We design a subroutine “wins” that has access to the input G, takes as an argu-
ment an independent set S consisting of all nodes played so far, and returns the bit indicating
whether the player whose turn it is (P1 if |S| is even, P2 if |S| is odd) has a winning strategy for
the rest of the game. To solve NoDE KAvLES, call wins().

The current player can win iff they can make a move so the other player cannot then win:

wins(S):
for each node v ¢ S such that u ¢ S for all edges {u, v}:
if wins(S U {v}) = 0: return 1
return O

This recursive subroutine maintains the invariant that wins(S) = 1 iff in the game on G with
all nodes of S and their neighbors removed, the player who goes first (which may be P1 or P2
from the overall game on G) has a winning strategy. This holds for the base cases when no
nodes remain: wins(S) = 0 because the current player has already lost. For non-base cases,
the invariant is maintained because wins(S) = 1 iff there exists a playable node v (a move for
the current player) such that wins(S U {v}) = 0, which means whoever played v has a winning
strategy (with S and v and all their neighbors excluded) since their opponent (who has the next
turn) doesn’t.

Since |S| + 1 is the depth of a call, and a base case must be reached when all n nodes are in
S (or sooner), the overall recursion depth is < n+1 < N. Each stack frame needs poly N bits for
the argument and other local data. The space efficiency is:

(N stack frames at a time) . (polyN bits per stack frarne) = polyN bits
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Exercise 3.5: This problem is in PSPACE since QSat is. We show QSAT <" this problem
by mapping ¢(x; -+ x,) to P (x; ---x,) where 1) is ¢ except for each dummy variable Jx; of
¢, we have a width-1 clause (x;) in 1, and for each dummy variable Vx; of ¢, we add the
literal x; to some clause from ¢ (it doesn’t matter which one) in . Note that ¢ (x; - x,)
has no dummy variables. To show this log-space mapping reduction is correct, we argue that
dxy - Vx, o @(xq---x,)=1iff Iy -V, 0 Yxg---x,)=1:

=: Assume P1 has a winning strategy for ¢. Then P1 can apply the same strategy to 1, but
assigning x; = 1 if 3x; is a dummy variable of ¢. This guarantees that ¢} is satisfied because each
new clause (x;) is satisfied, and each clause that came from ¢ remains satisfied—the addition
of V-quantified dummy variables to the clause doesn’t hurt, and the clause is unaffected by P1’s
strategy on J-quantified dummy variables.

&: Assume P1 has a winning strategy for v). Then P1 can apply the same strategy to ¢, except
that when P2 assigns x; = 1 where Vx; is a dummy variable, P1 continues as if P2 had assigned
x; = 0. This guarantees that each clause of ¢ is satisfied because the corresponding clause in 1
is satisfied even with all Y-quantified dummy variables that were added to it (if any) assigned
0.
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Exercise 3.6.a: Suppose G has nodes s,u,v,w and edges (s, u), (s,v),(v,w). Then (G,s) is a
yes-input of GEOGRAPHY, and hence a no-input of GEOGRAPHY, since P1 can go from s to u, and
then P2 is stuck. But (G,s) is a yes-input of MiSERE GEOGRAPHY since P1 can go from s to v,
and then P2 must go to w, and then P1 is stuck.
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Exercise 3.6.b: MisERE GEOGRAPHY € PSPACE by an algorithm like the one for showing
GEOGRAPHY € PSPACE (Lemma 3.2) except that wins(vy, vy, ..., V;) returns 1 if there is no edge
(v;,v) in G such that v & {v,,...,v;}.

We show GEOGRAPHY <" MISERE GEOGRAPHY by mapping (G, s) to (G’,s) where G’ is G but
with a new node t that has no outgoing edges and has an incoming edge from each node of G.
To show this log-space mapping reduction is correct, we argue that P1 has a winning strategy in
the GEOGRAPHY game on (G, s) iff P1 has a winning strategy in the MiSERE GEOGRAPHY game
on (G',s):

=: If P1 has a winning strategy on (G,s), P1 can apply the same strategy on (G’,s). Since P2
would get stuck in G, P2 will inevitably go to t in G’, and so P1 is stuck in G’ and wins.

<: If P2 has a winning strategy on (G,s), P2 can apply the same strategy on (G’,s). Since P1
would get stuck in G, P1 will inevitably go to t in G’, and so P2 is stuck in G’ and wins.
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Exercise 3.7: STRING COMPATIBLE GEOGRAPHY € PSPACE since GEOGRAPHY € PSPACE. We
show GEOGRAPHY <" STRING COMPATIBLE GEOGRAPHY by mapping (G,s) to (G’,s) where G’ is
like G except that each edge e = (u, v) of G becomes a path of three edges (1, ¥,), (Ve>2e), (Ze, V)
in G/, where y, and z, are new nodes. This G’ is string compatible because the only nodes that
can have outneighbors in common are 2z, nodes for different edges e of G, and each of those
nodes has only one outneighbor. This log-space mapping reduction is correct because P1 has a
winning strategy on (G, s) iff P1 has a winning strategy on (G’,s): For each edge e = (u,v) in
G, P1 traversing u — v in G is equivalent to P1,P2,P1 traversing u — y, — 2z, — v in G’, and P2
traversing u — v in G is equivalent to P2,P1,P2 traversing u — y, — 2, — v in G’.
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Exercise 3.8: Here is such a poly-time oracle reduction:

query the oracle on input ¢|g,...q,_ 4...(X; -+ - X,), and reject if the oracle rejected

query the oracle on input ¢|g,...q,_,00+-+(Xi+2 - X,), and output 1 if the oracle rejected
query the oracle on input ¢|g,...q,_,014+(Xi+2 -~ X,), and output 1 if the oracle rejected
output 0

The reduction rejects iff there is no such a;. If the reduction outputs 0, then this is correct because
Axig- -V plag - a;100x;,5 - x,) =1

and
Axig - Vxp: plag - a;101x45- - x,) =1

since the oracle accepted the second and third queries, which means:

Vxipr Ixipo - Vxn: plag - a1 0xppq - xp) =1
If the reduction outputs 1, then this is correct because

Vxipr Ixipe - Vxp s plag - a1 0xppq - xp) =1
is false, which means

Voxipr Ixipo - Vxn: plag - aiq1xig o x,) =1

must be true since the reduction didn’t reject.
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Exercise 3.9: We claim that P2 has a winning strategy iff >, ..;x; =t and x; = x;_ for all
even i. A log-space algorithm can check whether this holds, using a log-space algorithm for

ITERATED ADDITION. Now, we prove the claim:

&: Assume Y, .. ;X; =t and x; = x;_; for all even i. Here is a winning strategy for P2: For
each even i, P2 includes i € I if and only if P1 didn’t include i —1 € I. Thus for each even i,

exactly one of i —1 or i isin I, so at the end, D> _.; X; = D ey ; Xi = ¢ and P2 wins.

=: Assume either ). ; X; # t or x; # x;_; for some even i.

First, assume »,,...; X; # t and x; = x;_; forall even i. If ) .. ; x; < t then P1 can win by
including no odd i € I, guaranteeing that Y., x; < D ven; X; < t. If D0 ; X; > t then P1 can
win by including all odd i € I, guaranteeing that D..; X; = D 44 : Xi = Doeven; Xi > t-

Now, assume x; # x;_; for some even i. Consider the greatest even i* such that x;. # x;_1.
Here is a winning strategy for P1: Play arbitrarily until it’s time to pick whether to include i*—1 €
I. Since x;« # x;-_; and x;«_; > 0 and x;« > 0, the four numbers 0, x;._;, X+, X;+_; + X;= are all
distinct. Thus £ —> .. o ie; Xi — Dieven i > i+ Xi i either not in {0, x;:} or not in {x;._q, X1 +x;:}
(possibly in neither). In the former case, P1 doesn’t include i* — 1 € I. In the latter case, P1
includes i*—1 € I. After P2 picks whether to include i* € I, it is guaranteed that ), .. ;< i+ X; #
t — D.isier Xi- Then P1 plays like in the previous paragraph: If .. . ;s X < t— Doisicr X
then P1 can win by including no odd i > i* in I, guaranteeing that >, x; < Doy X +
Devenis it Xi <t IE Do X > t— D5 X; then P1 can win by including all odd i > i* in
I, guaranteeing that D, ; x; = Diisicr Xi + Dioddis i# Xi = Duiesier Xi T Dueven i = i+ Xi > t since
x; = x;_; for all even i > i*.
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Exercise 3.10: We can turn any streaming verifier for A with O(T) time efficiency into an
ordinary verifier for A with O(T) time efficiency by using a register waddr to remember the next
witness segment address to read from. Instead of sequential-access read-witness, the ordinary
verifier can read-witness from address waddr and then increment waddr. The number of com-
putation steps at most doubles, and the highest address read from the witness segment is still
o(T).

We can turn any ordinary verifier for A with O(T) time efficiency into a streaming verifier
for A with O(T) time efficiency by using a register waddr to remember the highest witness
segment address read from so far (“high water mark”) and an extra work segment to remember
the witness up through address waddr. Instead of random-access read-witness, the streaming
verifier can check if the address is < waddr and if so, load the word from the “witness work
segment,” and if not, read-witness enough words to append to the “witness work segment” and
bring waddr up to the desired address. Since the ordinary verifier only reads from the first O(T)
words of the witness segment, the streaming verifier only spends O(T) steps dealing with its
“witness work segment.”
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Exercise 3.11.a: To show the reduction is correct, we prove that G has no proper 2-coloring
iff there exists u such that u,gp, is reachable from uje in Gy, (that is, the reduction rejects).

=: Suppose G has no proper 2-coloring. Then G has an odd-length cycle (Theorem 2.2). Pick an
arbitrary node u on this cycle. As we traverse the edges from u around to u, the corresponding
sequence of edges in Gy, forms a path from ujeg tO Urign. Thus gy, is reachable from uje in

Gbip .

<: Suppose there is a path from ujef to Uyjgp,. This path must have odd length. The corresponding
sequence of edges in G forms an odd-length closed walk containing u. Thus G has no proper
2-coloring since otherwise the node colors would have to alternate as we traverse the closed
walk, leading to the contradiction that u has the opposite color as itself. (Theorem 2.2 only talks
about cycles, but it also works for closed walks.)

The reduction takes log space since the loop just needs to remember u, and the construction
of Gyp is simple enough to write down in log space.
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Exercise 3.11.b: Suppose G’s set of nodes is {1,2,...,n}. Map G to the graph G’ that has n
copies of Gy, and a node s adjacent to i in the i copy for each i, and a node t adjacent to
light in the i copy for each i. The reduction only needs log space, and it’s correct since G has
no proper 2-coloring iff there exists i such that i, is reachable from ijq in (the i™" copy of)
Gpip (Exercise 3.11.a) iff t is reachable from s in G’.
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Exercise 3.11.c: Map formula ¢ to graph G where:

* For each variable x; that appears in ¢, G has a corresponding node.

* For each constraint of the form (x; ® x;) or (x; ® X;), G has an edge {x;, x;}.

* For the k™ constraint of the form (x; ® X;) or (X; ® x;), G has a fresh node y; and two
edges {x;, y} and {y;, x;}.

This reduction only needs log space, and it’s correct because ¢ has a satisfying assignment iff G
has a proper 2-coloring:

<: Suppose G has a proper 2-coloring, and call the colors 0 and 1. Then the 2-color assignment
to the x nodes is an assignment to ¢’s variables, and it satisfies ¢ because:

* Each constraint of the form (x; ® x;) or (X; @ X;) is satisfied since x; and x; are assigned
opposite bits since the edge {x;, x;} is multicolored.

* The k™ constraint of the form (x; @ X;) or (X; ® x;) is satisfied since x; and x; are assigned
the same bit since the edges {x;, yi} and {yy, x;} are multicolored.

=: Suppose ¢ has a satisfying assignment. View this as a 2-color assignment to the x nodes of
G. Each {x;, x;} edge is multicolored since the corresponding constraint (x; @ x;) or (x; & X;) is
satisfied. Since the k™ constraint of the form (x; ® X;) or (X; ® x;) is satisfied, x; and x; have
the same color and thus we can assign y; the opposite color so the edges {x;, yx} and {y;, x;}
are multicolored.

Since 2-XOR SAT 32" GRrAPH 2-COLORING € L, we conclude 2-Xor SAT € L (Lemma 1.15).
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Exercise 3.12: STRONG CONNECTIVITY € NL by a log-space streaming verifier that loops
through all ordered pairs of nodes u, v and checks that the witness demonstrates a walk from u
to v of length < n—1, as in the proof that DIRECTED REACHABILITY € NL. We show DIRECTED
REACHABILITY <J' STRONG CONNECTIVITY by mapping (G,s, t) to the graph G’ containing G and
edges from all non-s nodes to s and edges from t to all non-t nodes. To show this log-space
mapping reduction is correct, we argue that G has a walk from s to t iff G’ is strongly connected:

=: Assume G has a walk from s to t. To see that G’ is strongly connected, we consider any
ordered pair of nodes u, v and show that G’ has a walk from u to v: Follow the edge from u to s
(if u # s), then the assumed walk from s to t, then the edge from t to v (if v # t).

<: Assume G’ is strongly connected. In particular, G’ has a walk from s to t. There’s no reason
for this walk to use any new edge of G’, since taking a new edge to s would just revisit s, and
taking a new edge from t would mean t was already reached. Thus the assumed walk from s to
t only uses edges of G.
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Exercise 3.13.a: Since NL = coNL, it suffices to prove Dac DEcisioN is NL-complete.

Dac DecisioN € NL by a log-space streaming verifier that checks that the witness is a closed
walk of length < n (which exists iff G has a cycle). We show DIRECTED REACHABILITY Szn
DaG DEcision by mapping (G, s, t) to G’ which is the layered version of G (with horizontal edges
between copies of t) with n layers (where n is the number of nodes in G) and with an edge from
t’ (the last layer’s copy of t) to s’ (the first layer’s copy of s). To show this log-space mapping
reduction is correct, we argue that G has a path from s to t iff G’ has a cycle:

=: Assume G has a path from s to t. Since the path has length < n—1 and G’ has n layers,
there is a corresponding path in G’ starting at s’ and using horizontal edges as needed to reach
t’. Combining this path with the edge (t’,s”) yields a cycle in G'.

<: Assume G’ has a cycle. The cycle must use the edge (t,s”) since G’ would certainly be acyclic
without (t/,s”). Removing (t’,s”) from the cycle yields a path from s’ to t’, which corresponds to
a path from s to t in G (stopping as soon as we reach t, and trimming out any cycles).
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Exercise 3.13.b: DIRECTED REACHABILITY ON A DAG € NL since DIRECTED REACHABILITY € NL.
We show DIRECTED REACHABILITY SZI DIRECTED REACHABILITY ON A DaG by mapping (G, s, t)
to (G',s’,t’) as in the proof of Lemma 1.21 with n layers (where n is the number of nodes in G).
The graph G’ is a dag since the layers provide a topological order—every edge goes from one
layer to the next. This log-space mapping reduction is correct because G has a path from s to t
iff G’ has a path from s’ to t’, as we know from the proof of Lemma 1.21 and the fact that G’ has
n layers and every path in G has length <n—1.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 3 131

Exercise 3.13.c: UNDIRECTED SHORTEST PATH DEcIsiON € NL for essentially the same rea-
son that DIRECTED SHORTEST PATH DEcIsioN € NL. We show DIRECTED REACHABILITY SE“
UNDIRECTED SHORTEST PATH DEcIsION by mapping (G, s, t) to (G,s’,t’,k) where k = n—1
(where n is the number of nodes in G) and G’,s’,t’ are like in the proof of Lemma 1.21 with
k + 1 = n layers but with undirected edges in G’. To show this log-space mapping reduction is
correct, we argue that G has a path from s to t iff G’ has a path from s’ to t’ of length < k:

=: A path from s to t has length < k and yields a path from s’ to t’ of length k, as in the proof
of Lemma 1.21.

<: Assume G’ has a path from s’ to t’ of length < k. Every edge of G’ goes between consecutive
layers, so the path must have length k and follow each edge in the intended direction (as if the
edge were directed toward the higher-index layer) since otherwise getting from layer O to layer
k would require more than k edges. Thus this undirected path yields a directed path from s to t,
as in the proof of Lemma 1.21.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 3 132

Exercise 3.14.a: Since NL = coNL, it suffices to prove 2-SaT € NL. From Exercise 2.12 we
know a 2-CNF ¢ is unsatisfiable iff there exists a variable x; such that the nodes x; and X; are
reachable from each other in ¢’s implication graph. Also, the implication graph can be computed
in log space. Letting V be a log-space streaming verifier for DIRECTED REACHABILITY, we have
2-Sat € NL by this log-space streaming verifier:

N
for each variable x;:

run V on input (¢’s implication graph, x;, X;) (recomputing each word when V reads it)
run V on input (¢’s implication graph, X;, x;) (recomputing each word when V reads it)
if both runs of V accepted: accept
if either run rejected: continue to the next variable
reject
1

J

If ¢ is unsatisfiable, then for some x;, there exist witnesses that make both runs of V accept. If
 is satisfiable, then for each x;, all purported witnesses make at least one run of V reject.
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Exercise 3.14.b: Since NL = coNL, it suffices to prove 2-SaT is NL-hard. We show DIRECTED
REACHABILITY <} 2-Sat by mapping (G, s, t) to ¢ as follows. For each node v in G, ¢ has a
variable x,. For each edge (u,v) in G, ¢ has a clause (x, V x, ), which is equivalent to (x, = x,).
Also, ¢ has clauses (x;) A (x;). To turn ¢ into a 2-CNF, we could apply Claim 2.12 to those
width-1 clauses, or just use (¥, Vx;)A(x; VX;)A(xsVx,) instead. To show this log-space mapping
reduction is correct, we argue that G has a path from s to t iff ¢ is unsatisfiable:

=: If G has a paths - v; = v, = -+ = v, — t then the clauses
(xs)/\(xs = xvl)/\(xvl = xvz)/\ "'/\(ka = xt)/\(x_t)

are unsatisfiable, because satisfying (x;) requires x; = 1, and then satisfying (x; = x,, ) requires
x,, = 1, and then satisfying (x,, = x,, ) requires x,, = 1, and so on until x, = 1, which doesn’t
satisfy (;).

«: If t is not reachable from s in G, then ¢ is satisfied by assigning 1 to all variables corresponding
to nodes reachable from s, and assigning O to all other variables: (x,) is satisfied by x, = 1 (since
s is reachable from itself), and () is satisfied by x, = 0 (since t is not reachable from s), and
each clause (x, = x,) is satisfied either by x, = 0 (if u is unreachable from s) or by x, =1 (if v
is reachable from s)—it can’t happen that u is reachable but v isn’t.
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Exercise 3.15: To prove (2 ouT oF 3)-Sat € NL, it suffices to prove (2 ouT OF 3)-SAT <" 2-SAT
(Lemma 3.20). Map ¢ to ¢’ by replacing each width-3 clause (¢; V ¢ j V £) with three width-2
clauses (¢; V €;) A(£; V £) A(€; V £;). This log-space mapping reduction is correct because for
every assignment, at least 2 out of the 3 literals (¢; V £; V {; ) are satisfied iff for every 2 of those
literals, at least 1 out of the 2 is satisfied—and thus ¢ is satisfied iff ¢’ is satisfied.

To prove (2 ouT OF 3)-SAT is NL-hard, we show 2-SaT <|" (2 ouT OF 3)-SAT by mapping ¢
to (’ which is ¢ but with a fresh variable x, inserted into all the clauses. To show this log-space
mapping reduction is correct, we argue that ¢ has an assignment that satisfies at least one literal
in each clause iff ¢’ has an assignment that satisfies at least two literals in each clause:

=: If ¢ has such an assignment then the same assignment, together with x, = 1, satisfies at
least two literals in each clause of ¢’.

<: If ¢’ has such an assignment then the same assignment, ignoring x,, satisfies at least one
literal in each clause of ¢.
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Exercise 3.16.a: Let A stand for GRAPH 3-COLORING WITH FORBIDDEN COLORS. To prove
A € NL, it suffices to prove A <" 2-SaT (Lemma 3.20). Map (G, f) (where f is the tuple of
forbidden colors) to ¢ as follows. For each node v in G, we have a variable x, in ¢. The two
possible values of x,, correspond to the two allowed colors of v. For concreteness:

* If f, =red then x, = 0 means c(v) = green and x, = 1 means c(v) = blue.
* If f, = green then x, = 0 means c(v) =red and x, = 1 means c(v) = blue.
* If f, = blue then x, = 0 means c(v) =red and x, = 1 means c(v) = green.

For each edge e = {u, v} in G, the constraint c(u) # c(v) can be expressed as a 2-CNF ¢, on the
two variables x, and x,, (Lemma 2.9). We let p = /\e ¢, be the conjunction of these 2-CNFs
over all edges in G. For every 3-color assignment ¢ with c(v) # f, for each v, it is proper iff the
corresponding assignment to x satisfies ¢. Thus G has such a proper 3-coloring iff ¢ is satisfiable,
so this log-space mapping reduction is correct.
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Exercise 3.16.b: BIPARTITE 2-SAT € NL since 2-SAaT € NL. To prove BIPARTITE 2-SaT is NL-hard,
we show 2-SaT <} BIPARTITE 2-SAT by mapping ¢(x; -+ x;) to @/'(x1+ X, y1+ ) as follows.
For each i € [n], ¢’ has the pair of clauses (x; Vy;) A(X; V y;), which is equivalent to (x; < ;).
For each clause of ¢, ¢’ has the same clause but where one of the literals (it doesn’t matter which)
uses the corresponding y variable instead of the x variable. To show this log-space mapping
reduction is correct, we argue that ¢ is satisfiable iff ¢’ is satisfiable:

=: If ¢ has a satisfying assignment, then ¢’ is satisfied by the same assignment to x and
duplicated to y: Each (x; & y;) is satisfied since x; and y; are assigned the same bit, and each
other clause of ¢’ is satisfied as in .

<: If ¢’ has a satisfying assignment, then ¢ is satisfied by the same assignment to x (ignoring
¥): Each clause of ¢ is satisfied because the corresponding clause of ¢’ is satisfied and each y;
is assigned the same bit as x; since (x; & y;) is satisfied.
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Exercise 3.16.c:  We show BIPARTITE 2-SAT <" GRAPH 3-COLORING WITH FORBIDDEN COLORS
by mapping ¢ (x; X, Y1+ Yn) to (G, f) as follows. We use {0, 1,2} as the colors. G’s nodes
correspond to all possible literals from ¢’s variables. We let f, = fi- =2 and f, = f5- =1
for all i € [n]. G has an edge between each pair of nodes corresponding to opposite literals
({x;,x;} and {y;,y;} for all i € [n]). For each clause of ¢, G has an edge between the nodes
corresponding to the clause’s literals. To show this log-space mapping reduction is correct, we
argue that ¢ is satisfiable iff G has a proper 3-coloring ¢ with c(v) # f, for each node v:

=: Consider any assignment that satisfies ¢. Color each node of G according to the associated
literal’s value under this assignment, except use 2 instead of 1 for y; and y; nodes. That is:

* If x; =0 then ¢(x;) =0 and c(x;) = 1.
* If x; =1 then ¢(x;) =1 and c(3;) = 0.
* If y; =0 then c(y;) =0 and c(y;) = 2.
* If y; =1 then c(y;) =2 and c(y;) = 0.

This 3-color assignment has c(v) # f, for each node v. It is proper since c(x;) # c(x;) and
c(y;) #c(y;) for all i € [n], and for each clause of ¢, its two literals have values 1,0 or 0,1 or
1,1 which correspond to the colors 1,0 or 0,2 or 1,2 for the associated edge’s endpoints.

<: Consider any such c. For each i € [n], assign variables x; and y; the colors of their associated
nodes, except assign y; = 1 if c¢(y;) = 2. Since the edges {x;,x;} and {y;,y;} are properly
colored, the values of the negative literals x; and y; (under this assignment) are the colors of
their associated nodes, except that y; = 1 if ¢(3;) = 2. For each clause of ¢, the corresponding
edge is properly colored, so the endpoints have colors 1,0 or 0,2 or 1,2 and thus the clause is
satisfied since its literals have values 1,0 or 0,1 or 1, 1.
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Exercise 3.17.a: We design a subroutine “wins” that has access to the input ¢(x; - - - x,,), takes
as an argument a partial assignment a € {0, 1,*}", and returns the bit indicating whether the
player whose turn it is (P1 if a has an even number of non-xs, P2 if a has an odd number of
non-xs) has a winning strategy for the rest of the game, assuming a records what has already
been played (a; € {0,1} means some player picked x; and assigned it a bit already). To solve
UNORDERED QSAT, call wins(xs - - - x).

The current player can win iff they can make a move so the other player cannot then win:

N
wins(a):
if a has no *s: evaluate and return ¢(a; - --a,)
for each i € [n] such that a; = * and each b € {0, 1}:
let a®? € {0, 1, %} be the same as a except af’b =b
if wins(a®?) = 0: return 1
L return O )

This recursive subroutine maintains the invariant that wins(a) = 1 iff in the game on ¢|,, the
player who goes first (which may be P1 or P2 from the overall game on ) has a winning strategy.
This holds for the base cases when a has no *s: wins(a) = 1 iff p(a; ---a,) = 1 iff P1 would win
¢|4, because it would be P1’s turn when the game is over since n is even. For non-base cases,
the invariant is maintained because wins(a) = 1 iff there exists a move x; = b for the current
player such that wins(a’?) = 0, which means whoever played x; = b has a winning strategy on
@|qib since their opponent (who has the next turn) doesn’t.

The number of non-xs in a, plus 1, is the depth of a call, so the overall recursion depth is
n+1 < N. Each stack frame needs O(N) bits for the argument and other local data (if we pack
O(log N) bits of a into an individual word). The space efficiency is:

(N stack frames at a time) . (O(N ) bits per stack frame) = O(N?) bits
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Exercise 3.17.b: We show 2-Sat <" 4-UNORDERED QSAT by mapping ¢(x; -~ x;,) to ¥ (x1y,
.-+ Xx,¥n) by replacing each occurrence of x; with x; V y; and replacing each occurrence of x; with
X; Vy;. Note that 1) is indeed a 4-CNF with an even number of variables. To show this log-space
mapping reduction is correct, we argue that ¢ is satisfiable iff P1 has a winning strategy on

<«: Assume @ is unsatisfiable. Here is a winning strategy for P2 on : When P1 picks x; or y;
and assigns it a bit, P2 responds by picking the other one of x; or y; and assigning it the same
bit. This guarantees that x; = y; for all i € [n], and thus v is equivalent to ¢ where P1 gets to
assign all variables. Since ¢ is unsatisfiable, P2’s strategy guarantees that 1) won’t be satisfied.

=: Assume ¢ is satisfiable, and consider a satisfying assignment a € {0, 1}". Here is a winning
strategy for P1 on :

N
repeat until all variables have been assigned:

P1 picks an unassigned x; and assigns x; = a;
repeat:
if P2 picked y,;: break out of inner loop
else if P2 picked some x; or y; with j # i
P1 picks the other one of x; or y; and assigns it the opposite bit, so x; # y;

&

This maintains the outer loop invariant that for all k € [n], x; and y, are either both assigned
or both unassigned, and the inner loop invariant that x; is assigned and y; is unassigned and for
all k # i, x; and y; are either both assigned or both unassigned. Thus P2 will eventually have
to pick y; in the inner loop.

This strategy guarantees that for each k € [n], either x; = a; or y; = ai, and thus v is
satisfied since a satisfies . This is because either x; = a if P1 picks i = k in some outer loop
iteration, or xj # Y if P2 picks j = k in some inner loop iteration.
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Exercise 3.17.c: We assume without loss of generality that ¢ has no duplicate clauses such
as (x; VX3) A(x7 VX;). When we say variable x; appears in clause C, we mean C contains the
literal x; or contains the literal X;. When we say two clauses have a variable in common, we
mean at least one variable x; appears in both clauses (either both contain x;, or both contain X;,
or one contains x; and the other contains X;).

We claim that P1 has a winning strategy iff there exists a variable x; that appears either only
positively or only negatively in ¢, and such that among the clauses in which x; doesn’t appear, no
two of them have a variable in common. This property is straightforward to check in log space:

~

(for eachi€[n]:
if ¢ has a clause containing x; and a clause containing X;:
continue to next iteration of i loop
for each clause C of ¢ such that x; doesn’t appear in C:
for each clause D # C of ¢ such that x; doesn’t appear in D:
if C and D have a variable in common:
continue to next iteration of i loop
accept
reject
.

Now, we prove the claim:

&: Suppose there exists such an x;. Here is a winning strategy for P1:

if x; only appears positively in ¢: P1 assigns x; = 1
else x; only appears negatively in ¢: P1 assigns x; =0
repeat until only one variable remains:
if P2 picked a variable that appears in some not-yet-satisfied clause:
P1 picks the other variable appearing in that clause and assigns it to satisfy the clause
else:
P1 picks any remaining variable
if that variable appears in a not-yet-satisfied clause: P1 assigns it to satisfy the clause
else: P1 assigns it an arbitrary bit
\P2 picks the only remaining variable

J

P1’s first move satisfies all clauses of ¢ in which x; appears. (If x; is a dummy variable, then it
doesn’t matter which bit P1 assigns to x;.) P1’s subsequent moves satisfy the remaining clauses.
None of these remaining clauses contain x; or X;, and no two of these clauses have a variable in
common. Thus this strategy maintains the loop invariant that for every not-yet-satisfied clause,
both its variables are unassigned. Since the invariant holds at the end of the loop, all clauses
must be satisfied because there’s only one unassigned variable left, but a not-yet-satisfied clause
would have two unassigned variables.

=: Suppose there does not exist such an x;. That is, for every x;, either ¢ has a clause containing
x; and a clause containing X;, or ¢ has two different clauses such that x; appears in neither, and
they have a variable in common. Here is a winning strategy for P2:
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P1 picks some variable x; and assigns it a bit
if ¢ has a clause containing x; and a clause containing X;:
P2 picks the other variable in whichever of those two clauses wasn'’t satisfied by P1’s move
P2 assigns that variable so the clause is unsatisfied
else:
let C # D be clauses such that x; appears in neither, and C, D have a variable in common
if C, D have both variables in common:
if C, D have neither literal in common:
suppose C = (x; V x5) and D = (7 V X3)
P2 waits by picking other variables until P1 picks x; or x,
P2 responds by picking the other one of x; or x, and assigning it so x; = x5
else C, D have one literal in common:
suppose C = (x; V x5) and D = (x; V X3)
P2 assigns x; =0
else C, D have only one variable in common:
if the common variable is the same literal in C, D:
suppose C = (x; V x5) and D = (x5 V x3)
P2 assigns x5, =0
after P1’s move, at least one of x; or x5 is available, and P2 assigns it O
else the common variable is opposite literals in C, D:
suppose C = (x; V x5) and D = (x5 V x3)
P2 assigns x; =0
if P1 assigns x5 = 1: P2 assigns x3 =0

else if P1 doesn’t assign x, = 0: P2 assigns x5 =0
. J

When C, D have neither literal in common, P2 can indeed wait until P1 picks x; or x, because
P2 has the last move since n is even. P2 makes x; = x, in this case, so either C is unsatisfied
since x; = x5 = 0, or D is unsatisfied since x; = x, = 1. In the case that C, D have one literal in
common, it doesn’t matter who picks x5 or what they assign it—either C or D will be unsatisfied.
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Exercise 3.18: Since PSPACE = NPSPACE (Theorem 3.18), it suffices to prove PEBBLE GAME €
NPSPACE. Here is a poly-space streaming verifier V for PEBBLE GAME. It views the purported
witness w as a sequence of moves, and simulates the gameplay accordingly, with an alarm clock
to preempt a wild goose chase.

fon input (G, k) where G has n nodes, and purported witness w:
initially each node has no pebble
repeat 2" times:
v < w’s next word
if v is not a node of G: reject
if v has no pebble:
if some inneighbor of v has no pebble: reject
if there are already k pebbles on G: reject
put a pebble on v
if v is the sink: accept
if v has a pebble:
remove the pebble from v
reject

J

V uses poly space since it needs n bits for the loop counter, n bits to remember which nodes
have pebbles, and some registers of word size O(log N) for k, v, the number of pebbles currently
used, and some pointers. Note that k < n without loss of generality, since n pebbles are always
enough.

V always terminates by definition. It checks that w represents a sequence of moves that wins
the pebble game on G using only k pebbles. If V(G, k; w) accepts then (G, k) is a yes-input of
PEBBLE GAME. Conversely, if (G, k) is a yes-input of PEBBLE GAME then there exists a sequence
of at most 2" moves that wins the game—because there are at most 2" possibilities for which
subset of nodes have pebbles and there’s no reason to repeat a possibility—and thus V (G, k; w)
accepts for some w. Hence V is correct.
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Exercise 3.19: The proof is the same as for Exercise 2.42 (if A <) B and B € NP N coNP then
A € NP N coNP) but adapted to recompute each word of each query when needed (as in the
proof of Lemma 1.18) and using NL N coNL = NL.
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Exercise 3.20: Suppose A € NSPACE[S] by a streaming verifier V with L lines, R registers,
space efficiency < aS (for an integer a) and O(log max(S, N))-bounded word size W. Consider
any valid input x of size N.

For each M € {0,1,2,...,}, define the configuration graph Gy, ,, as follows: Nodes corre-
spond to configurations in {0, 1}1°8% x ({0, 1} )® x ({0, 1} )™ representing the program counter,
all R registers, and the work segment’s first M words. There’s also an extra node t (not corre-
sponding to a configuration) with no outgoing edges. To define the outgoing edges of the node
v for configuration C, consider V’s instruction at line Cp:

* Data processing or control flow: v has an edge to v, where C’ is the configuration after
one step of V from C.

* “load Reg[i] « Mem[Reg[j]]” or “store Mem[Reg[j]] < Reg[i]”: If Creg[j1 2 M then C
and v, are deemed bad and v has no outgoing edges. Otherwise, v has an edge to v
where C’ is the configuration after one step of V from C.

* “read Reg[i] « In[Reg[j]]1”: v has an edge to v, where C’ is the configuration after one
step of V on input x from C, as in the proof of Theorem 3.13.

* “read-witness Reg[i]”: v. has 2" edges (one for each possible next word of V’s witness
segment) as in the proof of Theorem 3.13.

* “accept”: v has an edge to t.

* “reject”: v has no outgoing edges.

We always let s be the node associated with the initial configuration. The memory space of V on

input x is (R + M)W for the smallest M such that no bad node is reachable from s in Gy .
The following algorithm shows A € TIME[29(5)]:

(construct W(N)
for M < 0,1,2,...:
build Gy,
run breadth-first search from s in Gy, y
if t is reachable from s: accept

L else if no bad node is reachable from s: reject J

This algorithm solves A because: If t is reachable from s in Gy, ), then there exists w such that
V(x;w) accepts, so the algorithm correctly accepts. If no bad node is reachable from s, then
this M must be the one that determines the memory space of V on input x, so if ¢t is also not
reachable from s then V(x; w) rejects for all w, and the algorithm correctly rejects.

Constructing W(N) takes time O(log max(S,N)) < O(S) since S > log N. Since the algorithm
terminates before (R + M)W > aS, we always have M < aS/W —R < O(S), so the M loop only
incurs a O(S) factor time overhead. The size of Gy, , is at most:

(2losL+REMW 11 nodes) - (2V edges per node)

(2108195 4 1 nodes) - (20(5) edges per node)
< 20

IA

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 3 145

Since BFS takes linear time, this algorithm’s overall time efficiency is 2°). Also, some O(S)-
bounded word size suffices.
The following algorithm shows A € SPACE[S?]:

fconstruct W(N)
for M «<0,1,2,...:
run middle-first search to see whether t is reachable from s in Gy,
if so: accept
for each bad configuration C:
run middle-first search to see whether v is reachable from s in Gy,
if so: continue to the next iteration of the M loop

reject
. J

This algorithm solves A for the same reason as the previous algorithm. Constructing W (N) takes

space O(logmax(S,N)) < O(S) since S > logN. Since Gy, ), always has size < 206)  middle-

first search always takes space O(logZ(2°0))) = 0(S?). Only O(S) additional space is needed for

the other data such as M and C. Also, some O(log max(S2, N))-bounded word size suffices.
The following streaming verifier shows A € NSPACE[S]. The witness consists of:

* M*, claimed to be the smallest value such that no bad node is reachable from s in Gy,

e foreach M € {0,1,...,M*—1}: a bad node in Gy, 5, and a witness that it’s reachable from
s

* for each bad node in Gy, »«: a witness that it’s not reachable from s

* a witness that t is not reachable from s in Gy -

Such a witness can be verified in 0(log(2°¢))) = 0(S) space with O(log max(S, N))-bounded
word size, as in the proof that NL = coNL.
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Exercise 3.21: Given a valid input (G, s, t) where G has n nodes, let S; be the set of all nodes
with distance < d from s. Thus S,_; is the set of all nodes reachable from s. Let D(v) be the
distance from s to node v, and let D(S;) = Zvesd D(v).

First, consider the following pseudocode fragment, which we dub “review”. We claim if
prevcount = |S;_;| and prevsum = D(S4_;), then “review” rejects for all but exactly one possibility
of the words it reads from the purported witness w, and when it doesn’t reject, the nodesu € S;_
are exactly those that cause an increment to tempcount.

« : ” )
review .

tempcount < 0 and tempsum « 0
for each node u:
if w’s next word ¢ {0, 1}: reject
if that word was 1:
if w’s next words aren’t a walk from s to u of length < d — 1: reject
increment tempcount
add that walk’s length to tempsum
if tempcount < prevcount or tempsum > prevsum: reject

J

We prove the above claim. First, note that “review” doesn’t reject the following w: For each u: If
u€S,_;, let whave a 1 followed by the unique shortest path from s to u. If u € S;_;, let w have a
0. We just need to show that “review” rejects all other w. If u ¢ S;_; but w’s next word isn’t O in
the u iteration, then “review” would reject the “walk check.” If u € S;_; but w’s next word isn’t
1 in the u iteration, then “review” would reject because tempcount < prevcount = |Sy_;| (since
tempcount only counts nodes in S;_; but misses this u). If every u € S;_; causes an increment
to tempcount but for some u € S;_;, w has a walk from s to u that’s not the unique shortest path
from s to u, then “review” would reject because tempsum > prevsum = D(S;_;) (since every
u € S4_; contributes > D(u) to tempsum but some u € S;_; contributes > D(u) to tempsum).

Here is pseudocode for an unambiguous log-space streaming verifier V for UNAMBIGUOUS
DIRECTED REACHABILITY. In iteration d, curcount counts how many nodes v are in S; and cursum
sums D(v) for these nodes, while prevcount and prevsum remember |S;_;| and D(S4_;) (from
iteration d — 1). Before the loop, curcount « 1 and cursum « 0 because S, = {s} has one node
and D(s) = 0. Iteration d starts with curcount = |S;_;| and cursum = D(S;_;) (from iteration
d — 1), and then adds to curcount the number of nodes v with D(v) = d, and adds to cursum
that number of nodes times d. In each iteration of the v loop, V checks whether D(v) = d and if
so, increments curcount and adds d to cursum.
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on input (G, s, t) where G has n nodes, and purported witness w:
if s = t: accept
curcount « 1 and cursum < 0
ford «—1,2,...,n—1:
prevcount < curcount and prevsum < cursum
for each node v:
run “review” to enumerate S;_;
if v ¢ S;_, but some u € S;_; has an edge to v:
if v=t: accept
increment curcount
add d to cursum

reject

J

First, we show that for every valid input, there’s exactly one w such that no run of “review”
rejects, and that for this w, V maintains the invariant that curcount = |S4| and cursum = D(Sy)
at the end of iteration d: Assuming prevcount = |Sy_;| and prevsum = D(S,_;) in iteration d, for
each v let w have the unique words so that “review” doesn’t reject (and thus “review” correctly
enumerates S;_;). Then the invariant is maintained because D(v) = d iff v ¢ S;_; but some
u € Sy_; has an edge to v.

Thus for the unique w such that no run of “review” rejects, and for each d and v, the “if”
condition is true iff D(v) = d. Now, we show V is correct. Assume s # t. If t is reachable from s,
then V will accept when d = D(t) and v = t. Conversely, if V accepts then D(t) € {1,...,n—1}
and thus t is reachable from s.

V is register-only, and word size O(log N) suffices, so V has O(logN) space efficiency.
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Exercise 4.1.a: Suppose A € SPACE[N?] by a program IT with word size e log N2 for an integer
e > 1. Let pad(N) = N2. Then Apad € SPACE[M] by a program II,,q where IT;,4(xp,q) Tuns
I1(x) by telling II the input size is N = pad” (M) =M 12 with space efficiency O(M) = O(N?)
and word size elog M = elog N2.

Assuming SPACE[M] C TIME[M?3], we have Apad € TIME[M?3] by a program H{Jad with word
size e’logM for an integer ¢/ > 1. Then A € TIME[N®] by a program II’ where IT’(x) runs
I}ad(Xpaq) by telling IT},4 the input size is M = pad(N) = N2, with time efficiency O(N®) =
O(M?) and word size e’ logN? = ¢’log M.
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Exercise 4.1.b: Suppose A € TIME[N®] by a program IT with word size elog N® for an integer
e >1. Let pad(N) = N3. Then Apad € TIME[M?] by a program M paq Where TT,,4(Xpaq) Tuns T(x)
by telling II the input size is N = pad~'(M) = M /3, with time efficiency O(M?) = O(N°®) and
word size elog M = elogN®.

Assuming TIME[M?] € NTIME[M ], we have Apag € NTIME[M] by a verifier V,,,q with word
size e’logM for an integer ¢/ > 1. Then A € NTIME[N?3] by a verifier V where V(x;w) runs
Voad(Xpaa; w) by telling V,,,q the input size is M = pad(N) = N°, with time efficiency O(N?) =
O(M) and word size e’logN 3. This V is a correct verifier for A because:

AxX)=1 & Apalxpa) =1 & (Hw: Vpad(Xpad; W) accepts) = (EIW: V(x;w) accepts)
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Exercise 4.2.a: We prove the contrapositive, using essentially the same proof as Theorem 4.4.

Assuming NP C L, we prove NEXP € PSPACE. Suppose A € NEXP by a verifier V with time
efficiency O(2¥") and word size eN¢ for integers d,e > 1. Let pad(N) = 2V'. Then Apad € NP
by a verifier V. where Vj,q(xpaq; w) Tuns V(x; w) by telling V the input size is N = pad~1(M),
with time efficiency O(M) = 0(2N d) and word size elogM = eN¢.

Since Ap,q € NP, we have A4 € L by a program IT,,4 with space efficiency O(log M) and
word size e’ log M for an integer ¢’ > 1. Then A can be solved by a program IT where I1(x) runs
a4 (Xpaq) by telling I1,,4 the input size is M = pad(N ), with space efficiency O(N 4y = 0(logM)
and word size W = ¢/N¢ = e’log M. To see that A € PSPACE, apply Lemma 4.5 to turn II into a
program with space efficiency O(N¢) and some log-bounded word size W’. This is possible since
log(O(NY)), log(N + 1), and A’s word size are all O(logN), and W is (O(1), W’)-constructible
since e’ and d are integers.
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Exercise 4.2.b: We prove the contrapositive. Assuming SPACE[N?] C NP for some d > 0, we
prove PSPACE C NP. By decreasing d if necessary, we may assume d is the reciprocal of an
integer. Suppose A € PSPACE by a program IT with time efficiency O(N°¢) and word size elogN°¢
for integers ¢ > 1 and e > 1/d. Let pad(N) = N/, Then Apad € SPACE[MY] by a program Mpad
where TT,,4(xpaq) runs II(x) by telling TI the input size is N = pad'(M) = M?/¢, with space
efficiency O(M?) = O(N°®) and word size elogM? = elogN°®.

Since Ap,q € SPACE[M 47, we have Apad € NP by a verifier V,,,q with time efficiency O(M by
and word size e’logM for integers b,e’ > 1. Then A € NP by a verifier V where V(x;w)
runs Vp,q(Xpaq; w) by telling V4 the input size is M = pad(N) = N ¢/d with time efficiency
O(N®/4y = 0(M?) and word size e’ logN/? = ¢’log M.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 4 152

Exercise 4.3: We prove the contrapositive, following the same outline as the proof of Theo-
rem 4.2.

Assuming NTIME[2°¢"N] C TIME[NP°Y¥°¢N ] for some d > 0, we prove NEXP C EXP. By
decreasing d if necessary, we may assume d is the reciprocal of an integer. Suppose A € NEXP by
a verifier V with time efficiency O(2V") and word size eN¢/? for integers c, e > 1. Let pad(N) =
2¥’* Then Apad € NTIME[Zlogd M1 by a verifier Vbaa Where Vi, q(xpaq; w) runs V(x; w) by telling
V the input size is N = pad (M) = log®/ M, with time efficiency O(2°¢" ™) = 0(2V") and word
size elog M = eN°/4, This Vpad is a correct verifier for A4 because:

Apad(Xpaa) =1 & Alx)=1 & (HW: V(x;w) accepts) = (EIW: Vad(Xpad; W) accepts)

Since Apyq € NTIME[2!°¢" ™ ], we have Apad € TIME[MPOWI8M] = TIME[2POYEM] by a pro-
gram I1,,,4 with time efficiency 0(2!°8" M) and word size ¢’ log? M for integers b,e’ > 1. Then
A € EXP by a program IT where I1(x) runs IT,,4(xpaq) by telling IT;,q the input size is M =
pad(N) = 28" with time efficiency O(2V""") = 0(2!°8" M) and word size ¢’N?*/? = ¢’log® M.
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Exercise 4.4: Assuming L C TIME[polylog N], we prove PSPACE C P. Suppose A € PSPACE by
a register-only program IT with space efficiency O(N9) and word size eN¢ for integers d,e > 1.
This can be achieved by packing all the “small words” of the work segment into one “big register”
and modifying loads and stores to locate the desired “small words” using bit manipulation (like
in the proof of Lemma 4.11). Let pad(N) = 2N *. Then Apaq € L by a register-only program I1,,4
where IT;,4(xpaq) runs IT(x) by telling IT the input size is N = pad (M) = log"/? M, with space
efficiency O(log M) = O(N?) and word size elogM = eN<.
Since Ap,q € L, we have Ap,q € TIME[polylog M ]. For some integer b > 1, we have

Apad € TIME[log® M] € TISP[(log” M)(log*(log® M)), log"*! M] C TISP[log"*! M, log"** M]

(see the end of §1.7.3, about the sublinear-time version of Theorem 1.10) by a program H;,ad
with word size e’logM for an integer ¢’ > 1. Then A can be solved by a program I1" where
IT'(x) runs I,q(X,eq) by telling IT,4 the input size is M = pad(N) =2 *, with time and space
efficiencies O(N(®*1) = O(log?*! M) and word size W = ¢/N? = ¢’log M. To see that A € P,
apply Lemma 4.5 to turn I’ into a program with time efficiency O(N®+D4. (N9)2) = o(N(b+3)d)
and some log-bounded word size W’. This is possible since log(O(N+14)) log(N + 1), and A’s
word size are all O(logN), and W is (O(1), W’)-constructible since ¢’ and d are integers.
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Exercise 4.5.a: <:IfL=Pthen TIME[N]CPCL.

=: Assuming TIME[N] C L, we prove P C L. Suppose A € P, say A € TIME[N?] for some integer
d > 0. By the usual padding argument with pad(N) = N:

AETIME[N?] = Ap,q € TIME[M] = A,,q €L =SPACE[logM] = A € SPACE[logN‘] =L
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Exercise 4.5.b: Suppose for contradiction TIME[N] = L. From TIME[N] C Lwe get P C L C
TIME[N] (Exercise 4.5.a), contradicting the time hierarchy (Theorem 4.7).
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Exercise 4.5.c: <: If P= NP then NTIME[N]C NP C P.

=: Assuming NTIME[N] C P, we prove NP C P. Suppose A € NP, say A € NTIME[N?] for some
integer d > 0. By the usual padding argument with pad(N) = N¢:

A ENTIME[N?] = A,.q €NTIME[M] = Ap,q € P =TIME[polyM] = A € TIME[polyN?]=P
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Exercise 4.5.d: Suppose for contradiction NTIME[N] = P. From NTIME[N] C P we get NP C
P C NTIME[N] (Exercise 4.5.c), contradicting the time hierarchy for verifiers (Theorem 4.13).
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Exercise 4.6: We prove that there exist decision problems A and B such that A <! Band B € E

but A & E. There exists A € TIME[2V"]~ TIME[2°(®™)] by the time hierarchy theorem (suitably
adapted to these time bounds). Let pad(N) = N2 and B = Apad- Then A <7' B (by a trivial
quadratic-time reduction that just adds the appropriate amount of padding to the input) and
B € E (by a program that runs a O(2¥ 2) = 0(2M)-time program for A and tells it the input size
is N = pad™*(M)) but A ¢E.
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Exercise 4.7: Here’s the idea: The time hierarchy proof shows that a too-fast program fails to
solve B on input (I, W) if the code I is large enough. Beyond this “large enough” threshold, we
can keep appending any number of dummy instructions to I. This shows that for all but finitely
many M (not merely infinitely many M), there exists an input of size M on which the program
fails to solve B.

Formally: Suppose for contradiction that II solves B, has log-bounded word size, and does
not have w(M?) time efficiency. The latter means there exists a constant d > 0 such that for
infinitely many M, TI(x) takes at most dM? steps on every valid input x of size M. (O(M?)
would mean the same but for all large enough M, instead of just infinitely many.) Let X be the
set of valid inputs of B of these infinitely many input sizes. Let B’ be the same as B but where
only inputs in X are considered valid. Thus IT shows that B’ € TIME[M?®]. Let I’ be the program
with tight code I after applying Claim 4.8 to B’. Let W be I1”’s word size when M is the size of
input (I, W). The rest of the time hierarchy proof shows that IT'(I, W) # B’(I, W), so IT’ fails
to solve B’ on input (I, W), if (I, W) € X and M is large enough. Since X has infinitely many
valid input sizes, we can ensure these conditions by appending a suitable number of dummy
instructions to I.

This doesn’t work for the time hierarchy for verifiers, because that proof doesn’t let us control
the size of an input where V fails. It only shows that V fails on at least one of a set of inputs of
different sizes, so we can’t guarantee V will fail on an input whose size is in a particular infinite
set.
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Exercise 4.8.a: Let ¢ be a rational number with a > ¢ > b.

(call this problem B, with input size M)

Input: Tight code I, W such that logM + 10 < W < clogM
Output: Does there exist w € ({0,1}")M" such that Iy, (I, W;w) accepts within M¢ steps?

B € NTIME[M“]: On input (I, W), run a linear-time verifier for VERIFIER INTERPRETATION 0N
input (I , W, (I,W), padding of size M C). This takes O(M¢) < O(M?) time since the latter input
has size O(M°).

Suppose for contradiction B € NTIME[M?®]. Like in Claim 4.8, some verifier V with tight
code I verifies B in time O(M? log* M) with word size blogM + e for some constant e. Let
W = blog M + e be V’s word size when M is the size of input (I, W). Since b < ¢, we can ensure
L is large enough (by appending dummy instructions to I) that V runs in time M°¢ on input
(I,W), and W < clogM so (I, W) is a valid input. Quantifying over w € ({0,1}" )™, we have a
contradiction

(Hw: V(I,W;w) accepts) & B(I,LW)=1 & (Vw: V(I,W;w) rejects)

where the first & is because V is correct for B and (I, W) is valid, and the second < is by
B’s definition and the fact that V runs in time M¢ on input (I, W). More succinctly, V(I,W) =
B(I,W)=V(I,W).
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Exercise 4.8.b: That proof concluded with:
NTIME[N?] C TISP[N®®, N%] C 5,TIME[N] € NTIME[N?]
We adjust this to
NTIME[N®] C TISP[N®®, N%] = coTISP[N?®, N%] C co3,TIME[N] € coNTIME[N?]

which contradicts Exercise 4.8.a.
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Exercise 4.9: The “for every node v, deleting v would make it properly 3-colorable” part has
the form V 3, so we might worry about how to express it with 3V to show the problem is in Z,P.
But we don’t need a quantifier for v, because we can try all possible v in poly time. Thus this part
only needs an 3 quantifier, where the witness contains one 3-color assignment per v. The “G is
not properly 3-colorable” part is a ¥ quantifier. These quantifiers don’t depend on each other, so
we can put them in either order.

Formally, consider the 2-witness verifier V where:

* V views w; as a 3-color assignment c to G’s n nodes.

* V views w, as a tuple (cy,...,c,) where ¢, is a 3-color assignment to G’s nodes except v.

* V(G;c;cq,-..,c,) checks that ¢ is not proper (some edge of G is not multicolored) and for
each v, all edges of G except those incident to v are multicolored in c,. This takes poly
time.

Abbreviate CriTicAL GRAPH 3-COLORING as A. We have A € IN,P since:
AG)=1 & (Vc ey, . cq s V(Gsc;cq,..0,60) accepts)
We also have A € ¥,P by letting V/ be V but with w; and w, swapped:

AG)=1 & (Elcl,...,cn Ve: V/(Gseq,...,ch50) accepts)
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Exercise 4.10: Abbreviate ROBUST INDEPENDENT SET as A. Assume INDEPENDENT SET € P.
Since INDEPENDENT SET is NP-complete, we have P = NP. Thus P = PH (Theorem 4.21). Hence,
it suffices to show A € PH. We have A € N,P by a 2-witness verifier V that views w; and w, as
subsets of G’s n nodes, and V (G, k; wy;w,) checks that |w;| > n/2 and wy C w; and |w,y| =k
and no edge has both endpoints in w,:

AG,k)=1 & (le dw,: V(G k;wyiswy) accepts)
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Exercise 4.11: Assume NP = coNP. We argue that 2, ;P C %,P for every { > 1. This yields the
theorem since then $,P €%, ;P C ¥, ,P C--- C%;P=NP and thus PH=J,5, £,P = NP.

Suppose A € 3,,1P by an ({ + 1)-witness verifier V with time efficiency < T = ¢cN¢ (for
integers c,d) and log-bounded word size W. First, assume { is even. As in the proof of Theo-
rem 4.21, we define B = FINAL 3 oF V and see that B € NP by a O(M)-time verifier U where
U(x,wq,...,wp;Wyyq) runs V(x;wq;--+;wy; wyyq). From our assumption that NP € coNP, we
have B € ;P by a verifier U’:

B(x,wq,...,w)) =1 & (VW% DU (x,We, e, Wi W) accepts)

Thus A € 3,P by an {-witness verifier V' where V'(x;wq;---;wy,wy) runs U'(x, wq, ..., wy; wy)
but masks each word of each w; to W bits—which doesn’t affect the truth of any 3 or V quantifier.
(We don’t bother making separate notation for the masked and unmasked versions.) The time
efficiency of V' is polyM = polyN¢ = polyN (since U’ takes poly M time), and V" is correct
because for every valid input x:

A)=1 & (le s Vwy Iwp s Vw5 wpswygq) accepts)
& (Fwy -+ Ywy Ywp: U'(x, wy, ..., wy;wp) accepts)

& (Fwy -+ Ywy,wy @ V/(x;wq; -+ -3 wy, wh) accepts)

Since £ > 1, there is indeed a Vw, quantifier to merge Yw} with, so the latter is not a “new”
quantifier.

Now, assume { is odd. Let B = FINaL ¥ oF V, which asks whether for all w,,;, V(x;wy;
-+ -3 Wy; Wy,1) accepts. Then B € MNP = coNP. From our assumption that coNP € NP, we have
B € NP by a verifier U’. Thus A € 3,P by an {-witness verifier V/ where V'(x;wq;---;wy,wp)
runs U’(x,wq,...,wg;wp).
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Exercise 4.12: NTIME[N] C TIME[N®] implies that for all £, M, ; TIME[N] C M, TIME[N?] by
the same proof as Theorem 4.22, but going from £ +1 quantifiers, starting with V, to £ quantifiers
(instead of from 2 quantifiers, starting with 3, to 1 quantifier). Also, M,TIME[N] C M, TIME[N?]
implies M, TIME[N?] C N, TIME[(N?)?] by a padding argument, using the fact that b is rational to
efficiently compute pad(N) = N? and pad ™' (M) = M/?. Putting things together, M, TIME[N] C
M,TIME[N®] € M, TIME[N®*] = coNTIME[N®"].

Here’s a slightly different version of the proof: Assume NTIME[N] C TIME[N?], which by a
padding argument implies NTIME[N?] C TIME[N bz] since b is rational. Suppose A € M3TIME[N ]
by a 3-witness verifier V. Letting B = FINAL V oF V with input size M = ©(N), we have B €
M, TIME[M] by a verifier U where U(x,w;,ws;ws) runs V(x; wy; wy; ws). Since our assumption
implies M; TIME[M] C TIME[M?], we have B € TIME[M®] by a program II. Letting C = FINaL 3 Y
oF V with input size L = ©(M), we have C € 3;TIME[L?] by a verifier U’ where U’(x,w;w,)
runs I1(x, w;, w,). By our assumption, C € TIME[Lbz] by a program IT’. Thus A € HlTIME[NbZ]
by a verifier V/ where V/(x; w;) runs IT’(x, w; ). We conclude that N3 TIME[N] € cONTIME[N?"].
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Exercise 4.13: Assume A <7 B and B € NP by a verifier V. Then A € 3,P by a 2-witness
verifier U that views the 3 witness as w = (q,ay,ay,...,aq4,wj,,Wj,,...) and the Y witness as
w = (wy \»Wk,---) where g is the number of oracle queries the reduction makes, a; € {0, 1} is the
answer to the i™ query, and w; is a potential witness for the i query, and j; < j, < --- are the
indices where a; =a; =---=1, and k; <k, <--- are the indices where q; = a;, =---=0
(so wy,...,w, are partitioned across w and w’, with w; being in w if a; = 1, and w; being in w’
if a; = 0). The size of each w; is cN¢ for integers c,d big enough that cN¢ is larger than the
running time of V on any query the reduction might make on an input of size N.

-
U5 @ @ 0000l W0 005 W v )
fori1,...,q:
continue the execution of the reduction on input x
if it terminates without making another query: reject
let y; be the i™ query
run V(y;; w;)
if it rejected and a; = 1, or it accepted and a; = O: reject
tell the reduction that a; is the answer to the query
continue the execution of the reduction on input x
if it makes another query: reject
output the same bit the reduction does

J

U also rejects if the word a; doesn’t fit in a single bit. If some word of w; doesn’t fit in the
word size for V(y;), then U doesn’t run V(y;; w;)—it just assumes V(y;; w;) rejected; if this
happens with a; = 1 then U rejects, and if this happens with a; = 0 then U continues running
the reduction.

U runs in poly time. To see that U is correct, we prove that for every valid input x:

A(x)=1 < (3w ¥w' : U(x;w;w’) accepts)

=>: Suppose A(x) = 1. Let w = (q,4a,...,a4,wj,,...) be the actual number of queries g, the
actual query answers a; = B(y;), and actual witnesses w; for the queries with a; = 1. Then
for all w’, U(x;w;w’) runs the reduction exactly as if the answers came from a real oracle for
B, and it doesn’t reject before the reduction finishes: It doesn’t reject due to the “number of
queries” checks, and it doesn’t reject due to V(y;; w;) rejecting when a; = 1 (because B(y;) =1
means there indeed exists w; such that V(y;; w;) accepts, by completeness of V), and it doesn’t
reject due to V(y;; w;) accepting when a; = 0 (because B(y;) = 0 means there is no w; such that
V(y;;w;) accepts, by soundness of V). Thus U(x; w;w’) accepts for all w’ because the reduction
accepts when A(x) = 1 and the queries are answered according to B.

<: Suppose there exists w such that for all w’, U(x;w;w’) accepts. Then w must have the
form (q,a;,...,aq4,wj,,...) where each q; is a single bit. We must have a; = B(y;) for each
i, because if a; = 1 and V(y;;w;) accepts then B(y;) = 1 (by soundness of V) and if a; = 0
and V(y;; w;) rejects for all w; then B(y;) = 0 (by completeness of V). Thus ay,...,q, are the
actual answers to the queries the reduction makes, and q is the actual number of queries (since
otherwise U(x; w;w’) would reject if the reduction tried to make a (q + 1)* query or terminated

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 4 167

after fewer than q queries). Thus U(x;w;w’) runs the reduction to completion, exactly as the
reduction would run if the answers came from a real oracle for B. Since U(x;w;w’) accepts, the
reduction accepts input x, so A(x) = 1.

Since A <7 B implies A <y B by flipping the reduction’s output, we also have A €3,P and
thus A € M,P.

Now, suppose B € coNP and thus B € NP. Since A <p B implies A <} B by flipping the
oracle’s answer to every query, we also have A € Z,P N,P in this case.
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Exercise 4.14.a: M,Sat € N,P by a 2-witness verifier V where V(¢ (x, y);a; b) views a as an
assignment to the x variables and b as an assignment to the y variables, and V(¢(x,y);a; b)
checks that ¢(a, b) = 1. (Assuming V uses one word per bit of a and b: V should accept if some
word of a doesn’t fit in one bit, and otherwise reject if some word of b doesn’t fit in one bit.)
This V runs in poly time and is correct by definition:

MySat(p(x,y)) =1 < (Va db: V(e(x,y);a;b) accepts)

We argue that I,SaT is ,P-hard. Suppose A € IM,P by a 2-witness verifier V. Let B = FINAL
1 oF V (defined using an appropriate bound T on V’s time efficiency). Then B € NP by a verifier
U where U(x,wy;w,) runs V(x;w;;w,). By the proof that Sat is NP-complete, there is a poly-
time program that, given N, produces a CNF ¢(x,wy,w,, y) such that for every assignment to
the variables representing the input (x,w;) and purported witness w,:

U(x,wq;w,) accepts < (EI assignment to the y variables : @(x,w,,w,,y) = 1)

To show A <} M,SaT, map x to the CNF (w1, w,, y) which is the contraction of (x,wy,ws, y)
with the actual value of x plugged in, and with w; designated as the V variables and w,, y
designated as the 3 variables. This mapping reduction runs in poly time and is correct:

AX)=1 & (le dwy: V(s wy;wy) accepts)
= (‘v’w1 Awy 0 U(x, wi;wy) accepts)
= (Vw1 Aw,y, vy e, wy,wy,y) = 1)
& (VW1 Awy, y 1 Y(wq,wy,y) = 1)
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Exercise 4.14.b: X,SAT € NP by a verifier V where V(¢(x, y);a) views a as an assignment to
the x variables, contracts ¢ by plugging in a for x (and leaving the y variables unassigned), and
checks that the contraction ¢(a, y) has no surviving clauses (that is, all clauses of ¢ already got
satisfied by x = a). This V runs in poly time and is correct because:

3,8T(p(x,¥)) =1 & (Ela s V(p(x,y);a) accepts)

«<: If there exists a such that V(¢(x, y);a) accepts, then ¢(a, y) is satisfied by all assignments
to y since it has no clauses. Thus 2,SAT(¢(x, ¥)) = 1 since there exists an assignment to x such
that for every assignment to y, ¢ is satisfied.

=: If 3,SaT(¢(x,y)) = 1 then there exists a such that ¢(a, y) is satisfied by all assignments
to y. The only CNF that’s satisfied by all assignments is a CNF with no clauses (since for every
possible clause, there exists an assignment that doesn’t satisfy the clause). Thus ¢(a, y) has no
clauses and V(p(x, y); a) accepts.

2,Sat is NP-hard because SAT <[ 7,SAT by mapping ¢ to itself with all variables designated
as 1, and no variables (or dummy variables) designated as V.

Define 3,Sat’ like ¥,SaT but where the input ¢ is a DNF. Then %,SaT’ is I,P-complete
because ¥,Sat’ and M,SaT (which is col,P = 3,P-complete) mapping reduce to each other by
just negating the input formula. This works because ¢ is a DNF iff ¢ is a CNF, and we have:

88T (p(x,¥)) =1 & (Ix Vy: ¢lx,y)=1)
= (Vx dy: o(x,y)= 1)
& NySar(p(x,y)) =1
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Exercise 4.14.c: Suppose B is PH-complete. This means B € PH and A <! B for every A € PH.
Since B € PH, we have B € 3,P for some {. For every A € PH, we have A <' B and thus A € 3,P
by an {-witness verifier that runs the reduction and then runs an {-witness verifier for B € ¥,P
on the query. Thus PH C ¥,P, which means the polynomial hierarchy collapses to level £.
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Exercise 4.15.a: ¢ has exactly one satisfying assignment iff both:

* There exists an assignment that satisfies ¢.
* For every two assignments, if they’re distinct then at least one of them doesn’t satisfy .
(This means ¢ doesn’t have more than one satisfying assignment.)

Viewing wq, w,, w5 as three assignments to ¢’s variables:
UNIQUE Sat(p) =1 < (Iw; Ywy,wh: ¢(w;) =1 and (wy = w) or (w,) = 0 or p(wh) =0))

Since “p(w;) =1 and (w, = w5 or ¢(w,) =0 or ¢(w5) = 0)” can be computed by a poly-time
2-witness verifier V(p; wy;wy, w5), we have UNIQUE SAT € Z,P.

The order of the quantifiers doesn’t matter here, so we can swap them to see UNIQUE SAT €
MyP.
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Exercise 4.15.b: We show how to map any CNF ¢ to a CNF 1) that has exactly one more
satisfying assignment than ¢ does. This will be a correct mapping reduction from SAT to UNIQUE
SaT since if ¢ is unsatisfiable then 4 has exactly one satisfying assignment, and if ¢ is satisfiable
then vy has more than one satisfying assignment.

If ¢ has variables x;x, - - - x,,, then 1) has the same variables and a fresh variable x,. For each
clause of ¢, we put the same clause in ¢ but include x, in the clause. We also add the clauses
(o Vxi)A(xgVxa) A=+ A(Xg V x,) to 1p. This works because: When x, = 0, v contracts to ¢
and thus has the same (number of) satisfying assignments as ¢. When x, = 1, ) contracts to
(x1) A(x3) A+ A(x,) and thus has exactly one new satisfying assignment, which assigns 1 to
every variable.

This reduction has linear query size and is simple enough to be realized as a focused reduc-
tion.
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Exercise 4.15.c:  Suppose for contradiction UNIQUE Sat € TISP[N¢, polylogN] for some d <
V2. Combining this with Exercise 4.15.b and Lemma 4.26 shows that
Sat € TISP[O(N) polylog N, polylog(O(N)) + log N ]
TISP[N polylog N, polylog N ]
C TISP[NY, polylogN]

for d < d’ < +/2. The latter class is closed under complement, so SaT € TISP[N 4 polylog N],
contradicting Theorem 4.1.
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Exercise 4.16.a: We show that for all A and B (both decision problems or both function
problems), A </ B iff A <%' B under the modified definition of S}“:

&: The proof that A S}" B implies A SZ" B (Lemma 4.25) doesn’t mention time, so it continues
to work under the modified definition of S}”.

=>: Suppose A <" B with mapping F computed by a log-space program II. To compute SiZE OF
F in log space, we run IT but instead of writing the query, we just use a register to keep track of
its size. To compute WorbD oOF F in log space, we run II but use a register to keep track of how
many query words would have been written so far, and we halt and output the query word when
the counter is at i.
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Exercise 4.16.b: =: Assume P # L. Consider any A € P\ L, and let B be the silly problem
where the input is x € {0, 1} and the output is x itself. Then A <}' B by a mapping reduction
that runs a poly-time program for A and treats the output bit as the query (the input to B). But
A <}' B doesn’t hold, because if it did, we’d have A € L by Lemma 1.15 and the fact that B € L.

<: Assume there exist A and B such that A <! B but not A <" B. Let F be a poly-time
computable mapping for A <" B. Then F is not log-space computable, since otherwise F would
demonstrate that A SQ” B. By Exercise 4.16.a (the contrapositive of the < direction), either SizE
OF F or WoRD OF F is not log-space computable. Assume WORD OF F is not log-space computable.
(S1zE OF F is analogous.) Let C be a decision problem similar to WorD oF F but where the
input includes an extra index specifying which bit of the target word to output. Then C & L since
otherwise WorD oF F would have a log-space program that runs the log-space program for C for
each bit-index to build the target word bit-by-bit. But C € P by a program that runs a poly-time
program for F and extracts the desired bit. Thus P # L.
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Exercise 4.17.a: The proof of Theorem 4.1 showed that if b and ¢ are rational and (b+c¢)b < 2,
then NTIME[N] & TISP[N®, N¢]. Suppose (d + e)d < 2. Then there exist rational b > d and
¢ > e such that (b +¢)b < 2. A tweak to Theorem 4.29 shows that if Sat € TISP[N9, N¢] then
NTIME[N] C TISP[N®, N¢], and we know the latter is false.
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Exercise 4.17.b: Ife < 1 then there exists d > 1 such that (d+e)d < 2, so SaT & TISP[N¢, N¢] 2
TISP[N polylog N, N¢] (Exercise 4.17.a).
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Exercise 4.18.a: This is like the proof of Theorem 4.24, but we use the same idea again to
speed up checking that C,_; leads to C, in D steps. We partition epoch e into subepochs and
use two more quantifiers. This would give 3V 3 V. To bring the number of quantifiers down to
three, we flip the last two from 3V to V 3 (using a “closed under complement” idea), yielding
1V YV 3 where the middle Vs can be merged.

Suppose A € TISP[N?, N¢] by a program II with R registers, time efficiency < T = aN?,
space efficiency < S = aN°¢ (for an integer a), and log-bounded word size W. Consider any valid
input x of size N. Partition the T time steps into E = N®=9/3 many epochs, each of duration
D = T /E steps. Partition each epoch into E many subepochs, each of duration D’ = D/E steps.
Define M = S/W —R so II(x) never accesses any work segment address > M. A configuration is
1+ R+ M words representing the program counter, all R registers, and the work segment’s first
M words.

A € 33TIME[N(+29/3] by a 3-witness verifier V that views w; = (Cy, Cy,...,Cg) as check-
point configurations for the epochs, views w, = (e,Cj,Cj,...,C;) as an epoch’s index and
checkpoint configurations for the subepochs of epoch e, and views w; = ¢’ as the index of a
subepoch of epoch e:

(V(x;CO,Cl,...,CE;e,C(’),C{,...,Cé;e’): b
if some C; is illegitimate, or C, # initial configuration, or Cr doesn’t accept: reject
ifeé{1,...,E}: accept
if some C] is illegitimate, or Cy # C,_;, or C = C,: accept
ife’ ¢{1,...,E}: reject
run I for D’ steps from configuration C._; with x in the input segment
if the resulting configuration is C.: reject
else: accept

\ J

To see that V is correct, we show that A(x) =1 < (E|w1 Ywy Iwg : V(x;wi;wa;ws) accepts).

I1(x) accepts < 3 configurations Cy, Cy, ..., Cy where C, = initial and Cy accepts
Yindexe € {1,...,E}
C._1 leads to C, in D steps

C,_; leads to C, in D steps < Y configurations C§,C1,...,Cy where Cj = C,_; and Cy, # C,
Jindex e’ € {1,...,E}

C._; does not lead to C./ in D’ steps

Running IT for one subepoch takes O(D’) = O(N? /(N(b=)/3)2) = o(N(b+2)/3) steps, and the
size of all witnesses is O(M - E) = O((N¢/1ogN) - N(t=)/3) = o(N(+2¢)/3) words, so V runs in
time O(N(0+2)/3),
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Exercise 4.18.b:  Suppose for contradiction SaT € TISP[N?, polylogN] for some 1 < d < v/3.
Since d® < 3, there exist rational constants b > d and ¢ > 0 such that (b + 2¢)b? < 3. Defining
a = 3/(b +2c), we have a > b? and (ab + 2ac)/3 = 1. By the same argument as Theorem 4.1,
we have NTIME[N] C TISP[N?, N¢] and so

NTIME[N®] € TISP[N?®, N%] C 3,TIME[N] C Z,TIME[N®] € NTIME[N?"]

where the last two inclusions are simple variants of the collapse property (from NTIME[N] C
TIME[N?®]). This contradicts Theorem 4.13.
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Exercise 4.19.a: This is like the proof of Theorem 4.24, but we use the same idea again to
speed up checking that C,_; leads to C, in D steps. We keep repeating this idea, using more
quantifiers to achieve more speedup. That is, we partition each epoch into smaller epochs, and
partition each of those into even smaller epochs, and so on. Since every log-space program runs
in poly time, it only takes a constant number of quantifiers to get the epoch size down to O(N).

We prove that for every positive integer b, TISP[N?, logN] C %,, ,TIME[N]. (This can be
improved to TISP[N?, logN] C 3, TIME[N] using the idea from Exercise 4.18.a.) This implies
the theorem since L = J, TISP[N?, logN] C | J, Z25_2TIME[N] = J, Z,TIME[N].

Suppose A € TISP[N?, logN] by a register-only program IT with R registers, time efficiency
< T = aN? (for an integer a), and log-bounded word size W. Consider any valid input x of size
N. For each d € {0,1,...,b— 1}, partition the T time steps into N d epochs, each of duration
T /N9 steps—call these “depth-d” epochs. That is, regard all T time steps as one big depth-
0 epoch, and for each d € {1,2,...,b — 1}, partition each depth-(d — 1) epoch into N many
depth-d epochs. Each depth-(b — 1) epoch has duration T/N®~! = aN steps. A configuration
is 1 4+ R words representing the program counter and all R registers. Assume there’s a unique
accepting configuration: Whenever IT wants to accept, it branches to a unique section of code
that puts 0 in every register and then accepts. Define C,, = initial configuration, and Cy; =
unique accepting configuration, and ey = 1 (the index of the depth-0 epoch).

A €3y, >TIME[N] by this (2b — 2)-witness verifier V:

s N
V(x; Cio,---5Cin s €15 Co0---5Con 5 €25 o 5 Cpo105--+>Ch1n 5 €p-1):
ford <1,2,...,b—1:
if some Cy ; is illegitimate, or Cyq o # Cy_1¢, ,—1, O Cqn 7# C4_1,¢, ,: TEjECE
ifeg €{1,...,N}: accept
run II for aN steps from configuration Cp_; ., ,_; with x in the input segment
if the resulting configuration is C;_; .,  : accept
else: reject
. J

To see that V is correct, we show that:

AX)=1 < (3W1 VYwy -+ Iwgy 3 Ywop_pt VO wiswa; s wop_35Wap_o) accepts)
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This holds because:

I1(x) accepts

& 3 Cip,-..,Cyn where C; g = Gy, = initial and C; y = Cy,, = accepting
Ve €{1,...,N}
C1,e,—1 leads to Cy , in T/N! steps

(=4 3 Cz’o, e, CZ,N Where Cz’o = Cl,el—l and C2,N == C]-:el
V e € {1,...,N}
Cye,—1 leads to Cy . in T /N? steps

P
< 3 Cb_]_’o, ey Cb—].,N where Cb—].,O = Cb_z’eb_z_l and Cb—l,N = Cb_z’eb_z
Veb_l E{].,...,N}
Cp—1,e, ,—1 leadsto Cp_q,,  in T/N®~1 = aN steps

Running IT for one depth-(b — 1) epoch takes O(aN) = O(N) steps, and the size of each witness
is<(1+R)-(N+1)=0(N) words, so V runs in time O(N).
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Exercise 4.19.b: Suppose for contradiction SAT € TIME[N] N L. Since Sat € TIME[N], we
have NTIME[N] C TIME[N polylogN] (Corollary 2.33). By padding, NTIME[N polylogN] €
TIME[N polylog N ] and coNTIME[N polylog N ] € TIME[N polylog N ] (because TIME[N polylog N ]
is closed under complement). Using these to peel off quantifiers as in the proof of Theorem 4.21,
for every £ we have:

5, TIME[N] € 5,_, TIME[N polylogN]

2, _5TIME[N polylog N ]

>, TIME[N polylog N ]
TIME[N polylog N ]

N 1N 1NN IN

Since Sart € L, we have L = NP (Theorem 2.40). Using Exercise 4.19.a,

P

NP

L

J, 2, TIME[N]
TIME[N polylog N ]

TIME[N?]

N 1N 1IN N

which contradicts Theorem 4.7.
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Exercise 4.20.a: This is like the proof of Theorem 4.24, but we use a third quantifier for the
section of the witness that leads the time-space-efficient verifier from C,_; to C, in D steps.

Suppose A € NTISP[N?, N¢] by a streaming verifier V with R registers, time efficiency < T =
aN?, space efficiency < S = aN°® (for an integer a), and log-bounded word size W. Consider
any valid input x of size N. Partition the T time steps into E = N(®=9)/2 many epochs, each of
duration D = T/E steps, and assume E and D are integers. Define M = S/W —R so V(x;w)
never accesses any work segment address > M. A configuration is 1 + R + M words representing
the program counter, all R registers, and the work segment’s first M words.

A € 3;TIME[N(?*+9)/2] by a 3-witness verifier V/ that views w; = (Cy, Cy, ..., Cg) as a tuple
of purported checkpoint configurations, views w, = e as an epoch’s index, and views ws €
({0,1}")P as a section of a purported witness for V:

(V’(x; Co,C1,...,Cg;e;w3):
if some C; is illegitimate, or C, # initial configuration, or Cr doesn’t accept: reject
ifeé {1,...,E}: accept
if some word of w5 doesn’t fit in W bits: reject
run V for D steps from configuration C,_; with x in the input segment and
w5 in the witness segment (simulating one-way sequential access with random access)
if the resulting configuration is C,: accept
else: reject

J

To see that V' is correct, we show that A(x) = 1 < (le Vwy Awg : V(s wq;wy;ws) accepts).

=: Suppose A(x) = 1 and let w be such that V(x;w) accepts. Let Cy,...,Cr be the actual
checkpoints of V(x;w)—that is, C; is the configuration after epoch i. Then Cy is an accept
configuration since V(x;w) accepts within T steps. For all e € {1,...,E}, C,_; leads to C, in D
steps while reading some section w§ of w, so V'(x; Cy, ..., Cg;e; w3) accepts.

<: Suppose there exists Cy,...,Cg such that for all e € {1,...,E}, there exists w§ such that
V/(x;Cy,...,Cg;e;w3) accepts. Instead of each w§ being exactly D words, we let w3 be only the
words that are actually read by the corresponding run of V. Then we let w be the concatenation
(wé,w%,...,wg). Since C, is the initial configuration and V' accepts with e = 1, C; is the
configuration of V(x;w) after epoch 1. This implies that since V' accepts with e = 2, C, is the
configuration of V (x;w) after epoch 2, and so on. Thus V (x; w) reaches the accept configuration

Cg, so A(x) =1 since V(x;w) accepts.

Running V for one epoch takes O(D) = O(N®+9)/2) steps, and w is (1 +R+ M)(E +1) =
O((N¢/logN) - N®=9)/2) = o(N(+9)/2) words, and w, is one word, and ws is D words, so V'
runs in time O(N(®+)/2),
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Exercise 4.20.b: This is similar to the proof of Theorem 4.1.

Suppose for contradiction SAT € coNTISP[N¢, polylog N ] for some 1 < d < +/2. Since d° < 2,
there exist rational constants b > d and ¢ > 0 such that (b+c)b? < 2. Defining a = 2/(b+c), we
have a > b? and (ab + ac)/2 = 1. We have NTIME[N] € coNTISP[N®, N¢] by a straightforward
adaptation of Theorem 4.29 from solvers to verifiers, and so

NTIME[N®] € coNTISP[N?, N%] C M5TIME[N] € M,TIME[N®] € coNTIME[N"]

where the first inclusion is by padding, the second inclusion is by Exercise 4.20.a, and the last
two inclusions are like Exercise 4.12 but merging adjacent quantifiers as in Exercise 4.11. This
contradicts Exercise 4.8.a.
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Exercise 4.21.a: For every positive integer b, we have NTISP[N?, logN] C 5,, ; TIME[N] by
the same proof as Exercise 4.19.a but using the (2b — 1)*' quantifier for a section of the time-
space-efficient verifier’s witness (one depth-(b — 1) epoch’s worth), as in Exercise 4.20.a. By
Lemma 3.8, NL = J, NTISP[N?, logN] € | J, 2351 TIME[N] = J, Z, TIME[N].
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Exercise 4.21.b: Suppose for contradiction SaT € coNTIME[N]N NL. Since SAT € coNTIME[N],
we have NTIME[N ] € coNTIME[N polylog N] by a straightforward adaptation of Corollary 2.33
from solvers to verifiers. By padding, NTIME[N polylog N] = coNTIME[N polylog N ]. Using this
to peel off quantifiers as in Exercise 4.11, for every { we have:

5, TIME[N] € 5,_, TIME[N polylogN]

C
C X, _,TIME[N polylogN]
c
c

2, TIME[N polylog N]
Since SaT € NL, we have NL = NP (Theorem 2.40 and Lemma 3.20). Using Exercise 4.21.a,

NTIME[N2] € NP
C NL
c U, % TIME[N]

NTIME[N polylog N ]

which contradicts Theorem 4.13.
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Exercise 5.1: <: P C P/poly, so if P/poly = L/poly then P C P/poly = L/poly.

=: Assume P C L/poly. Since L/poly € P/poly, it suffices to show P/poly € L/poly. Suppose
A € P/poly by a poly-time program IT with advice a;,a,,.... Let B be the problem A wiTH
IT’s Apvick defined in the proof of Theorem 5.12. Since B € P, we have B € L/poly by a log-
space program I’ with advice by, b,,.... Then A € L/poly by the log-space program IT” with
advice cq,¢,,... where ¢y = (ay, by;) where M is the size of (x,ay), and I1”(x; ay, by) runs
IT'(x, ay; by) (adjusting the latter’s “read” and “read-advice” instructions to find the desired
words within x; ay, by). This is correct since 1" (x; ay, by) = IT'(x, ay; by ) = B(x,ay) = A(x),
and I1” runs in space O(log M) = O(logN).
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Exercise 5.2: Consider any decision problem A.

<: Assume there exists a sparse decision problem B such that A <7 B. Let p be a polynomial
such that for all M, B(y) = 1 holds for < p(M) many inputs y of size < M (not just size M).
Let q be a polynomial such that for every valid input to A of size N, the reduction makes queries
of size < q(N). For all N, define advice ay that encodes the list of all ¥ of size < q(N) such
that B(y) = 1. There are < p(q(N)) € poly N many such y, so ay has size polyN. We define a
poly-time nonuniform program for A using the following algorithm:

( )
on input x of size N and advice ay:

run the reduction on input x, but whenever it makes a query y:
if y is in the list ay: use 1 as the answer to the query
else: use 0 as the answer to the query

output whatever the reduction outputs

J

Each query gets answered correctly: If y is in the list ay then B(y) = 1, and if y is not in the
list ay then B(y) = 0 because y has size < q(N) and ay contains all y of size < q(N) such
that B(y) = 1. Since the reduction solves A assuming each query gets answered correctly, this
program with advice a;,a,, ... solves A. Thus A € P/poly.

=: Assume A € P/poly by a poly-time program IT with advice a;,as,,.... Define a decision
problem B with word size 1 as follows: For every y € {0,1}", B(y) is the y™ bit of ay (after
flattening the tuple of words into just a bit string, and viewing y as a binary number). If the
y™ bit would be past the end of ay, then B(y) = 0. This B is sparse because ay has only poly N
many 1s, which means B(y) = 1 for only polyN many y € {0,1}". Let p be a polynomial such
that for all N, ay has < p(N) bits. We define a poly-time oracle reduction from A to B:

( . i A
on input x of size N:

if p(N) > 2N:
obtain A(x) from a lookup table and output it

else:
obtain ay by querying the oracle on input y for all y € {0,1}" with y < p(N)
run I1(x; ay) and output the same answer

J

Since p = o(2N), there are only a constant number of inputs x whose size N is such that
p(N) > 2N, so the values of A(x) for these x can be hardcoded in the reduction. For all other
x, the reduction gets the bits of ay from the oracle for B, so the reduction outputs A(x) since
I(x;ay) does. Thus A <7 B.
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Exercise 5.3: To show NEXP/poly = coNEXP/poly, it suffices to show NEXP/poly € coNEXP/poly.
Suppose A € NEXP/poly by a verifier V with time efficiency < T = 2¢V ‘ (for integers d, e) and
poly-size advice aj,as,,.... Then A € NEXP/poly by the following exponential-time verifier V’
with poly-size advice a}, a5, . ... For each N, define ay = (ay, cy) where cy is the number of not-
necessarily-valid inputs y of size N such that there exists w with T words for which V(y;w;ay)
accepts within T steps. (If y is valid, this just means A(y) = 1.) On input x of size N, V' views
its purported witness w’ as having the following for each not-necessarily-valid input y of size N:
a bit b, indicating whether there exists w,, with T words for which V(y;w,; ay) accepts within
T steps (that is, whether y is included in the count cy) and if b, =1 then w’ also has such a w,.
Then V'(x;w'; ayy) accepts iff b, =0 and Y, b, = cy and V(y;w,;ay) accepts within T steps
for each y with b, =1.

This is correct because: If A(x) = 0 then V’(x; w’; ay ) accepts for the intended w’. If A(x) = 1
then V'(x;w'; ay) rejects for every w’ since if b, = 0 and Zy b, = cy then there must exist
¥ such that: b, = 1 but there does not exist w,, with T words for which V(y;w,;ay) accepts
within T steps.

The time efficiency of V' is only a factor 2°(V1°8N) greater than the time efficiency of V
(since there are 2°W1°8N) many possibilities of y since A has word size O(logN)) and so is still
exponential. The advice size of V' is only +O(N log N) bits greater than the advice size of V and
so is still polynomial.
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Exercise 5.4: This is like the proof that if NP € P/poly then PH = X,P = MN,P (Theorem 5.5)
but instead of using a quantifier for the advice, we try all possibilities of the advice in poly time.
However, Lemma 5.4 doesn’t preserve the logarithmic advice size, because it combines the advice
for many input sizes. We adjust the search-to-decision reduction so all queries have the same
size, so we only need the advice for that particular query size.

Formally, consider SAaT with an input encoding that allows any amount of padding. SaT
SEARCH <} SAT (Theorem 2.14) by a reduction that, on an input of size N, pads all queries up to
a common size M € poly N. Assuming NP C P/log, we have Sat € P/log by a poly-time program
IT with log-size advice aj, ds, . ... Thus SAT SEARCH has a poly-time program IT’ that, on an input
of size N, takes advice ay = a;, runs the reduction to Sat, and answers each query (which has
size M) using IT with advice a,;. Assume IT’ clocks itself so it runs in poly time even with wrong
advice. Assume ay consists of ¢ words of size W = O(log M) = O(log N) for a constant c.

To prove P = NP, it suffices to prove Sat € P since Sat is NP-complete (Theorem 2.10). Here’s
an algorithm for SAT on input ¢ of size N:

for every b consisting of ¢ words of size W
run IT'(¢p; b) to get an assignment y
if y satisfies ¢: accept

reject

This algorithm is poly-time since I’ is poly-time even when b # aj, and there are 2" = poly N

many possibilities of b. To show this algorithm is correct, we argue that it accepts iff ¢ is
satisfiable:

=: If the algorithm accepts, then it found a satisfying assignment for ¢, so ¢ is satisfiable.

<: If ¢ is satisfiable, then when b = ay, I1'(¢; b) finds a satisfying assignment for ¢ by the
correctness of I1’, so the algorithm accepts.
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Exercise 5.5: Assume NP C coNP/poly and thus ;P = coNP C NP/poly. To prove PH =%;P =
M5P, it suffices to prove M3P C X3P (Theorem 4.23). Suppose A € N3P by a 3-witness verifier V:

AX)=1 (\7’w1 dwy Yws @ V(x; wi;wy;ws) accepts)

First attempt at showing A € ¥3P: The assumption ;P € NP/poly turns Yws into two things: a
3 quantifier that can be merged with 3w, and advice that doesn’t depend on w,,w, and can
thus be specified with a 3 quantifier preceding Yw; Iw,. In more detail: FINAL V oF V € ;P
by a verifier U where U(x, wy,wy; w3) runs V(x;wq; wy; w3). Thus by assumption, FINAL V oF
V € NP/poly by a verifier U’ with advice ay, a,, . ... For every input (x,wy,w,) of size M:

(VW3 D V(x;wyywyswg) accepts) = (Elz: U'(x,wy,Wsy;2;ay) accepts)

Assume U’ clocks itself so it runs in poly time even with wrong advice (# a,;). Then letting
V/(x; b;wy;wy,z) run U’(x, wq, wsy; 2; b), we envision the correctness of V' (for showing A € 35P)
as:

Alx)=1 ( Ywy Jwy Yws : V(s wyswysws) accepts)
= ( VYwy dw, 320 U'(x, wy, w25 ay,) accepts)
& (3b Yw, Iw, 3z U'(x, wq, wy;2; b) accepts)

= (Hb Ywy; Jwy,z @ V/(x;b;wiws, 2) accepts)

= holds with b = a,; where M is the common size of all (x,w;,w,), but there’s an issue with
&=

(Elb Ywy 3w, 3z U'(x,wq,wsy;2;b) accepts) 7 (Vw1 dwy Vws @ V(e wyi;wy;ws) accepts)
because when b # a;;, we might have:
(Hz: U'(x,wy,wy;2;b) accepts) but (3W3Z V(x;wy;wo;ws) rejects)
Here’s how to check that U’ never makes such a mistake, given any particular choice of x, b, w;:
vwh: (V2 U'(x,wq,wh;2; b) rejects) or (VYwh: V(x;wq;wh;wh) accepts))
This is equivalent to the following statement, which we name C(x, b, w;):
Vw2’ wh (U’(x,wl,wlz;z’; b) rejects or V(x;wy;wy;ws) accepts)
We merge this V quantifier with Yw;. Thus, to fix our first attempt, we redefine V' such that:

A(xX)=1 © (3b Ywy,wh,2’,wh Twy,z: V/(x;b;wy, wh,2’,wh;wy,z) accepts)

V/(x; by wq,wh, 2", wh; wo,2):
if U’(x, wy,ws;2; b) accepts and (U’(x,wl,w’z;z’; b) rejects or V (x; wy; wh; wh) accepts):
accept
else: reject
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=: Suppose A(x) = 1. Let b = ay; where M is the common size of all (x,w;,w,). Consider any
w1, Wh,2z’,wh. By correctness of V, we can let w, be such that Yws : V(x;wq;wq; ws) accepts.
By correctness of U’, we can let z be such that U’(x, w;,w,;2; b) accepts. By correctness of U’,
if U’'(x,wy,wh;2’; b) accepts then V(x;wq;wh; wh) accepts. Thus V/(x; b;wq, wh,z’, wh; wy, 2)
accepts.

<: Suppose A(x) = 0. Consider any b. By correctness of V, we can let w; be such that Yw, Jws :
V(x;wq; wy; ws) rejects. Consider two cases for whether or not C(x, b, w;) is true: If it is true,
then for all w,, since Iws : V(x;wy; wy; ws) rejects, we must have Vz : U’(x,wq,w,;z; b) rejects
and thus V'(x; b; wy, wh,2’, wh; w,, 2) rejects. If it is false, then we can let w), z’, w4 be such that
U'(x,wq,wh;2’; b) accepts and V (x;wy; wh; wh) rejects, and thus V' (x; b; wq, wh, 2’ wh; woy, 2)
rejects.
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Exercise 5.6: Assume PSPACE C P/poly. Since QSaT € PSPACE C P/poly (Lemma 3.1) and
Pray QSaT <7 QSat (Exercise 3.8), PLAY QSAT has a poly-time program IT with advice a;, ay, ...
(Lemma 5.4). Assume IT clocks itself so it runs in poly time even with wrong advice. We use an
input encoding of PLay QSat that allows any amount of padding, so for every ¢ we can pad all
inputs (¢, ¥1Y2 -+ Yi—1) up to a common size M.

To prove PSPACE = X,P = M,P, it suffices to prove QSat € X,P since QSar is PSPACE-
complete (Theorem 3.4): This implies PSPACE C X,P since for every A € PSPACE, we have
A <} QSaT € 3,P and thus A € Z,P (like the analogous fact for NP in Exercise 2.4), and PSPACE
is closed under complement.

To show QSat € Z,P, we design a 2-witness verifier V such that for every CNF ¢(x; ---x,,)
where n is even:

QSar(p) =1 < (IbVyoys - Yn: V(@;b;¥oys--yy,) accepts)

The idea is that IT with advice b gives a strategy for P1, and y,y, -y, are the bits P2 assigns to
XoX4- X, and V simulates the gameplay and accepts iff P1 wins.

( N
V(s b yaya- ya):
fori «<1,3,5,...,n—1:
run I1(p, y1¥2 -+ ¥i-1; b)
if it reported that no solution exists: reject
else: let y; be the bit output by IT
if y1y5 -y, satisfies @: accept
else: reject

J

=: Suppose QSat(y) = 1 and thus P1 has a winning strategy. Let b = a,;. Then II with
advice b gives a winning strategy for P1, which means for all y,y,---y,, P1 wins and thus

V(@;b;yays-+-yy) accepts.

<: Suppose QSAT(¢) = 0 and thus P1 does not have a winning strategy. Then for all b, IT with
advice b does not give a winning strategy for P1, which means there exists y,y4 -y, such that
P2 wins and thus V(@; b; yoy4- - Y,) rejects.

V is poly-time since b and y,y, -y, have polyN size, and II(y, Y1y, ¥i—1; D) runs in
poly M = poly N time even when b # a,,, and evaluating ¢(y,Yy5 - ¥,) takes poly N time.
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Exercise 5.7: This is like the proof that if PSPACE C P/poly then PSPACE = X,P = M,P
(Theorem 5.6), except now the 2-witness verifier doesn’t have time to look at an entire ex-
ponentially long configuration. Instead, it uses another V to quantify over all words of the
configuration. Each word can be checked in terms of a constant number of words of the previous
configuration, and each word has poly size, so the checking takes poly time.

Assume EXP C P/poly. To prove EXP = X,P = [,P, it suffices to prove EXP C X,P since
>,P C EXP and EXP is closed under complement.

Suppose A € EXP by a program IT with L lines, R registers, time efficiency < T = , space
efficiency < § = 2N ‘ (for integers c¢,d > 1), and poly-bounded word size W. Consider any
valid input x of size N. Define M = S/W —R so I1(x) never accesses any work segment address
> M. A configuration in {0, 1}'°8L x ({0, 1}" )R x ({0, 1}V )M represents the program counter, all
R registers, and the work segment’s first M words. When II(x) terminates, imagine it continues
taking steps but with the configuration frozen. For convenience, assume W > logL for all N so
the PC can have the same size as all other words.

Consider the following function problem and its decision version, in which s is a location
from {PC, Reg[0], ..., Reg[R— 1], Mem[O0], ..., Mem[M — 1]} represented with poly N bits:

2CNd

WOoRD oF CONFIGURATION OF I1
Input: Valid input x of size N to A, t € {0,1,..., T}, and location s

Output: The word at location s of the configuration after t steps of TT(x)

BiT oF WORD OF CONFIGURATION OF II
Input: Valid input x of size N to A, t € {0,1,..., T}, location s, and j € {0,...,W —1}
Output: The j™ bit of the word at location s of the configuration after t steps of I1(x)

BiT oF WorRD oF CONFIGURATION OF II € EXP by a program that runs II(x) for t steps (using
extra work memory for the clock) and then extracts the j® bit of the word at location s of the
configuration. By assumption, BiT oF WoRD oF CONFIGURATION OF II € P/poly. We have WoRD
OF CONFIGURATION OF IT <7 BiT oF WORD OF CONFIGURATION OF II by a reduction that queries
the oracle for all j € {0,...,W —1}. Thus WorRD oF CONFIGURATION OF II has a poly-time
program I1’ with advice a;,a,,... (Lemma 5.4). Assume II’ clocks itself so it runs in poly time
even with wrong advice.
To show A € Z,P, we design a 2-witness verifier V such that:

AX)=1 (Elb Vt,s: V(x;b;t,s) accepts)
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( )
V(x;b;t,s):
run IT'(x, t,s; b) to get a word y
if t =0 and y isn’t the word at location s of the initial configuration: reject
if t =T and s = PC and line y of II isn’t an accept instruction: reject
ift > 0:
run IT'(x, t — 1,s’; b) for every location s’ that y depends on
if y doesn’t follow from these words after one step of II(x): reject
accept )

V has O(log N) word size, so each word of I1 takes many words of V.

The check when t > 0 is like the ¢, ; check in the proof that Sat is NP-complete (§2.8.2). In
more detail: V first runs I1'(x, t — 1, PC; b) to see which instruction I1(x) would execute in step
t (according to IT').

* If this instruction is “load Reg[i] « Mem[Reg[j]]” and s = Reg[i], then V runs IT'(x, t —
1,Reg[j]; b) to get the address m, and then V runs IT'(x, t — 1, Mem[m]; b) and rejects if
this word doesn’t equal y.

* If this instruction is “read Reg[i] « In[Reg[j]]” and s = Reg[i], then V runs IT'(x,t —
1,Regl[j]; b) to get the address m, and then V reads x,, and rejects if x,,, # y.

In all other cases, V can determine which locations s’ are relevant to s upon seeing which
instruction would be executed. Now, we argue the correctness of V:

=: Suppose A(x) =1 and thus I1(x) accepts. Let b = ay. where N’ is the common size of all
(x, t,s). The words output by IT'(x, t,s; b) for all t,s are the transcript of I1(x), which starts with
the initial configuration and ends with an accept configuration, and each configuration (except
the 0™) follows from the previous. Thus V(x; b; t,s) accepts for all t,s.

&: Suppose b is such that V(x; b;t,s) accepts for all t,s. This means the words output by
I1'(x, t,s; b) for all t,s form a sequence of configurations that starts with the initial configuration
and ends with an accept configuration, and each configuration (except the 0™) follows from the
previous. Thus this is an accepting transcript of I1(x), so A(x) = 1.

V is poly-time since b and t,s have polyN size, and IT'(x, t,s; b) and all IT'(x,t — 1,s’; b)
run in poly N’ = poly N time even when b # ay/, and checking that y follows from the relevant
IT'(x, t —1,s’; b) words (of which there are only a constant number) takes poly N time.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 5 196

Exercise 5.8.a: In every directed graph, the number of edges equals >, outdeg(u). Suppose for
contradiction that in some n-node round-robin tournament, every node has outdegree < (n—1)/2.
Then . outdeg(u) < n-(n—1)/2 = (}), which contradicts the fact that the graph has () edges.
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Exercise 5.8.b: Here’s an algorithm that finds such an S in such a graph G:

initialize H < G and S « @} )
while H is nonempty:

find a node u in H with edges to at least half of H’s other nodes

adduto S

remove u and u’s outneighbors (and their edges) from H )

Since H is always a round-robin tournament, Exercise 5.8.a ensures that such a node u always
exists. In each iteration, over half of H’s nodes are removed, so there are < |logn| iterations and
thus |S| < |logn]. For every node v in G, in the iteration when v is removed from H, v is either
the node u that’s added to S, or an outneighbor of u.
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Exercise 5.8.c: Assume A SELECT has a poly-time program II. For every input size N, define
the graph Gy as in the hint, and note that Gy has 201°8N) nodes since every input of size N
has O(N log N) bits. By Exercise 5.8.b, there exists a set Sy of O(N log N) nodes in Gy such that
for every node y in Gy, either y € Sy or there exists a node x € Sy, such that (x, y) is an edge in
Gy . Define advice ay that encodes the list of all elements of S,. Here’s a nonuniform program
I’ for A:

on input y of size N and advice ay: A
for each x € Sy:
if x = y: accept
if [T(min(x, y), max(x, y)) = y: accept
reject y

To show that IT’ is correct, we argue that A(y) = 1 iff IT'(y; ay) accepts:

<: Suppose IT'(y;ay) accepts in the x iteration. Note that A(x) = 1 since x is a node in Gy.
Either x = y in which case A(y) = A(x) = 1, or II(min(x, y), max(x, y)) = y in which case
A(y) =1 by correctness of II.

=: Suppose A(y) =1, so y is a node in Gy. Either y € Sy in which case IT'(y; ay) accepts in
the x = y iteration (if not sooner), or (x, y) is an edge for some x € Sy in which case IT'(y; ay)
accepts because I1(min(x, y), max(x, y)) = y by definition of Gy.

I’ is poly-time since ay and Sy are poly-size and II is poly-time.
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Exercise 5.9:
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Exercise 5.10: Replace each gate of fan-out > 2 with a group of gates of fan-out 2 as shown
below. To propagate whatever bit would be on the outgoing wires, use A gates each having an
incoming constant 1 (or V gates each having an incoming constant 0).

Instead of contracting the 1s away (which would just undo the modification), replace each 1
with a copy of x; V —x; for some input node x;. The size increases by only a constant factor.
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Exercise 5.11.a: Start with the formula from the proof of Theorem 5.7, consisting of a tree of
2N — 1 many 2-to-1 muxes, where all 2V~ muxes at level i € {1,...,N} (i = 1 being the bottom,
i = N being the top) have x;_; as their selector, and with constants being selected by the level 1
muxes. For each i and each function f: {0,1}! — {0, 1}, if more than one level i mux’s subtree
computes f(x,---x;_1), then delete all but one such mux. If a wire came from a now-deleted
mux, then instead have it come from the equivalent surviving mux. This circuit is equivalent to
the original formula, so it computes Fy. We just need to analyze the size, which is big-O of the
number of surviving muxes. (The 2¥ many constant bits feeding into level 1 are actually just a
single 0 and a single 1, so they don’t contribute 2V to the size.)

Let k = [log(N/3)], which is > 1 if N is large enough. The number of surviving muxes at
levels > k is at most the number of original muxes at those levels, which is:

2N—k + 2N—(k+1) 4ot 20 — 2N—k+1 _ 1 S 6 . 2N/N
The number of surviving muxes at level i < k is at most 22" since there are only that many

functions f: {0,1} — {0, 1}. Thus the number of surviving muxes at levels < k is at most

210g(N/3)+1

22 422 4. 4227 < 02 <2 = 2W/3 < oN/N

assuming N is large enough. Thus the total number of surviving muxes is O(2V/N).
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Exercise 5.11.b: This is essentially the same as Exercise 5.11.a: Each mux in the circuit corre-
sponds to a node in the branching program, as in Theorem 5.22.

Start with the decision tree from the proof of Theorem 5.19, with 2V — 1 many internal
nodes, where all 2V~ nodes at level i € {1,...,N} (i =1 being the bottom, i = N being the
top) read xy_;41. For each i and each function f: {0,1}' — {0,1}, if more than one level i
node’s subtree computes f(xy_;+1 - Xy), then delete all but one such node. If an edge went to
a now-deleted node, then instead have it go to the equivalent surviving node. This branching
program is equivalent to the original decision tree, so it computes Fy. We just need to analyze
the size, which is big-O of the number of surviving internal nodes. (The 2V many constant bits
at the leaves are actually just a single 0 and a single 1, so they don’t contribute 2V to the size.)

Let k = [log(N/3)], which is > 1 if N is large enough. The number of surviving nodes at
levels > k is at most the number of original nodes at those levels, which is:

oN—k L oN=(kt1) | ... 4 90 — oN—k+1_ 1 < g.oN/N

The number of surviving nodes at level i < k is at most 22" since there are only that many
functions f: {0,1}' — {0, 1}. Thus the number of surviving nodes at levels < k is at most

22! 192 4 402 o 92f o 92BN/ 5aN/3 < 2V/N

assuming N is large enough. Thus the total number of surviving nodes is O(2" /N).
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Exercise 5.12: A formula of size s on N variables can be written as a string with O(slogN)
bits: Each (, ), A, V, and — (of which there are O(s) many) takes O(1) bits, and each variable
occurrence (of which there are O(s) many) takes O(log N) bits to specify the variable’s index.
Thus, for some constant ¢ > 1 and all large enough N, at most 2¢1°8¥ of the 22" possible functions
Fy:{0,1}¥ — {0,1} have a formula of size s. If s = [ 1 - 2¥/logN | — 1 then 2¢51°8N < 22" so
not every function Fy can be computed by a formula of size s.
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Exercise 5.13.a: To shrink the circuit for x < y from §5.2.5, the “xy_; -+ X;01 = Yw—1"" " Yi+1
subcircuits can share a lot of their work. For each i € {1,...,W —1}, Have a O(1)-size subcircuit
with “output gate” g; that computes whether x; = y;. Combine them with this formula:

(- (((gw—1 A gw—2) Agw—3) A gw—4a)"** N &1)

For each i € {0,...,W —2}, “Xyy_1 " Xj41 = Yw—1"""Yis1 is available as an A gate in that
formula, or as gy,_; if i = W — 2. The output is an V gate of fan-in W whose i subcircuit is
XiANYi NXyw—_1* Xiz1 = Yw—1" " Yi+1 » Which has size O(1) not counting the “xy,_; - X;41 =
Yw—1"**Yi+1  which was already computed. Thus the circuit’s overall size is O(W). This circuit
is not a formula (unlike the circuit from §5.2.5) since the g; gates have fan-out > 1.
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Exercise 5.13.b: To shrink the circuit for [log x | from §5.2.5, the “z; = Xyy_1 A+ AXj1 AX;”
subcircuits can share a lot of their work. We have this formula:

(O A A2 AX—3) A Xpy—g) - A X7)

Then each z; with i < W—2is the A of x; and a gate from this formula, and we have zy,_; = xyy_;
and zy_y = Xyy—_1 A Xy—o. Thus it takes O(W) size to compute all z;. It takes O(W log W) size to
compute the output from all z;, since there are O(log W) output bits (besides the constant 0s),
each of which is an V gate with fan-in < W.

Alternative construction: For each i < 0,...,W — 1, have a 2-bundles-to-1-bundle mux that
uses Xx; to select either i (a constant binary number) if x; = 1, or the previous mux’s output if
x; = 0. To make log-of-0 output 0, use 0---0 in lieu of the “previous mux” when i = 0. The total
size is O(W log W) since each bundle only needs O(log W) wires to carry a value of i.
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Exercise 5.14.a: In the following, all circuits have N input nodes and one output node, and
we use the notation < for lexicographic comparison of circuits.

Idea: On input x € {0,1}", we have 3B where B is a circuit of size < purported to be
Cy - We check that B(x) = 1, and we use additional quantifiers to check that B = Cy. To check
that B € Sy (no circuit of size < N d jg equivalent to B):

Nd+1

(\7’ circuit D of size < Nd) (Ely € {0, 1}N) : B(y) #D(y)
To check that Sy contains no circuit that’s < B:
(V circuit E < B of size < Nd+1) (EI circuit F of size < Nd) (\7’2 € {0, 1}N) : E(z)=F(2)

Since these two checks are independent of each other, we can combine their quantifiers.
Formally, we define a 4-witness verifier V such that:

Cv()=1 & (EIB VD,E 3y,F Vz: V(x;B;D,E;y,F;2) accepts)

fV(x;B;D,E;y,F;z):
if B isn’t a circuit of size < N9*1: reject
if D isn’t a circuit of size < N? or E isn’t a circuit of size <
if y ¢ {0,1}" or F isn’t a circuit of size < N?: reject
if z ¢ {0,1}": accept
if B(x) =1 and B(y) # D(y) and E(z) = F(z): accept

reject
& J

N9*1 or E > B: accept

=: Suppose Cy(x) = 1. Let B = Cy, and consider any D of size < N¢ and any E < B of size
< N9*1, Since B € Sy, B and D are not equivalent and thus there exists y such that B(y) # D(y).
Since E ¢ Sy (because E < B and B is the lexicographically first circuit in Sy), there exists F of
size < N9 that’s equivalent to E, which means for all z, E(z) = F(z). Thus V accepts.

<: Suppose 3B VD,E 3Jy,F Vz: V(x;B;D,E;y,F;z) accepts. We claim that B = Cy, in
which case Cy(x) = B(x) = 1 since V accepts. We have B € Sy, since B has size < N¢*! and for
every D of size < N9, there exists y such that B(y) # D(y) and thus B and D are not equivalent.
Also, B is the lexicographically first circuit in Sy since for every E < B of size < N9*1, there
exists F of size < N9 such that for all 2, E(z) = F(z), which means E and F are equivalent and
thus E € Sy .

The pseudocode’s last “if” statements use a poly-time program for CIRCUIT EVALUATION
(Lemma 5.10). The encodings of B, D, E, y, F,z are poly-size. Thus V is poly-time.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 5 207

Exercise 5.14.b: Consider two cases: If NP C P/poly then 24P C ,P (Theorem 5.5) and thus
by Exercise 5.14.a there exists a problem in Z,P C 3,P whose circuit size complexity is > N¢ for
all large enough N, and thus not < N<. If NP € P/poly then there exists a problem in NP C 3,P
whose circuit size complexity is not polyN (for any degree) and thus not < N9.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 5 208

Exercise 5.15: By Theorem 5.7, there exists a constant ¢ such that every f: {0,1} — {0,1}
has a circuit of size < c2V.

Max CirculT COMPLEXITY DECISION
Input: Positive integer s < c¢2V, with padding so the input size is M = 2V

Output: Does every f: {0,1}¥ — {0, 1} have a circuit of size < s?

Max CircuiT CoMPLEXITY DECISION € [,P by a 2-witness verifier V; where V;(s; f; C) accepts iff
C is a circuit of size <s and f(x) = C(x) for all x € {0,1}". This V; has time efficiency O(M?)
since f has size 2¥ = M, C has size < ¢2¥ = cM, the loop over all x has 2V = M iterations, and
evaluating C(x) takes time O(s) = O(M) (Lemma 5.10).

HicH CoMPLEXITY TRUTH TABLE COMPLETION
Input: Partial truth table f: {0, 1} — {0, 1, }, positive integer s < c2V

Output: Does there exist a total truth table g: {0, 1} — {0, 1} consistent with f such that
every circuit for g has size > s?

HigH CoMmPLEXITY TRUTH TABLE COMPLETION € I,P by a 2-witness verifier V, where V,(f,s;
g; C) accepts iff g is consistent with f and either C isn’t a circuit of size < s or g(x) # C(x)
for at least one x € {0,1}". Letting M denote the input size, this V, has time efficiency O(M?)
since g has size 2V < M, C has size < ¢2V < cM, the loop over all x has 2V < M iterations, and
evaluating C(x) takes time O(s) = O(M) (Lemma 5.10).

Assuming P = NP, we have P = 2,P = I,P (Theorem 4.21). Thus, Max CIRcUIT COMPLEXITY
DEecisIoN € P by a poly-time program I1,, and HiGH CoMPLEXITY TRUTH TABLE COMPLETION € P
by a poly-time program II,.

Define F: {0,1}" — {0, 1} as follows: Let sy be the maximum over all f: {0,1}¥ — {0,1}
of the size of a smallest circuit for f, and let Fy: {0,1}N — {0, 1} be the lexicographically first
function such that a smallest circuit for Fy has size sy. Here, the lexicographic order is by viewing
a truth table as a bit string of length 2V indexed by inputs x € {0, 1}" (ordered by their values
as binary numbers in {0,1,...,2Y —1}).

By definition, F has the maximum possible circuit size complexity for all N. We prove F € E
by describing an algorithm to compute Fy(x):

( N
find sy by doing binary search over s < c¢2N to find the least s such that I, (s) accepts

initialize f: {0,1}¥ — {0,1,%} by f(y) « * for all y
for all y € {0,1}" in increasing numerical order:
update f(y) < 0
run I,(f, sy)
if it accepted: keep f(y) < O
if it rejected: update f(y) « 1
\output f(x)

J

The loop over y finds Fy’s truth table bit by bit, maintaining the invariant that Fy is consistent
with the partial truth table f: The invariant trivially holds before the loop. We argue that each
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iteration maintains the invariant: If Fy;(y) = 0 then II,(f,sy) accepts for the version of f with
f(y) =0 (since Fy is such a g) and so the algorithm fixes f(y) = 0. If Fy(y) = 1 then I1,(f,sy)
rejects for the version of f with f(y) = 0 and so the algorithm fixes f(y) = 1—this is because
if there existed a total g consistent with f with g(y) = 0 and whose smallest circuit has size
sy, then g would come lexicographically before Fy, contradicting the definition of Fy. Upon
finishing the loop over all y, we must have f = Fyy since f is total and Fy is consistent with f.
Thus the algorithm correctly outputs f(x) = Fy(x).

For finding sy, each iteration takes time poly(2Y) = 2°™) and there are O(N) iterations
(though it would also be fine to try all c2V possibilities of s rather than do binary search), so this
phase takes time O(N)-2°0) = 20M)_For finding Fy, each iteration takes time poly(2N) = 20(),
and there are 2V iterations, so this phase takes time 2V - 200N) = 20(N)
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Exercise 5.16: For all x € {0,1}", MAJORITY(x) = y[y/o] Where y = y;--- yy is the sorted
version of x (all Os precede all 1s in y). We turn the O(N log? N)-size sorting network from
Theorem 2.34 into a O(N log® N)-size monotone circuit where each wire in the sorting network
becomes a pair of wires in the circuit, and each comparator becomes a pair of gates:

The sorting network’s output wires carry y; - -- yy. We delete the corresponding “wires” from
the circuit (since they have no gates to go to), and we designate the gate corresponding to yjy /2]
as the output.
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Exercise 5.17.a: Call this problem A. We have A € P since CircuiT EvaLuaTrioN € P. It suffices
to show CIRcUIT EVALUATION SZ“ A since CirculT EVALUATION is P-complete (Theorem 5.15).
Map (C,a) to (C’,a’) as follows. C’ has one input node, which a’ assigns 0, and which feeds into
a — gate. Other than that, C’ has a copy of C except for C’s input nodes. For each wire from an
input node in C, if a assigns that node 0 then C’ has the wire come from its only input node, and
if a assigns that node 1 then C’ has the wire come from the — gate attached to the input node.
This log-space mapping reduction is correct since C(a) = C’(a’).
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Exercise 5.17.b: Call this problem A. Note that C(a) = 0 iff the output node is reachable from
an input node that a assigns 0. We have A € NL = coNL (Theorem 3.19) since A SZ‘ DIRECTED
REACHABILITY € NL (Lemma 3.20 and Lemma 3.10) by mapping (C, a) to (G,s, t) where G is C
with a new node s having edges to all input nodes that a assigns 0, and where t is the output
node. This log-space mapping reduction is correct since C(a) = 0 iff G has a path from s to t.

Next, it suffices to show DIRECTED REACHABILITY ON A DAG SE” A since DIRECTED REACHA-
BILITY ON A DAG is NL-complete (Exercise 3.13.b). Map (G,s, t) to (C, a) where C is G except we
make s an input node (by deleting any incoming edges) that a assigns 0, and all other sources
are input nodes that a assigns 1, and all other nodes are A gates (bypassing any dummy gates
that have fan-in 1), and t is the output node. C is a dag since G is a dag. This log-space mapping
reduction is correct since G has a path from s to t iff C(a) = 0.
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Exercise 5.18: We show GEOGRAPHY ON A DAG WITH TARGETS € P by modifying the algorithm
for GEOGRAPHY ON A DaG from Theorem 5.17. We have arrays Plwins and P2wins, where
PIwins[i] gets the bit indicating whether P1 has a winning strategy for the rest of the game,
assuming it’s P1’s turn and they’re at node v;, and similarly for P2wins[i].

(topologically order G’s nodes v, Vy, ..., V, N
fori < n,n—1,...,k where v; =s:
if v; is “P1 loses”: P1wins[i] « 0 and P2wins[i] « 1
if v; is “P2 loses”: P1wins[i] « 1 and P2wins[i] < 0
else if v; has edges to v; ..., v
Plwins[i] « = P2wins[j;]V -V = P2wins[j;]
P2wins[i] « —~PIwins[j;]V -+ V 1 Plwins[j;]
output P1wins[k]
|\ J

This algorithm runs in linear time.

It suffices to show MONOTONE CIRCUIT EVALUATION <" GEOGRAPHY ON A DAG WITH TARGETS
since MONOTONE CIRCUIT EVALUATION is P-complete (Theorem 5.16). We use almost the same
reduction we used to show MONOTONE CIRCUIT EVALUATION <" GEOGRAPHY ON A DAG. In the
latter reduction, for every sink v in G, either every path from s to v has even length (if visa 0
node) in which case P1 loses if they reach v, or every path from s to v has odd length (if v is an
A node) in which case P2 loses if they reach v. Thus we can modify G by combining all sinks
at even distance from s into a single “P1 loses” sink (which has all those sinks’ incoming edges),
and combining all sinks at odd distance from s into a single “P2 loses” sink.

Or, we could show GEOGRAPHY ON A DAG <" GEOGRAPHY ON A DAG wWITH TARGETS by
mapping (G,s) to (G’,s”) as follows. First, define a graph H with two copies of G’s nodes: a left
copy and a right copy. Each edge (u,v) of G becomes two edges in H: an edge from the left
u to the right v, and an edge from the right u to the left v. Node s’ is the left s. Gameplay in
(H,s") proceeds as in (G, s), but the left/right sides keep track of whose turn it is (left = P1’s turn,
right = P2’s turn). Obtain G’ from H by combining all left sinks into a single “P1 loses” sink,
and combining all right sinks into a single “P2 loses” sink. This log-space mapping reduction is
correct since P1 has a winning strategy in the path forming game on (G, s) iff P1 has a winning
strategy in the “path forming game with targets” on (G’,s’).
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Exercise 5.19: Say that an input node is unsafe if it feeds directly into at least one — gate, and
safe otherwise.

if C has a - gate whose incoming wire comes from a gate: reject

if C has an A gate with at least one incoming wire from an unsafe input node: reject
if C has an V gate with all its incoming wires from unsafe input nodes: reject

accept

To show this log-space algorithm is correct, we argue that it accepts iff there exists an assignment
that makes every gate of C evaluate to 1:

=: Suppose the algorithm accepts. Assign 1 to each safe input node and O to each unsafe input
node. Each — gate evaluates to 1 since its incoming wire comes from an unsafe input node. Each
A gate evaluates to 1 since all its incoming wires come from safe input nodes and/or other gates,
which evaluate to 1. Each V gate evaluates to 1 since at least one of its incoming wires comes
from a safe input node or another gate, which evaluates to 1.

&: Suppose the algorithm rejects. We show that for every assignment, some gate evaluates to 0.
If C has a — gate whose incoming wire comes from a gate, then for every assignment, either the
— gate or its predecessor gate evaluates to 0. Suppose C has an A gate with at least one incoming
wire from an unsafe input node. If that input node is assigned 0, then the A gate evaluates to O.
If that input node is assigned 1, then the — gate it feeds into evaluates to 0. Suppose C has an V
gate with all its incoming wires from unsafe input nodes. If all those input nodes are assigned 0,
then the V gate evaluates to 0. If at least one of those input nodes is assigned 1, then the — gate
it feeds into evaluates to 0.
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Exercise 5.20.a:
((((OAX3) V(I Ax3) AX)V(OAX))AX)V(((TAX3) V(((LAX) V(0A X)) A x3)) Axy)

After contracting: ((x3 AX7) AX5) V ((33V (37 Ax3)) A xy)
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Exercise 5.20.b:
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Exercise 5.21: BRANCHING PROGRAM SAT is NP-complete via <" and thus not in NL unless
NP = NL: BRANCHING PROGRAM SaT € NP by a verifier that, given input B and an assignment a
as a purported witness, runs a log-space (and poly-time) program for BRANCHING PROGRAM EVAL-
UATION (Lemma 5.23) on input (B, a) to check whether a satisfies B. BRANCHING PROGRAM SAT
is NP-hard via SZ,” because Sat is NP-hard via SZ" (Theorem 2.40) and Sart SZ‘ BRANCHING Pro-
GRAM SaT by mapping a CNF formula to an equivalent branching program as in Theorem 5.22.(ii),
which only needs log space.

BRANCHING PROGRAM SAT would be NL-complete if we defined NL by allowing random access
to the witness segment and didn’t count the witness segment toward the space (treating the
witness segment like the input segment), but we saw in §3.3.1 that NL would equal NP in that
case.
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Exercise 5.22.a:

Lemma. DIRECTED SWITCHING NETWORK EvALUATION € NL.

Proof. We show DIRECTED SWITCHING NETWORK EVALUATION <}" DIRECTED REACHABILITY and
use DIRECTED REACHABILITY € NL (Lemma 3.10 and Lemma 3.20). Map ((G,s, t),a) to (G,,s, t)
where G, is G but without edges labeled by literals that evaluate to 0 under the assignment a.
This log-space mapping reduction is correct because (there exists a path from s to t in G only
using edges that are unlabeled or labeled by literals that evaluate to 1 under a) iff (there exists
a path from s to t in G,). u

Theorem. Every problem in NSPACE[S] has directed switching network size complexity at most
200,

Proof. Consider any A € NSPACE[S]. We design a family of directed switching networks of size
290 solving A. Let V be a streaming verifier for A with L lines, R registers, space efficiency
S’ < 0(S), and word size W < O(logmax(S,N)). Consider any valid input x of size N. Define
M = S’/W —R so V(x;w) never accesses any work segment address > M. A configuration in
{0,1}°8L x ({0, 1} )R x ({0, 1} )M represents the program counter, all R registers, and the work
segment’s first M words. Let K = 125" < 2005 be the number of configurations. For all w, V (x; w)
takes fewer than K steps (Lemma 3.8). When V(x;w) terminates, imagine it continues taking
steps but with the configuration frozen. Assume V has only one possible accept configuration.

We describe a directed switching network for A on inputs of size N. Letting W’ be A’s
word size, there are n = NW’ variables for the bits of the input x. There are K2 nodes in G,
corresponding to pairs (C, k) where C is a configuration and k € {0,1,...,K — 1} is a time step.
Let s = (initial configuration, 0) and t = (accept configuration, K — 1), and all other nodes with
k =0 or k =K —1 are unnecessary. On a valid input x, (there will exist a path from s to (C, k)
in G using only edges consistent with x) iff (there exists w such that V(x;w) is in configuration
C after step k). This directed switching network will be correct since it outputs 1 iff (there exists
a path from s to t in G using only edges consistent with x) iff (there exists w such that V(x;w)
accepts) iff A(x) = 1. To define the outgoing edges of node (C, k) when k < K — 1, consider V’s
instruction at line Cp¢:

* Data processing, control flow, or “load”/“store”: (C, k) has an unlabeled edge to (C’,k+1)
where C’ is the configuration after one step of V from C. Caveat: C might load or store at
an address > M, in which case (C, k) won’t be visited on any valid input, but for simplicity
we keep the node and give it no outgoing edges.

* “read Reg[i] < In[Reg[j]]”: Let m = Cregj] and first assume m < N. The node (C, k) has
2V’ outgoing edges labeled by the terms “x,, = a,,,” for all possible words a,, € {0, .
The a,,, edge goes to (C’,k + 1) where C’ is C except Creg(i) = ap, (left padded with Os
if W' < W) and Cjc = Cpc + 1. These edges can be turned into a binary tree of depth
W’ whose edges are labeled with individual literals. If m > N (reading past the input)
then (C, k) has an unlabeled edge to (C’,k + 1) where C’ is C except Cregr;7 = 0 and
Cpc = Cpc + 1.

* “read-witness Reg[i]”: (C, k) has 2" unlabeled edges to the nodes (C’, k + 1) where C’ is
C except Cregyy is anything and Cpe = Cpc + 1.
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* “accept” or “reject”: (C, k) has an unlabeled edge to (C,k + 1).

G is a dag since each edge goes from a layer k to layer k + 1—the layers provide a topological
order. The total number of nodes and edges is 0(2" - K?) < 2005) . (20(5))2 < 20(5), [ ]

Finally, we prove that for every decision problem A, we have A € NL/poly iff A has a poly-size
directed switching network family.

<&: Suppose a poly-size directed switching network family (Gy,s;, t1), (G, 55, t5), ... solves A.
For each N, let the advice ay be the encoding of (Gy,sy,ty). (Now, a stands for “advice,”
not “assignment.”) Define a streaming verifier V' such that on input x of size N and purported
witness w, V/(x; w; ay) runs a log-space streaming verifier V for DIRECTED SWITCHING NETWORK
EvaLuaTioN on input ((Gy, Sy, ty), x) and purported witness w, and outputs the same bit. This
is correct since the directed switching network is correct:

(EIW: V' (x;w;ay) accepts) = (Elw: V((Gy,sn» ty), X3 w) accepts)
< (Gy,sy,ty) outputs 1 on input x
S Alx)=1

The space efficiency of V' is logarithmic in the size of ((Gy,sy, ty), X), which is polyN. Thus
A € NL/poly.

=: Suppose A € NL/poly by a log-space streaming verifier V with advice a;,a,,.... Let B (with
input size M) be the promise problem A wiTH V’s ApvicEe: The input is (x, ay) and the output
is A(x).

B € NL by a streaming verifier V' where V'(x, ay;w) runs V(x;w;ay). This is correct for B:

(EIW: V/(x,ay;w) accepts) = (HW: V(x;w;ay) accepts) < A(x)=1 & B(x,ay)=1

The space efficiency of V' is O(logN) = O(log M).

Thus a poly-size directed switching network family (Gy,sq, t1), (Gy,$5,t5), ... solves B. We
turn this into a poly-size directed switching network family (G{, s, t1), (G5,s5, t5), ... that solves
A. For each N, let M be the size of inputs to B of the form (x, ay), and obtain (Gy, sy, ty) from
(Gum»Sum, ty) by plugging in the bits of N and ay as constants (edges labeled with literals that
evaluate to O are removed, and edges labeled with literals that evaluate to 1 become unlabeled),
leaving only x for the input variables. This solves A since the output of (Gy, sy, ty) on input x
equals the output of (Gy;,sy, tpy) on input (x, ay), which equals B(x, ay) = A(x). The size of
(Gpr>5um> ty), and thus the size of (Gy, sy, ty), is polyM = poly N.
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Exercise 5.22.b:

Lemma. SkEw CirculT EvaLuaTioN € NL.

Proof. Here’s a log-space streaming verifier V for SkEw CIRcUIT EVALUATION on input (C, a) and
purported witness w. A “1 literal” is a literal that evaluates to 1 under a, and similarly for a “0
literal.”

s A
initialize v « C’s output node

repeat:
if v is a 1 literal: accept
if v is a 0 literal: reject
if v is an A gate for which all inneighbors are 1 literals: accept
if v is an A gate for which at least one inneighbor is a 0 literal: reject
if v is an A gate:
update v « v’s unique inneighbor that isn’t a literal
else if v is an V gate:
u < w’s next word
if u isn’t an inneighbor of v: reject
update v < u

J

In the fifth case in the loop, v indeed has exactly one inneighbor that isn’t a literal, because C is
a skew circuit.

By design, V always terminates, and V uses log space since it just remembers v and u
and some pointers into the input. To show that V is correct, we argue that C(a) =1 <&
(HW: V(C,a;w) accepts):

=: Assume C(a) = 1. We claim that some w maintains the invariant that v evaluates to 1 on
input a: This holds initially since C(a) = 1. The fifth case in the loop maintains the invariant
because if v evaluates to 1 then each of its inneighbors evaluates to 1. The sixth case in the loop
maintains the invariant because if v evaluates to 1 then at least one of its inneighbors evaluates
to 1, and u can be such an inneighbor. Since the invariant holds when the loop terminates with
one of the first four cases, it must be the first or third case (since in the second and fourth cases,
v evaluates to 0), so V accepts.

<: Assume C(a) = 0. We claim that every w maintains the invariant that v evaluates to 0 on
input a: This holds initially since C(a) = 0. The fifth case in the loop maintains the invariant
because all of v’s literal inneighbors evaluate to 1 (otherwise V would have rejected in the fourth
case) and so if v evaluates to O then so does its other inneighbor. The sixth case in the loop
maintains the invariant because if v evaluates to 0 then so do all its inneighbors. Since the
invariant holds when the loop terminates with one of the first four cases, it must be the second
or fourth case (since in the first and third cases, v evaluates to 1), so V rejects.

Another perspective on this proof that SkEw CIRcUIT EvaLuaTioN € NL: We show SKEw
CIRCUIT EVALUATION 52” DIRECTED REACHABILITY € NL (Lemma 3.10 and Lemma 3.20) by
mapping (C,a) to (G,s, t) as follows:
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* For each A gate for which all inneighbors are 1 literals, we replace the A gate with constant
1.

* For each A gate for which at least one inneighbor is a O literal, we replace the A gate with
constant 0.

* For each other A gate, we remove all the incoming wires from literals, so the A gate only
retains its incoming wire from a non-literal. An “A gate with fan-in 1” is equivalent to an
“V gate with fan-in 1,” so now the circuit only has V gates.

We define G to be this modified circuit with a new node s having edges to all constant 1s
(including 1s we just created and any remaining literals that evaluate to 1 under a), and where
t is the output node. This log-space mapping reduction is correct since C(a) = 1 iff the modified
circuit outputs 1 iff G has a path from s to t. [ |

Theorem. Every directed switching network is equivalent to some skew circuit that’s only a constant
factor bigger.

Proof. We turn any directed switching network (G, s, t) into a skew circuit C:

* For every node v in G, C has a node g, that will evaluate to 1 on input x iff v is reachable
from s using only edges consistent with x.

* For every edge e = (u,v) in G, C has a node g, that will evaluate to 1 on input x iff e is
consistent with x and u is reachable from s using only edges consistent with x.

To achieve this:

* g, is constant 1.

* For every node v # s in G, g, = \/eqges e into v &e-

* For every unlabeled edge e = (u,v) in G, g, is an alias for g,,.
* For every edge e = (u,v) labeled x; in G, g, = x; A g,.

* For every edge e = (u, v) labeled x; in G, g, = X; A g,.

C’s output node is g,, and so C is equivalent to (G,s, t). Note that C is a skew circuit that’s only
a constant factor bigger than (G,s, t). [ |

Finally, we prove that for every decision problem A, we have A € NL/poly iff A has a poly-size
skew circuit family.

&: Suppose a poly-size skew circuit family C;, C,,... solves A. For each N, let the advice ay
be the encoding of Cy. (Now, a stands for “advice,” not “assignment.”) Define a streaming
verifier V' such that on input x of size N and purported witness w, V/(x; w; ay) runs a log-space
streaming verifier V for SKEw CiRcUIT EVALUATION on input (Cy, x) and purported witness w,
and outputs the same bit. This is correct since the skew circuit is correct:

(EIW s V(x;wiay) accepts) s (EIW : V(Cy,x;w) accepts) = Cy()=1 & A(x)=1
The space efficiency of V' is logarithmic in the size of (Cy, x), which is poly N. Thus A € NL/poly.

=: If A € NL/poly then A has a poly-size directed switching network family (Exercise 5.22.a),
so A has a poly-size skew circuit family as we proved above.
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Exercise 6.1:
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Exercise 6.2: We prove this for NC. The same argument works for AC since the fan-in is
irrelevant.
Assume NC*1 C NC!. We argue that for all £ > i, NC**! € NC’. This implies that for all £ > i,

Nct c Nct! ¢ Net2 ¢ ... € NC'*! € NC!

and thus NC = J,.; NC* € NCL.

Suppose A € NC!*! by a log-space-uniform circuit family C;, Cs, ... of depth O(log"*! N).
Group Cy’s layers into “blocks”: The 0™ block is the literals, the 1% block is the first log'™' N
layers, the 2" block is the next log!*! N layers, and so on. There are J = O(log*! N)/1log!*! N =
O(log!™ N) many blocks. The idea is that because of our assumption NCI*! C NC, each block
can be modified to have depth O(log' N) instead of log'*! N, so the whole modified circuit will
have:

(O(logi N) depth per block) . (O(logz_i N) blocks) = O(log’ N) depth

Formally: If (u,v) is a wire and u is in some block < j and v is in some block > j, we say
(u,v) leaves block j —1 and enters block j. For each j € [J], let W; denote the set of wires
entering block j. Assume Cy’s output node is in block J and has an outgoing “wire” in W; ;.
Note that Wy, ..., W;_; might not be pairwise disjoint, since wires may pass through blocks. For
each j € [J], let Cy ; be the circuit consisting of block j of Cy, with the wires of W; as input
variables and the wires of W;,; as output bits. For each j € [J] and k € [|[W},,]], let Cy ; ; be
Cy,j but with the k™ outgoing wire designated as the 1-bit output.

(call this problem B, with input size M)

Input: N, j, k, an assignment to the wires of W}, and padding to ensure M > N

Output: Cy ;s output on this assignment

B € NC'*! by having parallel copies of all relevant Cn,j,x and selecting the right one for the output
using a mux whose selector is the triple (N, j, k). Thus by assumption, B € NC! by some log-space-
uniform circuit family Ej, E,, . .. of depth O(log' M). Let Dy j x be Ey; for some relevant M but
with the specific values of N, j, k plugged in, so the input is just an assignment to W;. Let Dy ;
be parallel copies of Dy ;  for all k € [|[W;,4|] on a shared input, and note that Dy ; has depth
O(log! M) = O(log’ N). Let Dy be Cy but with Dy ; instead of Cy ; for each j. That is, Dy consists
of Cy’s literals feeding into Dy ; feeding into Dy , feeding into Dy 5 and so on, up through Dy ;.
Then D;, D,,... solves A (since each Dy is equivalent to Cy) and is log-space-uniform and has
depth O(log’ N). Therefore A € NC¢.
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Exercise 6.3: Suppose SQUARING has an AC®/poly-type circuit family. We design an AC®/poly-
type circuit family for MurTIPLICATION, contradicting Theorem 6.7. To compute x - y: First,
an AC%/poly-type ADDITION circuit computes x + y. Then, three copies of the hypothesized
AC®/poly-type SQUARING circuit compute x2, y2, and (x + y)?. Then, two copies of an AC®/poly-
type SUBTRACTION circuit compute (x + y)? — x? — y2 = 2xy. Then, the least significant bit is
dropped to get xy.
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Exercise 6.4.a: Otherwise, every unbounded-fan-in circuit could be turned into an equivalent
semi-unbounded-fan-in circuit that’s only a constant factor bigger, by replacing each A gate with
an V gate surrounded by — gates (like Figure 5.5 but interchanging A and V).
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Exercise 6.4.b: SAC! C AC! is trivial since semi-unbounded fan-in is a special case of un-
bounded fan-in.

To prove NL C SAC!, we adjust the proof that NL € AC! (Theorem 6.9). The circuit is already
almost semi-unbounded-fan-in: The — gates are already on the input variables. When k > 0, each
VBDk = \/c (VB,C,k—l Ave, D,k—l) contributes bounded-fan-in A gates and an unbounded-fan-in
V gate. For certain B and D, vg p  is a width-O(log N) term, whose unbounded-fan-in A gate
can be replaced by a tree of bounded-fan-in A gates of depth O(loglogN).
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Exercise 6.5: Let Dy, D,,...be an NC!-type circuit family computing a mapping reduction from
A to B. Let Ey, E,,... be an NC!-type circuit family solving B. We design an NC!-type circuit
family C;,C,, ... solving A. Say Dy outputs a “query size word” and K “query output words”
for some K € polyN. Let Cy contain Dy, E;, E,,...,Ex. For each M € [K], the input to E,; is
Dy’s first M query output words. Then Cy feeds the outputs of E;, Es, ..., Ex into a mux whose
selector is Dy’s query size word. So Cy(x) = Ej;(y) where y is the actual query of size M on
a valid input x to A. Thus Cy, Cs,... solves A since A(x) = B(y) = Ey(y) = Cy(x). Also, Cy
has bounded fan-in and depth O(log N) (for Dy) plus O(logK) = O(logN) (for Eq,E,,...,Eg in
parallel) plus O(logN) for the mux, and is log-space-uniform.
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Exercise 6.6: It suffices to show BRANCHING PROGRAM EVALUATION <1 FOREST REACHABILITY
since BRANCHING PROGRAM EVALUATION is L-complete (Theorem 6.15). Map (B, a) to (G,s, t)
as follows. As in the proof of Theorem 6.16, define the dag B,, which consists of two disjoint
in-trees rooted at the accept and reject nodes, and note that B(a) = 1 iff the start node is in the
accept node’s in-tree. Let G be B, but ignoring the edge directions—so G is a forest with two
trees—and let s be the start node and t be the accept node. This mapping reduction is correct
since B(a) =1 iff s and t are in the same connected component in G.

To compute this reduction with an NC!-type circuit family—or more generally, to convert any
directed graph to its undirected version—we first convert from the adjacency list encoding to
the adjacency matrix encoding (Lemma 6.18), then change the (u, v) entry to the V of the (u,v)
entry and the (v,u) entry for each pair of nodes (u, v), and then convert the resulting adjacency
matrix to its adjacency list encoding (Lemma 6.19).
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Exercise 6.7: Since CIRcUIT EVALUATION is P-complete (Theorem 5.15), we know that CircurT
EvALUATION € AC! iff AC! = P (Lemma 6.11). To change AC! to NC!, log-space reductions no
longer suffice—we need NC!-type reductions. Specifically: For every problem B that’s P-complete
via <M1, we have B € NC! iff NC! = P. This is analogous to the corresponding fact about L-
completeness (Lemma 6.14). So we just need to prove CIRCUIT EVALUATION is P-complete via
<M1. We already know CirculT EvaLUATION € P (Lemma 5.10). Every A € P has a log-space-
uniform circuit family C;, C,,... (Theorem 5.13), so A <i.1 CIRcUIT EVALUATION by mapping
x of size N to (Cy,x). This is correct since A(x) =1 & Cy(x) =1 < (Cy,x)is a 1-input
of CIrcurT EvaLuaTion. It is NC!-type (indeed, NC°-type) because each query bit is either
hardwired (depending only on N) or a bit of x, and a log-space generator for the reduction
circuit can determine the hardwired bits by running the log-space generator to get Cy.
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Exercise 6.8: For any rooted tree with £ > 2 leaves and where each node has at most two
children, the following algorithm finds a node v with > £/2 leaves such that v’s children v;.; and
Vright Poth have < £/2 leaves.

initialize v « the root
while v has a child with > £/2 leaves:
update v « some child of v with > £/2 leaves

This trivially maintains the invariant that v has > £ /2 leaves. It stops at some v whose children
each have < (/2 leaves. This v must have two children: If v had one child, then the algorithm
wouldn’t stop at v. If v had no children, then v would have 1 < £/2 leaf (namely itself) and so
the algorithm wouldn’t reach v.

It suffices to find a bounded-fan-in circuit C that’s equivalent to ¢ and has depth < 3log,(¥)
(Theorem 6.1.(7)).

( )
balance(y):

if ¢ has only one leaf: return ¢
if ¢ has £ > 2 leaves:
find a node v that has > /2 leaves and vi and vyjg, both have < £/2 leaves in ¢
let C, . < balance(yp, ) and Crgne < balance(govn,ght)
let C,—, « balance(y,—q) and C,—; < balance(y,—;)
return a circuit C with a mux
whose selector is the same gate type as v, applied to the outputs of C,, and C

left Vright
and whose other two inputs are the outputs of C,_, and C,_;
- J

This recursive subroutine maintains the invariant that balance(y) is equivalent to . This holds
by definition for the base cases when ¢ has only one leaf. For non-base cases, the invariant is
maintained because if C, _, Cypgne> Cv=0> Cy=1 are equivalent to ¢, _, Prigner Pr=05 Pv=1, then for
every input x, assuming v is an A gate (the argument is the same if v is an V gate) and letting
b=Cy (NG, ()=, (IAp,  (x) =@, (x) we have C(x) = C,=p(x) = @y=p(x) =
p(x), so C is equivalent to ¢.

Base cases correspond to literals, which contribute nothing to the depth. Each level of
recursion corresponds to a level of muxes, contributing two layers of A and V gates, plus one
more layer for the gates corresponding to the various v gates. If ¢ has £ > 2 leaves, then ¢, _,
Prigne each have < £/2 leaves and ¢,—q, ¢,—; each have < { — (/2 = {/2 leaves since ¢, has
> (/2 leaves. Since ¢ gets multiplied by < 1/2 at each level, each formula passed to a call at
level i has < /217! leaves. Thus the recursion always reaches a base case after < log,(£) levels,
so C has depth < 3log,(¢).

right
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Exercise 6.9.a: Fy(x) = 1 iff there exists an odd i such that x; = 1 and x; = 1 for all even
j < i. Thus we can compute Fy with an unbounded-fan-in depth-2 monotone formula whose
output is an V gate of fan-in [N /2] where each incoming wire corresponds to an odd i and comes
from an A gate of fan-in [i/2] with incoming wires from x; and x; for all even j <i. We convert
each gate to a tree of bounded-fan-in gates of depth < [log(|N/21])] <logN + O(1) as in §6.1.2.
The total depth is < 2logN + O(1).
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Exercise 6.9.b: Let the constant ¢ > 2 be the maximum over all N < 1000 of the minimum
depth of any bounded-fan-in monotone formula for Fy. The following recursive subroutine
maintains the invariant that if N > 3 is odd, then to-formula(N) returns a bounded-fan-in
monotone formula of depth < 1.45log N + ¢ for Fy. Here, L and R stand for “left” and “right.”

( )
to-formula(N):
if N < 1000: return any minimum-depth bounded-fan-in monotone formula for Fy,
R < 0.382N rounded up to an odd integer
L—N—-R+1
¢ « to-formula(L)
Y « to-formula(R)
return @(x; - --x;_10) V (P(xg - xy) A /\evenj<ij)
where /\even j<pXjisa balanced tree of bounded-fan-in A gates
o J

The invariant holds when N < 1000, by definition. To see that the invariant is maintained
when N > 1000, assume the invariant holds for to-formula(L) and to-formula(R). Note that
R < 0.382N +2 < 0.384N and L < 0.618N +1 < 0.619N since N > 1000. Thus ¢ is a
bounded-fan-in monotone formula of depth

1.45logL +c¢
1.4510g(0.619N) + ¢
1.4510g0.619+ 1.45logN +¢
—1+4+1.45logN +c¢

IA AN TN

for F;, and 1) is a bounded-fan-in monotone formula of depth

IA

1.45logR+¢
1.4510g(0.384N) + ¢
1.4510g0.384 + 1.45logN + ¢
< —2+4+1.45logN +¢

IA

for F. Note that A has depth:

even j <L X
[log(LL/2])] < [logL—1] < logL < logN
Thus the formula returned by to-formula(N) has depth:

max(l + depth of ¢, 2+ depth of ¢, 2+ depth of /\evenj< L xj)

max(1—1+1.45logN +¢, 2—2+1.45logN +¢, 2+1logN)
= 1.45logN +c¢

IA

We claim that for all x € {0, 1}, Fy(x) = 1 iff the formula returned by to-formula(N) evaluates
to 1:
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=: Assume Fy(x) = 1, and consider two cases. If there exists an odd i < L such that x; = 1
and x; = 1 for all even j < i, then F(x;---x;_10) = 1 and thus ¢(x;---x;,4,0) = 1. Oth-
erwise, there exists an odd i > L such that x; = 1 and x; = 1 for all even j < i, in which
case Fp(x ---xy) =1 (since relabeling x; - - - xy as y; - -+ yg, we have that i — L + 1 is odd and
Yi—1+1 =1and y; =1 forall even j <i—L+1) and thus ¢(x; ---xy) =1, and /\evenj<ij =1
(sincei > L).

<: Assume the formula returned by to-formula(N) evaluates to 1, and consider two cases. If
@(xq+-x;-10) = 1, then F;(x;---x;_10) = 1 and thus there exists an odd i < L < N such
that x; = 1 and x; = 1 for all even j < i, so Fy(x) = 1. Otherwise, {(x;---xy) = 1 and
/\evenj< 1 Xj =1, in which case Fg(x; ---xy) = 1 and thus there exists an odd i > L such that
x; =1and x; =1 for all even j with L < j <1, and so Fy(x) =1 since x; =1 and x; = 1 for all
even j <1i.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 6 234

Exercise 6.9.c: To compute X,_; - Xg + ¥Y,—1 " Yo, first compute g; = x; A y; (“generate”)
and p; = x; ® y; (“propagate”) for each i. Then, the carry-in to coordinate 0 is ¢y = 0, and the
carry-in to coordinate i € {1,...,n} is

¢ = & V(piciAcig) = gV (Pi—1 A (gi—z \ (Pi—z A ( 8V (Po A Co) e ))))

computed by plugging g;_1p;_18i—2Pi—2 " §oPoCo into a formula for F,; ;. Finally, compute the
sum 2z,---29 by z, =c,and z; = x;® y; ®c; foreachi < n. Since2i+1<2n+1<N+1
where N = 2n is the input size, the formula for Fy;,; has depth < dlog(2i + 1) + O(1) <
dlog(N +1)+0(1) < dlogN + O(1). Computing all g;, p;, and z; just adds O(1) more layers,
so our circuit’s total depth is d log N + O(1).
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Exercise 6.10.a: For any width-w length-{ layered branching program B, we design an equiv-
alent width-2w length-£w oblivious layered branching program B’. Assume each layer of B has
exactly w nodes, by adding dummy nodes if necessary.

Consider any non-output layer of B. Let uy,us, ..., u,, be this layer’s nodes. Let v{,v5,...,V,
be B’s next layer’s nodes. For notational convenience, assume uq,us,...,u, read variables
X1, Xg,...,X,, respectively. (The same argument works for any choice of variables.) To obtain B’,
replace this layer of B with a group of w many layers, thus ensuring B’ has length £w. Each node
in this group’s i™ layer reads x; (or is an unconditional branch, which can just read x; and have
both edges go to the same node as each other), thus ensuring B’ is oblivious.

This group of layers consists of 2w many “lanes” of unconditional branch nodes, thus ensuring
B’ has width 2w: For each i € [w], B has a lane leading to v; in the next group. For each i € [w],
B’ has a lane leading from u; in this group, except that when the lane reaches the layer that
reads x;, then it’s not an unconditional branch: Assuming u; has a 0-edge to v; and a 1-edge to
Vi in B, the node that reads x; in B’ has a 0-edge into the lane leading to v;, and a 1-edge into
the lane leading to v;. Nodes with no outgoing edges (the end of u;’s lane) should be deleted.

B’ is equivalent to B: For every input x, if the computation of B(x) reaches u; and steps to
v;, then the computation of B’(x) reaches u;, waits until the layer that reads x;, and then steps
into the lane leading to v;. Since the computation of B’(x) visits all nodes corresponding to the
nodes that the computation of B(x) visits, B’(x) outputs the same thing as B(x).

Here’s an example with w = 3 and 2w = 6. The dotted edges are where the unconditional
branches in each lane would be, when B’ actually has a conditional branch instead.

o
OO0 O .¢
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Exercise 6.10.b: We use the same construction from Exercise 6.10.a but delete all unreachable
nodes. In the group’s i layer, we only keep the nodes in the lanes of u;, u; 1, ..., u,, of which
there are w—i+1, and the nodes in the lanes of all v; that have an edge from any of uy, uy, ..., u;_4
in B, of which there are < min(2(i—1), w) since each of u;, u,, ...,u;_; has only 2 outgoing edges
in B. Thus the group’s i layer has < w—i+1+min(2(i —1), w) many nodes. When 2(i—1) < w,
thisisw—i+14+2(i—1)=w+i—1<w+Ww/2+1)—1=1.5w. When 2(i — 1) > w, this is
w—i+l4+w=2w—i+1<2w—(w/2+1)+1=1.5w. Thus B’ has width < 1.5w. Since the
width is an integer, it is < |1.5w].
Here’s the revised example from Exercise 6.10.a with w =3 and |1.5w| =4.
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Exercise 6.11.a: For starters, MAJORITY € L by a program that sums the N input bits and com-
pares the sum to N /2, so MAJORITY has a poly-size branching program family (Theorem 5.24).
These branching programs are already almost layered—except for unconditional branches to
output nodes—but we can turn them into poly-width poly-length layered branching programs
anyway (Theorem 6.25).

To confirm that this only needs linear width and linear length, we explicitly describe a layered
branching program family Bq, B, ... for MajsoriTy. For simplicity, we let By have width N + 1,
where the nodes in each layer are numbered 0,1,...,N. For each i € {1,...,N}, all nodes in
layer i read x;, and for each j € {0,...,N — 1}, node j in layer i has a 0-edge to node j in
layer i + 1 and a 1-edge to node j + 1 in layer i + 1. The start node is node 0 in layer 1. Thus
the computation of By(x) visits node j in layer i iff 2;1;11 Xy, = j. Since MajorITYN(Xx) = 1 iff
21,2’:1 xp, > |N/2], nodes0,1,...,|N/2] in layer N + 1 unconditionally branch to the reject node,
and the rest unconditionally branch to the accept node. Thus By computes MAJORITYy.

Actually, we only need width [N /2] + 2 because we can turn nodes |[N/2]|+ 1 in all layers
into a lane of nodes (each unconditionally branching to the next) leading to the accept node,
and discard nodes [N/2|+2,...,N in all layers. This is because once |[N/2|+ 1 many 1s have
been seen in x so far, the output will be 1 regardless of the rest of the input.
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Exercise 6.11.b: MaJjoriTy € NC! by using an NC!-type circuit for ITERATED ADDITION
(Theorem 6.6) to sum the input bits, and then an NCl-type circuit to check whether the sum is >
IN/2] (§5.2.5). So MaJoriTY has a bounded-fan-in log-depth formula family (Theorem 6.1.(i))
and thus also a constant-width poly-length layered branching program family (Theorem 6.28).
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Exercise 7.1: EZE € NP because given a € Z} as a purported witness, a poly-time verifier can
evaluate ¢(a) and accept iff it equals 1.

It suffices to show 3-SAT S;” EZE since 3-SAT is NP-complete (Theorem 2.11). Map an n-
variate 3-CNF 1) to an n-variate arithmetic formula ¢ as follows: For any variable x;, let X; also
denote the arithmetic formula 1— Xx;. For each clause ({; V {; V {;) = ﬂ(E_iAE_j/\a) in v, have a

factor (1 —(¢;- Z . E)) in . For example:

Y =(x; VI Vx3) ARG VXgVXs) = ¢ =(1—(1—x1)x(1—x3))(1—x3(1—x4)xs)

This poly-time mapping reduction is correct since y(a) = ¢(a) for all a € {0,1}" and thus 1 is
satisfiable iff there exists a such that ¢(a) =1.
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Exercise 7.2.a: As in the formula setting (§ 7.1.2), we define CIRCUIT POLYNOMIAL ZERO
TESTING (CPZT) and reduce from CPIT to CPZT in linear time by mapping (C,D) to C —D. We
show CPZT € coRTIME[N], which implies CPIT € coRTIME[N]. On input (p, C), the algorithm
picks an assignment uniformly at random, evaluates C on it, and accepts iff C evaluates to 0. If
C is identically zero then the algorithm accepts with probability 1. Otherwise, the polynomial
expressed by C has < (p/3)p™ ! many roots (Lemma 7.1), so the algorithm accepts (errs) with
probability < (p/3)p™1/p" =1/3.

We just need to show that ARiTHMETIC CIRcUIT EVALUATION has a linear-time algorithm.
(This is a function problem, not a decision problem, since the output is an element of Z,.)

ARITHMETIC CIRCUIT EVALUATION
Input: Prime p < N, n-variate arithmetic circuit C over Z,, and assignment a € Zy
Output: C(a)

Our algorithm is like the one for CircuIT EvaLUATION (Lemma 5.10):

(topologically order C’s nodes vy, vy, ..., Vy, N
fori < 1,2,...,k where vy is the output node:
if v; is an input node x;: value[i] < q;
if v; is a constant node c: value[i] « c
if v; is a + gate with wires from v;, and v;: value[i] < value[h] + value[ j]
similarly if v; is a — or - gate
output value[ k]
o J
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Exercise 7.2.b: Suppose for contradiction that P and Q are distinct multilinear canonical-form
polynomials that both agree with f: {0,1}" — {0,1}. Then P —Q is a nonzero multilinear
canonical-form polynomial and (P —Q)(a) = P(a)—Q(a) = f(a)— f(a) =0 for all a € {0, 1}".
Consider any smallest set S C [n] such that ]_[l.es x; has a nonzero coefficient ¢ in P — Q. Define
a€{0,1}"bya;=1foralli €S and a; =0 for all i ¢ S. The monomial c [ [, x; evaluates to
¢[ [.ics @; = ¢, and each other monomial b [ [,; x; with b # 0 evaluates to b ] [, a; = 0 since
T contains some i € S (by the minimality of S). Thus (P —Q)(a) = ¢ # 0, a contradiction.
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Exercise 7.2.c:  We show ROBP EQ <7 CPIT, which implies ROBP EQ € coRP since CPIT € coRP
(Exercise 7.2.a). Map (A, B) to (p, C, D) where p is a prime between 3n and 6n (which exists and
can be found in polyn time by trying every possibility and testing whether it’s prime by trying
all possible divisors) and C is defined from A (and D is defined from B) like the conversion of
branching programs to logic circuits (Theorem 5.22.(7)):

Every node v in A has an associated node g, in C. If v is A’s start node, then g, is C’s output
node. If v is A’s accept node, then g, = 1. If v is A’s reject node, then g, = 0. If v is a node of
A labeled by variable x; and with 0-edge to u and 1-edge to w, then g, = (1 —x;) - g, + X; * &,-
Since A is a dag, C is a dag.

We claim that C agrees with A (and D agrees with B): For every a € {0,1}" and every node
v in A, the value of g, in C is what A would output if v were the start node, so C(a) = A(a).

Since A and B are read-once, the canonical-form polynomials of C and D are multilinear
and have total degree < n < p/3, so (p,C,D) is a valid input to CPIT. To show this poly-time
mapping reduction is correct, we argue that A and B are equivalent iff C and D are identical:

=: If A and B both compute f: {0,1}" — {0, 1}, then C and D both agree with f. Since the
canonical-form polynomials of C and D are multilinear, they are the same (Exercise 7.2.b), which
means C and D are identical.

«: If A and B are not equivalent then C and D are not identical.

Technicality: Our definition of CPIT requires p < N. In case 6n > N, we could tweak CPIT
to allow padding or allow p < N,
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Exercise 7.3: The algorithm still picks x € {0, 1}" uniformly at random and accepts iff A(Bx) =
Cx. With some O(log N) word size, each intermediate calculation’s result fits in one word. To
analyze the algorithm, we first adapt the random subsum principle (Lemma 7.2):

Lemma. Assuming x € {0, 1}" is sampled uniformly at random:

() Pr[v-x=0]<1/2 forall v e Z" such that v # 0™
(i) Pr[v-x =w-x]<1/2 forall v,w € Z" such that v # w.

Proof. (i): Let i be an index such that v; # 0 (it doesn’t matter which one). Consider any
partners y,z € {0,1}", meaning y; =1 and z; =0 and y; = z; for all j #i. Then y —z has a 1 at
index i and Os everywhere else. By linearity, (v-y)—(v-z) =v-(y —2) = v; # 0. This means
vy # v -2, so at most one (perhaps neither) of them is 0. Partitioning {0, 1}" into partner pairs,
we see that v - x = 0 for at most half of all x € {0, 1}".

(i): If v # w then v —w # 0", so by linearity and (i):
Prlv-x=w-x] = Pr[(v-x)—(w-x)=0] = Pr[(v—w)-x =0] < 1/2 n
Now, we analyze the algorithm’s correctness. If AB = C then the algorithm accepts with

probability 1. If AB # C then some row i of AB is different from row i of C, so by (ii) applied to
the vectors (AB); # C;:

Pr[algorithm accepts] = Pr[(AB)x = Cx]

Pr[ ((AB)x); = (Cx);]
Pr[(AB);-x =C;-x]
1/2

A

IA
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Exercise 7.4: Suppose A € NP by a verifier V with time efficiency < T = c¢N¢ (for integers c, d)
and log-bounded word size W. By the definition of running time for verifiers, V accesses at most
the first T words of its witness segment. Then A € PP by this poly-time randomized algorithm:

. )
on input x:

run V(x;w) for a uniformly random w € ({0,1}"")7

if it accepted: accept

toss TW + 1 coins and view the outcome as a binary number r € {0,1,...,2T"*1 —1}
if r > 2T accept

reject
. J

If A(x) = 0 then V(x;w) accepts with probability 0, so this algorithm accepts iff r > 2TW
which happens with probability (27" —1)/2TW*!l =1/2—-27TW-1 < 1/2.

If A(x) = 1 then V (x; w) accepts with probability > 1/27W so by the law of total probability,
this algorithm accepts with probability:

B

Pr[V(x; w) accepts] -1+ Pr[V(x; w) rejects] -Pr[r >2T"]

> 27 TW. 14 (1—27TW). (271 =27 TW-1)

— 2—TW + (2—1 _ 2—TW—1 _ 2—TW—1 + 2—2TW—1)
= 1/2+272TW=1

> 1/2
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Exercise 7.5: This is trivial for n = 1 since 1e” = 1, so assume n > 1. Let A be the event that
each element of [n] appears exactly once. For each j € [n], let A; be the event that j appears
exactly once. By the chain rule:

Pr[A] = Pr[A,NA,_1NA,_sN--NA,]
= Pr[An] ’ Pr[An—l |An] : Pr[An—Z |An n An—l] T PI‘[A2 |An NA,—1N---N A3]

Foreachj€{2,...,n}, Pr[A;|A,NA,_1N---NA; ] equals the probability that j appears exactly
once in a uniformly random element of [ j]’, because after conditioning on A, NA,_1N---NA;,,
we can omit the coordinates having the unique occurrences of n,n—1,...,j+ 1 and re-index
the remaining coordinates with [j], and the tuple of values in those coordinates is uniformly
distributed over [j]’. The probability that j appears exactly once in a uniformly random element
of [jJ is

/DA =1/jy7 = 4 -1/jY < 5 = et

since there are j possible coordinates for the unique occurrence of j, and probability 1/j that j
occurs there, and each of the other j — 1 coordinates has probability 1—1/j of not being j (and
using Fact 7.6 with x =—1/j). Thus:

n -1, nzl -1 n=2,-1 2,-1 _ ,,—(n-1)
Pr[A] < S5e - e - =5e 7€ = ne
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Exercise 7.6: <: Assume there exists such a I, say with time efficiency T and word size W’. For
any input size N, let R C ({0, 1}W/)T be the set of all r such that V valid x of size N : II(x;r) =
A(x). By assumption, Pr.[r € R] > 2/3. For every valid x of size N, since I1(x;r) = A(x) for all
r € R (and possibly for some other r), we have Prrl:l'l(x; r)y= A(x)] > Pr.[r €R] >2/3. Thus
IT shows that A € BPP.

=: This is like the proof of BPP C P/poly (Theorem 7.9). Suppose A € BPP and A has word size
W = 0(logN), so inputs of size N are in ({0, 1}'V)N. By amplification (§7.3.2), A has a poly-time
randomized program IT with error probability < 27¥W /3. Say IT has time efficiency T and word
size W’. For any input size N, the randomness r is uniformly distributed over ({0, 1}W,)T. For
each valid input x of size N, let B, = {r s (x;r) # A(x)} be the “bad” event that II errs on
input x. There are at most 2NW valid inputs x of size N, and Pr[B, ] < 27NW /3 for each such x,
so by a union bound:

Prr[ﬂV valid x of size N : TI(x;r) = A(x)] Pr[Uvalid + of size N BX]

Zvalid x of size N Pr[Bx]
2NW . 2—NW/3
1/3

IA I

IA

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 7 247

Exercise 7.7.a: S,P C X,P because if A € S,P by a 2-witness verifier V, then A € X,P by the
same V:

Ax)=1 > (Elw1 Ywy @ V(x;wi;wy) accepts)

A(x)=0 = (Elw2 Yw; @ V(x;wq;w,y) rejects ) = (le dw,y 1 V(x;wq; wy) rejects )
S,P C M,P because S,P is closed under complement: If A € S,P by a 2-witness verifier V, then
A € S,P by the 2-witness verifier V’(x; w,; w;) = V(x; wy; w,) that interchanges w, and w,, and
outputs the opposite bit as V does:

A)=1 = (Elwz Ywi @ V(x;wq;w,y) rejects ) = (EIWZ Ywy @ V/(x;wy;wq) accepts)

Ax)=0 = (Elwl Ywy 1 V(x;wi;wsy) accepts) = (Elwl Yw, 1 V/(x;wy;wy) rejects )
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Exercise 7.7.b: Suppose A € BPP, say A € BPTIME[NY] for an integer d. By amplification, A
has a 1/N9*1-error randomized program IT with time efficiency < T = cN9logN (for an integer
¢) and log-bounded word size W. Define a 2-witness verifier V(x;s;1):

e s=(sy,...,5;) where each s; € ({0, 1})T for k = TW.

* r=(ry,...,7¢) where each r; € ({0,1}"")" for £ =kTW.

* V(x;s;r) runs I(x;r; @s;) for each i and j, and accepts iff Vj Ji: TI(x;r; &s;) accepts.
Assuming A(x) = 0, we show that 3r Vs : V(x;s;r) rejects. In the proof of Theorem 7.10,

we showed that Vs Prq[EIi 2 I(x;q @s;) accepts] < 1/3 for uniformly random q € ({0, 1}")T.
For uniformly random r:

Prr[Els Vjdi: Mx;r; &s;) accepts]

< Zs Prr[Vj di: (x;r; ®s;) accepts] (union bound)
= 211 Prrj[EIi : TI(x;7; ®s;) accepts | (rq,...,r; are independent)
< .11 ;1/3 (r; is uniformly distributed)
= 2KWy/3t <1

Thus 3r Vs (Elj Vi: (x;r; ®s;) rejects).
Assuming A(x) = 1, we show that 3s Vr : V(x;s;r) accepts. In the proof of Theorem 7.10,
we showed that 3s Yq (Eli : M(x;q@s;) accepts). Thus 3s Vr (Vj di: (x;r; ®s;) accepts).
Since V has time efficiency O(k{T), we have A € S,TIME[N*?log’ N] C S,P.
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Exercise 7.8: The output V gate has N¥ incoming wires corresponding to tuples of “shift
amounts” s = (sq,...,5;) €{0,1,...,N —1}X. The s wire comes from an A gate with N incoming
wires corresponding to indices r € {0,1,...,N —1}. The r wire comes from an V gate with
k incoming wires corresponding to values of i € [k]. The i wire comes from x, ., , where the
subscript is actually (r +s;) mod N but we elide the “mod N”. This monotone formula has depth
3 and size N'0gN+0(1),

Suppose x has < N /k many 1s. For every s:

Prr[ﬂi D Xpys, = 1] < ZiPrr[eri = 1] (union bound)
< >;1/k (r +s; is uniformly distributed)
=k-1/k =1

Thus Vs 3r Vi: x.., =0, so the formula outputs 0.
Suppose x has < N/k < N /2 many 0s. For uniformly random s:

Pr,[3r Vi: x4, =0] < > Pr[Vi: x4, =0] (union bound)
= > 11Prg [xrﬂi =0] (s1,...,5; are independent)
<> 111/2 (r +s; is uniformly distributed)
=N/2k <1 (k=[logN1)

Thus s Vr 3i: x,.,, =1, so the formula outputs 1.
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Exercise 7.9: <: If PH = ZPP then NP C PH C ZPP C coRP (Lemma 7.3).

=: Assume NP C coRP. We have NP C BPP (since coRP € BPP), which implies NP € RP
(Theorem 7.11) and thus NP € RP N coRP = ZPP (Lemma 7.3). We also have NP C coNP
(since coRP C coNP), which implies PH € NP (Theorem 4.23 and Exercise 4.11). In summary,
PH € NP C ZPP, and since ZPP C RP € NP C PH holds no matter what, we conclude that
PH = ZPP.
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Exercise 7.10: Suppose A € CL by a catalytic program II with L lines, R registers, and log-
bounded word size W. Let M = 2" < polyN, so only the first M work segment words are
addressable. A configuration is 1+R+ M words representing the program counter, all R registers,
and the work segment’s first M words.

Consider the randomized program I1” with word size W that copies the randomness segment’s
first M words to the work segment, and then runs I1. That is, IT’(x; r) = II(x; r) where I1(x;r)
denotes IT with the work segment initialized to r. Then IT’ always outputs the correct bit since
IT does. We claim that for every valid input x, E[running time of I1’] < poly N, which implies
A € ZPP (Theorem 7.15).

As usual, the computation of II(x;r) doesn’t repeat any configuration, since otherwise it
wouldn’t terminate. The key observation is that if r # s, then the computations of IT(x;r) and
I1(x;s) have no configuration in common. This is because otherwise, the computations would
proceed in the same way after that common configuration and therefore terminate with the same
work segment contents as each other, contradicting the fact that I1(x;r) terminates with r in
the work segment and IT(x;s) terminates with s in the work segment. Thus:

Zr(running time of IT(x; r)) Zr(number of configurations of IT(x;r) minus 1)

< Zr(number of configurations of T1(x; r))

< total number of possible configurations
— L2(R+M)W

Since each of the 2¥"W outcomes r has probability 2~MW:

2~MwW Zr(running time of IT(x; r))
2—MW . L2(R+M)W

Er[running time of TI(x; r)]

IA

L 2RW
20(logN )

IA

poly N
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Exercise 7.11: Let X; be the indicator random variable for the event that the i coin is heads.
Let p; = E[X;] be the i™ coin’s heads probability. Let the random variable X = >, X; be the
number of heads. By linearity of expectation, E[X] = Z?:l E[X;]= Z?:l p;. Since the tosses are
independent,

Prlgetall tails] = [[_,(1—p;) < [[,e? = e 2P = e ElX]

by Fact 7.6.
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Exercise 7.12: Define p; = E[X;] for each i, so E[X] = p; +- -+ p,, by linearity of expectation.
As in the proof of Lemma 7.20,

Pr[X > E[X]+yn] = Pr[X —E[X]>yn] = Pr[ea(X_E[XD >el"] < E[ea(X_E[XD]/an”
and

E[ea(X—E[X])] — E[ea((Xl_Pl)+"'+(Xn_pn)):| = E[ea(xl_pl)...ea(xn_pn)] =TT E[ea(Xi_pi)]

i=1
and E[ea(xi_pi)] < e%"/4 for each i because 0 < X; < 1 implies that X? < X; and thus:
Var(X;] = E[X?]—E[X;)* < E[X,]-E[X,* = pi—p! = p(1—-p;) < 1/4
Combining everything and choosing a =2y < 1:
2

Pr[X 2E[X]+)/n] < @/ jeurn = o~(ar=a*/4n — or’n

Pr[X <E[X]-— yn] < e " follows by applying the above ton —X = (1 —X;)+--- + (1 —X,)).
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Exercise 7.13.a: Consider an infinite random walk from v (not from u). Let the random
variable X be the number of steps to return to v. By the theorem stated in the exercise, E[X] =
2|E|/ deg(v). For each neighbor w of v, let A,, be the event that the walk’s first step goes to w,
so Pr[A,,] = 1/ deg(v). By the law of total expectation:

1
E[X] = Zedges {v,w} PI‘[AW] ) E[X |AW] = deg(v) Zedges {v,w} E[X |Aw:|

Combining these, we have Zedges wv.wy E[X |A,, ] = 2|E| and thus E[X |A,] < 2|E|. The expecta-
tion of the number of steps for an infinite random walk from u to visit v equals E[X |A,]—1 <
2|E| — 1 where the — 1 is because X counts the first step (from v to u) but we just want to count
the remaining steps (from u back to v).
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Exercise 7.13.b: Consider a path s = vy —v; —vy— -+ — v, =t of length £ < n. Partition
an infinite random walk from s into £ + 1 phases: For i € {1,...,£}, the i® phase is the steps to
reach v; after the (i — 1) phase (or from the beginning if i = 1), and the (£ + 1)* phase is the
rest of the walk. For i € {1,...,£}, let the random variable X; be the number of steps in the ith
phase. Let X = X; +--- 4+ X,. By linearity of expectation and Exercise 7.13.a:

E[steps to visit t] < E[X] = E[X;]+---+E[X,] < £(2|E|—1) < 2n|E|
By Lemma 7.13:

Pr[don’t visit t within first 6n|E| steps] < E[steps to visit t]/6n|E| < 1/3
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Exercise 7.14.a: Leta =), _,indeg(i) and b = >, outdeg(i) and ¢ = a—b. For every edge
(x,y)€E:

* If x€ U and y € U then (x, y) contributes 1 to a and 1 to b and thus 0 to c.
* If x € W and y € W then (x, y) contributes O to a and 0 to b and thus 0 to c.
e If xeW and y € U then (x, y) contributes 1 to a and 0 to b and thus 1 to c.
* If x € U and y € W then (x, y) contributes O to a and 1 to b and thus —1 to c.
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Exercise 7.14.b: We give a contrapositive proof. Consider any balanced directed graph G =
(V,E). Suppose G is not strongly connected, so some node k is unreachable from some node h.
Let U be the set of all nodes reachable from h, and let W =V \ U. Then U and W partition V
and are nonempty since h € U and k € W. We must have EN(U xW)=0,s0o EN(W xU) =10
because

[EN(W x U)|—|EN(U xW)| = >,;cyindeg(i) — ..y outdeg(i) = 0

by Exercise 7.14.a and the balanced property of G. In the undirected version of G, there’s no
edge between U and W, so k is unreachable from h. Therefore G is not weakly connected.
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Exercise 7.14.c: Map (G,s,t) to (H,s,t) where H is G but ignoring edge directions and re-
taining only one copy of any resulting multi-edges. To show this log-space mapping reduction is
correct, we argue that G has a path from s to t iff H has a path from s to t:

=: If G has a path from s to t, then the corresponding undirected edges in H are a path from s
to t.

<: Suppose s and t are in the same connected component of H. This component is weakly
connected in G and therefore strongly connected since G is balanced (Exercise 7.14.b). Thus G
has a directed path from s to t.

BALANCED DIRECTED REACHABILITY SL“ UNDIRECTED REACHABILITY € RL (Theorem 7.24),
so BALANCED DIRECTED REACHABILITY € RL by running a log-space randomized program for
UNDIRECTED REACHABILITY on the query (H,s, t) and using the reduction to (re)compute each
word of the query whenever it’s needed, as in Lemma 1.15.
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Exercise 7.14.d: Like in Lemma 7.31, it suffices to show > o0 i jy(x; — ¥;)% = [lx]1>/2n?
where y = xT, and we know there exist nodes h and k such that x;, — x; = ||x||/+/n. Since G’ is
strongly connected, there exists a path from h to k. Renumbering the nodes, we assume h = 1
and the path is:

1-2—-53—>--->k

Since each node has at least one self-loop, we can also consider self-loops on nodes 2,...,k:

Q Q Q

1-2->53—>.--->k

Let K = 2(k — 1) < 2n be the number of edges on this walk. The contribution of these edges to
.ok
Zedges a, (i —y;)is Zizz((xi—1 — ¥+ (x; = y:)?)-

2
Zedges (i,j)(xi - yj)

> (x1— Yo+ (o —x2)* + - + (1 — Y )* + (e — x)?

> L (1xy = yal + 2 — Xl + - + oy — yiel + ye — xil)° (Corollary 0.27)
> LG —y2) + (o —x) + -+ Goey —yi) + e — x| (Lemma 0.28)
= %(Xl—xk)z

> L(|Ixll/vR)>?

> ||x|[2/2n?

Corollary 0.27 and Lemma 0.28 used the vector (x; — Yo, Yo — X9, «++» Xke1 — Yi» Vi — Xk)-
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Exercise 7.14.e: Consider any weakly connected balanced directed n-node graph G and any
nodes s # t. By Exercise 7.14.b, G is strongly connected. Define G’ from G by adding enough
self-loops so each node has outdegree n and indegree n (which is possible since G is balanced
and has no multi-edges or self-loops). In particular, each node has at least one self-loop in G’.

We prove that in G’, a (12n*log n)-step random walk from s visits t with probability > 2/3.
This implies the same for the non-lazy random walk in G. As in the proof of Lemma 7.27:

* Exercise 7.14.d implies that A(vT) < e/ 2”SA(V) for every distribution vector v.

e Letting £ = 4n®logn, this implies that for every node q in G’, an {-step random walk from
g ends at t with probability > 1/2n.

* This implies that a 3nf-step random walk from s visits ¢t with probability > 2/3.
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Exercise 7.15: BPL C BP*L because we can create a new register raddr and substitute:

read-rand Reg[i] ~AAAS read-rand Reg[i] « Rand[raddr]
let raddr < raddr + 1

We may also need to increase the word size so raddr doesn’t wrap around. Since the original
log-space randomized program is poly-time, we only need O(log N) word size for raddr.

BP*L C L/poly by essentially the same proof as BPP C P/poly (Theorem 7.9): Suppose
A € BP*L and A has word size W = O(logN), so inputs of size N are in ({0,1}")¥. We
amplify such a program to have error probability < 27¥W by running it O(N'W) times, with fresh
randomness each time, and accepting iff a majority of the runs accept. If the original program
has time efficiency < T = cN¢ (for integers c, d), then the new program changes each “read-rand
Reg[i] < Rand[Reg[j]]” instruction to read from address (k—1)- T +Reg[j] during the k™ run
of the original program. This ensures the runs are independent of each other. The new program
IT is still log-space. By a union bound, there exists an outcome r such that I1(x;r) = A(x) for
every valid x of size N. Treating this r as advice for input size N (and adjusting II to read r from
the advice segment), we obtain a log-space nonuniform program for A, so A € L/poly.
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Exercise 7.16: This is similar to the proof that NP C BPP iff NP = RP (Theorem 7.11).
&: If NL =RL then NL C RL C BPL.

=: Assume NL C€ BPL. To show NL = RL, it suffices to show DIRECTED REACHABILITY € RL since
DIRECTED REACHABILITY is NL-complete (Theorem 3.13). We have DIRECTED REACHABILITY
SEARCH Sg DIRECTED REACHABILITY (Theorem 1.22) and DIRECTED REACHABILITY € BPL,
so DIRECTED REACHABILITY SEARCH has a log-space randomized program that outputs a path
from s to t with probability > 2/3 if one exists (by combining the proofs of Lemma 1.18 and
Lemma 7.8). Consider this log-space randomized program for DIRECTED REACHABILITY on input

(G,s, t):

run the randomized program for DIRECTED REACHABILITY SEARCH on input (G,s, t)
if it output a walk of length < n—1 from s to t: accept
else: reject

If t is reachable from s, this program accepts with probability > 2/3. If t is unreachable from s,
this program accepts with probability O.
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Exercise 7.17: Assume the classes only contain total problems. Assume P = NP. Then P = %,P,
as explained in §7.9.2. Since BPP C 3,P (Theorem 7.10), we have BPP C P and of course
P C BPP.
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Exercise 7.18.a: A € BPP by a randomized program IT where II(x;wq,w,) runs V(x;wy;wy):

Ax)=1= Prwl[PrW2|:V(x;w1;w2) accepts] = 1] >2/3

= Pr,, ,,[[1(x;wy, w,) accepts | > 2/3

A(x)=0 = Prwl[PrWZ[V(x;wl;wz) rejects] > 2/3] =1
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Exercise 7.18.b: We prove that the third level collapses to BPP. The same argument can be
repeated to prove that each higher level also collapses. Assume A has a poly-time 3-witness
verifier V such that:

AxX)=1 = (§w1 Yw,y ng s V(x;wyywoyws) accepts)

A(x)=0 = (VW1 §W2 Yws : V(x;wq; wy; ws) rejects )

This promise problem captures the final two “quantifiers”:

(call this problem B)

Input: Valid input x to A, and w; such that either:
(sz dws : V(x;wq;wy;ws) accepts) or (Elwz Yws: V(x;wyi;wa;ws) rejects)

Output: Is it true that Yw, Jwsy : V(x;wq; wy; w3) accepts?

B is in the complement of the second level, by a 2-witness verifier V/ where V'(x, w;; wq; w3)
runs V(x;wy;wq; w3). By Exercise 7.18.a and amplification, B € BPP by a 1/6-error randomized
program I1. Then A € BPP by a randomized program I1’ where IT'(x; wy, ) runs II(x, wy;1):

A(X) =1 = §W1 . B(x7W1) =1
= Pr, [Pr,[II(x,w,;r) accepts| > 5/6] > 2/3
= Pr,, [II'(x;wy,r) accepts]| > 5/9

A(x)=0 > Yw : B(X,Wl) =0
= Prwl[Prr[H(x,wl; r) rejects] > 5/6] =1
= Prwl,r[n/(x2 wi,T) rejects] >5/6

By amplification, the error probability can be decreased from 4/9 to 1/3.
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Exercise 7.19: <«: If BPP = ZPP then RP € BPP C ZPP C coRP (Lemma 7.3) and similarly
coRP C RP.

=: Assume RP = coRP. Since ZPP C BPP, it suffices to prove BPP C ZPP. Since ZPP = RPN coRP
(Lemma 7.3) and BPP is closed under complement, it suffices to prove BPP C RP.

Suppose A € BPP. As noted in §7.9.2, the proof of Theorem 7.10 yields a poly-time 2-witness
verifier V(x;s;r) such that:

Alx)=1 > (ﬁs Vr: V(x;s;r) accepts)
A(x)=0 > (\7’3 Ir: V(x;s;r) rejects )

(call this problem B)

Input: Valid input x to A, and s such that either:
(‘v’r 2 Vx;s;r) accepts) or (Elr : V(x;s;r) rejects)
Output: Is it true that Vr : V(x;s;r) accepts?

B € coRP by a randomized program IT where I1(x,s;r) runs V(x;s;r). Thus B € RP by a
randomized program IT'. Assume II’ clocks itself so it terminates in poly time even on invalid
inputs. Then A € RP by a randomized program IT” where IT”(x;s,q) runs IT'(x,s; q):

A(x)=1 = 3s: B(x,s)=1
= Pr,[Pr,[IT'(x,s;q) accepts]| > 2/3] > 2/3
= Pr,,[11"(x;s,q) accepts] > 4/9

A(x)=0 = Vs: B(x,s)=0
= Pl‘s[Pl‘q[H/(X,s;q) rejeCtS] = 1] =1
= Pr,[11"(x;s,q) rejects| = 1

By amplification, the error probability can be decreased from 5/9 to 1/3.
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Exercise 7.20.a: Assume P = BPP. Since CIRcUIT GAP MaJORITY € BPP C P, CiRcUIT GAP
MajoriTy € TIME[N‘] for some c. For every A € BPTIME[N], we have A <! CIrcuIrT GaAP
MAJORITY via a quasi-quadratic-time reduction, because the proof that CiIrRcurTr GAP MAJOR-
ITY is BPP-complete (Lemma 7.39) uses the quasi-quadratic-size circuits from Theorem 5.11.
Combining the reduction with the program for CiIRcurT GAp MAJORITY, we have BPTIME[N ] C
TIME[(N?2 polylog N)°] € TIME[N2*1]. So we can take d = 2¢ + 1.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 7 268

Exercise 7.20.b: Assume P = BPP for promise problems. Let d be such that BPTIME[N] C
TIME[N d] (Exercise 7.20.a). By the deterministic time hierarchy (Theorem 4.7, which holds for
total problems), TIME[N9*1] & TIME[N] and thus BPTIME[N?*!] & BPTIME[N].

The rest of the proof mirrors Theorem 7.42. Suppose for contradiction BPTIME[]Xr ‘1‘]

BPTIME[N] for some a > 1. We may assume a is rational. By padding, BPTIME[N® ]
b
BPTIME[n® ] for every integer b > 0:

N 1N

A € BPTIME[N®""] A € BPTIME[N ]
U f
Apad € BPTIME[M®] = Apad € BPTIME[M]

where M = pad(N) = |—N“b-|. Let k be an integer such that a* > d + 1. Then
BPTIME[N®*!] C BPTIME[N‘] C BPTIME[N® '] C --- C BPTIME[N%] C BPTIME[N]

which is a contradiction.
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Exercise 7.21: Like VERIFIER INTERPRETATION WITH WITNESS € TIME[N ] (Lemma 4.14), we
have INTERPRETATION WITH RANDOMNESS € TIME[N ]: An interpreter for randomized programs
(where the code I has “read-rand” instructions) just needs an extra register to remember which
address of r will be read next.

INTERPRETATION WITH RANDOMNESS
Input: Tight code I, W <logT, x € ({0,1}")™, r € ({0,1}")T

Output: Does Iy, (x;r) accept within T steps?

Let c and d be rational numbers with a > ¢ > d > b. We show that the following promise
problem B is in BPTIME[N®] € BPTIME[N?] but not in BPTIME[N] 2 BPTIME[N?].

(call this problem B, with input size N)
Input: Tight code I of size L, e such that 10 <e < (c—d)logL, padding of size J

Output: Let K = 2L LetJ’=J +1ifJ <K, and J’ = 0 otherwise.
Let x = (I, e, padding of size J’) of size M. Let T = M and W = d logM +e.
Letp = Pr[IW(x ;1) accepts within T steps] over uniformly random r € ({0, 1}")7.

1 if p>2/3
If J <K: outputis { 0 ifp<1/3
undefined if1/3<p<2/3

|1 ifp<1/2
Else: output is ]
0 ifp>1/2
( N
compute K, x, T, W as in B’s definition

if J <K:
sample a uniformly random r € ({0,1}")7
run the program for INTERPRETATION WITH RANDOMNESS on input (I, W, x,r)
output the same thing
else:
for each r € ({0, 1}")T:
run the program for INTERPRETATION WITH RANDOMNESS on input (I, W, x, 1)
if it accepted for at most half of all r: accept
else: reject

J

B € BPTIME[N¢]: The above randomized algorithm is correct by definition. Computing T
and W takes time O(logN) since ¢ and d are rational. The J < K case takes time O(N°¢) since
the input to INTERPRETATION WITH RANDOMNESS has size 4+ L+ M + T = O(M°) = O(N°).
For the J > K case, there are 27" iterations, each of which takes time O(L¢) since the input to
INTERPRETATION WITH RANDOMNESS has size 4+ L+ M+ T = O(M¢) = O(L®), so this case takes
time 2TV . O(L¢) = 200t 10gL) . (L¢) = O(K) = O(N) = O(N°®). In both cases, W is valid as part
of the input since e < (c —d)logL < (¢ —d)logM implies W =dlogM +e < clogM =1logT.
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Suppose for contradiction B € BPTIME[N?]. Like in Claim 4.8, some 1/3-error randomized
program IT with tight code I solves B in time O(N? log* N) with word size d log N +e for some con-
stant e > 10. Consider the sequence of inputs xg, X1, ..., xXx where x; = (I, e, padding of size J).
Since d < ¢, we can ensure L is large enough (by appending dummy instructions to I) that
e < (c—d)logL and IT runs in time N° on input x; if x; is a valid input to B. Write “B(x;) =?”
if x; is an invalid input to B. Also, abusing notation, define

1 ifp>2/3
M(x,;) = {0 ifp<1/3
? if1/3<p<2/3

where p = Pr[l’[(x 75 1) accepts within N¢ steps] over uniformly random r.
* If B(x;) €{0,1} then I1(x;) = B(x;) since II is correct and runs in time N on input x;.
* B(x;)=1II(x;,) for each J < K and B(xg) # I1(x,) and B(xg) € {0, 1} by B’s definition.
Contradiction: II(xg) # B(xg) = (xg) = B(xg_1) = H(xg_1) = B(xg_y) = -+ = B(xg) =
H(Xo)
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Exercise 8.1.a: Let the random variable X be the number of unordered pairs of elements of
S that collide: s # s’ such that h.(s) = h,(s"). As in the proof of Lemma 8.3, E[X] < |S|?/2|T|.
By Lemma 7.13, Pr[X > 2|S|?/|T|] < 1/4. Define ¢ = 3|S|/+/|T| and note that £ < £2/2 by
assumption. If X < 2|S|?/|T| (which happens with probability > 3/4) then every chain has length
< £, because a chain of length > ¢ would contribute > (@) > (02 —10)/2>10%2/4=2.25|S|?/|T|
to X.
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Exercise 8.1.b: For each pair i > j, let X; ; be the indicator random variable for the event that
x; and x; get compared. If x; # x; then:

E[X; ;] = Pr[x; and x; get compared] < Pr[hr(xi)=hr(xj):| < 1/|T| £ 1/N

With probability 1, we have >’
two equal elements. Let X = |

i>jox=x, Xij 1 because the algorithm halts as soon as it compares

i>jXij be the number of comparisons. By linearity of expectation:

Xl < (G)/N+1=W+1)/2

J

E[X] = Zi>j:xi7éxj E[Xi,j] +E|:Zi>j:xi=x
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Exercise 8.2: h, is a polynomial of degree < k — 1. We know that if r # r’ then h,.(u) = h,.(u)
holds for at most k — 1 many u € Z,, (Corollary 0.21).

Consider any tuple of k distinct elements (uy,...,u;) € UX. Abusing notation, denote
the tuple (hr(ul),...,hr(uk)) by h,(uy,...,u;). By the previous paragraph, if r # r’ then
h.(uy,...,ux) # h(uq,...,u;). There are pX possibilities of r € Z’; and p* possibilities of
(ty,.-.,t ) € Zlg. We use the pigeonhole principle (third bullet of Fact 0.2): Pigeon r flies into
hole h,(u;,...,u;), and no hole gets more than one pigeon, and the number of pigeons equals the
number of holes, so every hole gets exactly one pigeon: Prr[hr(ul, v ) =(t,..., tk)] =pk
for every (tq,..., ty).
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Exercise 8.3.a: This is true. If u # v’ then Pry[Au = Au'] = Pry[A(u—u') = 0™ | = 27™ since
u—u’ # 0" and thus A(u —u’) is uniformly distributed (Lemma 8.6).
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Exercise 8.3.b: This is true. If u # u then Pry[Au = Au'] = Pry[A(u—u') = 0™ | = 27™ since
u—u’ # 0" and thus A(u —u’) is uniformly distributed (Lemma 8.8).
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Exercise 8.3.c: This is false. Let u = 1000---0 and u’ = 0100---0 (using n > 2). Then
(Au, Au’) is the first two columns of A, which are not independent since (Au); = (Au’), (using
m > 2).
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Exercise 8.4.a: <: If wis plain, then w has size cN 4 since V never reads beyond the first cN d
words of w. If w has size cN¢ and V(x;w) accepts, then w is plain since V(x;w) must read all
the first cN? words of w (otherwise we could modify one of the first cN 4 words to obtain w’ #w
of size ¢cN? such that V(x;w’) also accepts).

Such a V is already unambiguous, and thus A € UP:

* Assume A(x) = 1, so V(x;w) accepts for exactly one w of size cN?. Then this w is plain,
and V(x;w’) doesn’t accept for any other plain w’, since such a w’ would have size cN¢.
Thus V(x;w) accepts for exactly one plain w.

* Assume A(x) = 0, so V(x;w) accepts for no w of size cN<. Then V(x;w) accepts for no w
since V never reads beyond the first cN¢ words of w.

=: Suppose A € UP by an unambiguous poly-time verifier V. There exist integers c, d such that
V has time efficiency < ¢cN¢ and thus never reads beyond the first cN¢ words of w. Define a
poly-time verifier V':

( )
V/(x;w):

run V(x;w) and remember which words of w it reads

if it rejected: reject

read all of the first cN? words of w

if at least one of these words is nonzero and wasn’t read by V (x; w): reject

accept
\§ J

By definition, V’ never reads beyond the first cN¢ words of w.

* Assume A(x) = 1, so V(x;w) accepts for exactly one plain w. This w has size cN? and
V’(x;w) accepts, and V/(x;w’) doesn’t accept for any other w’ of size cN¢ since otherwise
w’ would be plain (with respect to V and x) and V(x;w’) would accept. Thus V'(x;w)
accepts for exactly one w of size cN<.

* Assume A(x) = 0, so V(x; w) accepts for no w. Then V’(x; w) accepts for no w, in particular
for no w of size cN¢.
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Exercise 8.4.b: We already observed UnamBiGcuous SaT € UP (§8.3.1). For any A € UP,
we show A <7' UNaMBIGUOUS SAT. Let V be a poly-time unambiguous verifier for A as in
Exercise 8.4.a. In the proof that SaT is NP-complete (Theorem 2.10), we designed a poly-time
mapping reduction from A to SAT that maps x to a CNF v¢(w, y) (where w represents a purported
witness of size cN?) such that for every assignment to w, y:

Yw,y)=1 & (V(x; w) accepts and y is the transcript of V(x; w))

This is already a mapping reduction from A to UNAMBIGUOUS SAT: If A(x) = O then V(x;w)
rejects for all w, so y(w,y) =0 for all w, y. If A(x) =1 then V(x;w) accepts for exactly one w,
so Y (w, y) =1 for exactly one w, y, namely the w such that V(x;w) accepts and the transcript
y of V(x;w).
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Exercise 8.5: Assume UP C RP. Suppose A € NP by a verifier V with time efficiency < T = cN¢
(for integers c,d) and log-bounded word size W. On a valid input x of size N, the potential
witnesses are elements of ({0, 1} )T = {0, 1}" where n = TW. For each m, let h™: {0, 1}>™""~1 x
{0,1}" — {0,1}™ be the pairwise avoiding hash function from Lemma 8.9. (Or, we could use
Lemma 8.7.)

(call this problem B)

Input: x,m,r,t where x is a valid input of size N to A, m € {4,5,...,n+ 4}, r €
{0,1}2m*7=1 "and t € {0,1}™

Output: 1 if there’s exactly one w € {0, 1}" such that (V(x ;w) accepts and h7'(w) = t)
0 if there’s no such w
undefined otherwise

B € UP by an unambiguous verifier V/ where V'(x,m, r, t; w) reads w’s first n bits and accepts
iff V(x; w) accepts and h]*(w) = t. Thus B € RP by a randomized program II. Assume IT clocks
itself so it terminates in poly time even on invalid inputs.

Consider a poly-time randomized program IT" where IT’(x) samples uniformly random m €
{4,...,n+4},r€{0,1}>™1 and t € {0,1}™, and runs I1(x, m, r, t). This IT’ runs in poly time
even when it runs IT on an invalid input to B.

Suppose A(x) =0, so V(x;w) accepts for no w. For all m, r, t, we have B(x, m,r,t) = 0 and
SO Pr[H(x, m,r,t) accepts] = 0. Thus Pr[l’[’(x) accepts] =0.

Suppose A(x) =1, so V(x;w) accepts for some w. Let S = {w € {0,1}" : V(x;w) accepts}.
Since 1 < |S| < 2", we have 16|S| < 2¢ < 32|S| for some £ € {4,...,n+4}. Say (m, r) is good iff
at least 3/4 of the elements of S do not collide with any element of S under h". By Lemma 8.3,
Prr[(é, r)is good] > 3/4 since 16|S| < 2¢. Since 2! < 32|S|, we have:

Pr, [B(x,{,r,t)=1|((,r)is good] > (3/4)IS|/32|S| = 3/128
Combining everything using the chain rule:

Pr{ IT'(x) accepts |
Prm,r’t’q[H(x, m,r,t;q) accepts]

v

Prm,r,t,q[m =( and (m,r) is good and B(x,m,r,t) =1 and I1(x,m,, t;q) accepts]
Pr,[m={]-

Pr.[(¢,r) is good ] -

Prr,t[B(x,K, rnt)=1 | (€,r)is good] .

Pl‘r,t,ql:l'l(x,ﬁ, r,t;q) accepts | (¢,r) is good and B(x,{,r,t) =1]

By amplification, A € RP.
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Exercise 8.6: First proof: UP € BPP = UP € RP = NP C RP (Theorem 8.10). We can
prove UP C BPP = UP C RP like NP € BPP = NP C RP (Theorem 7.11), using either
UP-completeness of UNamBIGUOUS SAT (Exercise 8.4.b) and a search-to-decision reduction for
UNaMBIGUOUS SAT similar to Theorem 2.14, or search-to-decision reductions for arbitrary UP
problems like in Exercise 2.15.

Second proof: UP € BPP = NP € BPP = NP C RP (Theorem 7.11). We can prove UP C
BPP = NP C BPP like UP CRP = NP C RP (Theorem 8.10), using a two-sided 0.01/n-error
randomized program II for B € BPP:

A(x)=0 = Pr[IT'(x) accepts | < 0.01/n
Alx)=1 > Pr[l‘l’(x) accepts] >0.2/(n+1)

This implies A € BPP, like Corollary 7.22 (which was only stated for constant probabilities).
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Exercise 8.7.a: Define p,, = Pr[X = x]. Consider vectors v and w indexed by all x > 0 with
Py > 0, and defined by v, = x,/p, and w, = ,/p,. By Theorem 0.26, and with summations over
all x > 0 such that p, > 0:

EIX] = (3, xp)" = (v-w)? < (v-»)w-w) = (X, x2p, ) (3, px) = E[X2]Pr[X > 0]

Dividing by E[X?] > 0 (since X is not constant 0) yields Pr[X > 0] > E[X ]?/E[X?].
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Exercise 8.7.b: For each s € S, let the random variable X, indicate whether h,(s) = t. Let
X = Y5 X; be the number of s € S such that h,(s) = t. Thus X > 0 iff h,.(s) = ¢ for some s € S.
By linearity of expectation (and with summations over elements of S):

E[X] = S E[X,] = > Prh.(s)=¢t] = 3. 1/IT| = ISI/IT|

E[X?] = E[D} , XXy ]

= D¢ E[XXy]

= Dy Pr[h,(s) =t =h,(s")]

= D UITI+ 2 1/ITP
ISI/ITI+1SI(IS|—1)/IT|?
ISI/ITI+ISIP/ITI?

IA

By Exercise 8.7.a:

2 rerv? ISI/IT|? s s
PriX > 0] = EIXJ/EIXT] 2 (i v SE/ITE = T+1s1/T] — 1T+ 1)

This is assuming S # @) so X is not constant 0. If S = {} then the result is trivial.
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Exercise 8.8: Each run is like a coin toss where heads means “the run’s output is within a
factor 1+ y of |S|”. Lemma 7.7 says that if the big-O’s constant factor is large enough, then with
probability > 1 — ¢, more than half the tosses are heads, in which case the median corresponds
to a heads.

We can’t use mean instead of median, because with high probability there may be at least
one tails, which could be an arbitrarily bad estimate of |S| and single-handedly drag the mean
far from |S]|.
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Exercise 8.9: Assume NP C BPP. CirculT SAT COUNTING has a fully poly-time randomized
approximation scheme II (Theorem 8.12). Since NP C RP (Theorem 7.11), CIRCUIT SAT has
a poly-time one-sided-error randomized program IT’. Define a fully poly-time one-sided-error
randomized approximation scheme IT” for CIRCUIT SAT COUNTING:

"(C,y,e¢):
run IT'(C), amplified to have one-sided error probability £/2
if it rejected: output 0
run II(C, y, €/2) and output the same thing

If S = @) then IT’'(C) always rejects, so I1”(C, y, €) always outputs 0. If S # @ then:

Pr[I1”(C,7,¢€) errs] = Pr|the amplified IT'(C) errs or I[1(C, v, /2) errs|
< Prf the amplified IT'(C) errs ]|+ Pr[ I1(C, v, €/2) errs]
< ¢e/2+¢/2

£
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Exercise 8.10: In steps 1 and 2 of the proof of Theorem 8.12, we designed a fully poly-time
deterministic oracle reduction to A, so it suffices to show A € P. In step 3, we designed a poly-
time randomized reduction from A to B € NP. Assuming P = NP, we have B € P and thus
A € BPP. Assuming P = NP, we have P = BPP (Theorem 7.41 or Exercise 7.17), so A € P.
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Exercise 8.11.a: If each g; were exactly |S/|/|S;|, the output would be Zi(IS{l/ISiI)ISiI =
>.:1S{1 =1S|. By a union bound, with probability > 1 — ¢, every g; is within +y/2m of |S!|/|S;].
In that case, we claim that the output Z:n:l q; 1S;| is within a factor 1 + y of |S|. Note that
> 18:1 < m|S| since Y, |S;| counts each element of S at most m times (once per satisfied term).

>iailSil < X(ISi1/1S:] + v/2m)ls;]
= IS+ (y/2m) 3 1S
< IS+ (y/2m)m|S]|
(1+7/2)IS|
(1+7)Is|

IA

SuqilSil = S(Ii1/18:1—y/2m)ls;]
SIS = (r/2m) X, 1S

> |8 = (y/2m)m]s|
= (1-y/2)ls|
> 1471S|

For the last line, we used (1+y)(1—v/2)=1+y—y/2—7y%/2> 1.
The time efficiency is m - O(m log %) -(polyN) < poly(% log %)
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Exercise 8.11.b: If the algorithm doesn’t abort, then its output is in S by definition. Consider
any beS,say b e S;. The algorithm outputs b iff it samples i = j, doesn’t abort on the 2™ line,
and then samples a = b. By the chain rule:

Prloutputis b] = Pr[i =j]-

Pr[not abort on 2™ line | i= j] .

Pr[a =b | i = j and not abort on 2™ line]
1 IS;] 1

m max(S,,...,I1S.l) ISl

= 1/mmax(|Sy],...,ISnl)

Since this probability doesn’t depend on b, the output distribution is uniform over S, conditioned
on not aborting. Since |S| > max(|51|, cer, |Sm|):

Pr[not abort] = >, s Prloutputis b] = |S|/mmax(|81|,...,|8m|) > 1/m

To amplify this to Pr[abort] < ¢, we run the algorithm O(mlog %) times, abort if all runs abort,
and otherwise output the assignment produced by the first run that doesn’t abort (Lemma 7.5).
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Exercise 8.12: For each s € S, let the random variable X, indicate whether h.(s) = f(s).
Since h,(s) is uniformly distributed over T, we have E[X,] = Prr[hr(s) =f (s)] = 1/|T| and
Var[X,] = E[X,](1 — E[X,]) < E[X,] (Lemma 7.18). Let X = Y _¢ X, be the number of s € S
such that h.(s) = f(s). By linearity of expectation, E[X] = > ¢ E[X,] = |S|/|T|. Since h,(s)
(over all s) are pairwise independent, the X, random variables are pairwise independent, so
Var[X] =D, s Var[X;] < >, <E[X;]=E[X] (Lemma 8.16). By Lemma 7.16:

Prr[hr(s) # f(s) for all s € S] = Pr[X =0]

Pr[ |[X —E[X]| > E[X]]
Var[X]/E[X ]?

1/E[X]

IT|/1S|

A IA

IA
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Exercise 9.1: For a received word r € {0,1, L}" and a bit b, define r? € {0,1}" as r with bs in
place of the Ls. If r agrees with E(m) and has < d erasures, then either dist(rO,E (m)) <d/2,
in which case D(r°) = m, or dist(rl,E(m)) < d/2, in which case D(r!) = m, depending on
whether E(m) has more Os or 1s among r’s Ls. Thus the following D’ decodes if < d erasures
occur.

D'(r):
if E(D(r°)) agrees with r: output D(r°)
else: output D(r!)
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Exercise 9.2: Consider any distinct m;, m, € {0, 1}* with dist(E(ml),E(mz)) =d. LetS =
{i € [n] : E(my); # E(mz)i}, so |S| = d. Define r from E(m;) by flipping [d/2] bits with
indices in S (it doesn’t matter which [d/2] indices in S). Then dist(r,E(ml)) = [d/2] and
dist(r, E(mz)) =d—[d/2] <[d/2]. But since m; # m,, either D(r) # my or D(r) # m,.
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Exercise 9.3.a: Since E is linear (each codeword bit is the parity of some message bits), dist(E)
is the minimum weight of any nonzero message’s codeword (Lemma 9.1). We have dist(E) > 3:

* If weight(m) > 3 then weight(E(m)) > 3 since E(m) contains m.

* If weight(m) = 2 then weight(E (m)) > 3 since m contributes 2, and some adjacent pair of
unequal bits of m contributes 1 (and such a pair exists, since k > 3).

* If weight(m) = 1 with m; = 1, then weight(E(m)) = 3 since m contributes 1 and m; &
m;41 = 1and m;_; ®m; = 1 (wrapping around) so these two adjacent pairs each contribute
1 (and they’re not the same pair, since k > 3), and all other pairs of adjacent bits of m are
both Os and thus contribute O.

The last bullet implies dist(E) < 3, so dist(E) = 3. The generator matrix when k = 4 is:

1 00 01 001
01 0O011O00O0
001 0O01T1O0
00010011
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Exercise 9.3.b: Since E is linear (each codeword bit is the parity of some message bits), dist(E)
is the minimum weight of any nonzero message’s codeword (Lemma 9.1). We have dist(E) > k
because if m # 0 then weight(E(m)) > k, since m contributes weight(m), and the parities of
pairs of bits of m contribute at least k —weight(m): Assuming m; =1, we have m; ® m; = 1 for
each index j such that m; = 0, of which there are k —weight(m). Also, dist(E) < k because
weight(E (1")) =k, since E(1%) contains the message 1% and all pairs of bits of 1% have parity 0.

Thus dist(E) = k. The generator matrix when k = 4 is:

1 000111O0O00O0
01 0010O01T1FP®O0
001 00101OQ01
0001 0O01O0T171
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Exercise 9.4: Assume d = dist(E) is odd. For any m; # m, such that dist(E(ml),E (mz)) =d,
we have ®(E(m;)) # ®(E(m,)) because going from E(m;) to E(m,) means flipping an odd
number of bits, which also flips the parity, and thus dist(E®(m1), Ee,(mz)) = d + 1. This shows
that dist(Eg) < d + 1. To see that dist(Eg) > d + 1, consider any m; # m, and consider two
cases:

o If dist(E(m,), E(my)) > d + 1 then dist(Eg(m,), Eg(my)) > dist(E(m,), E(my)) = d + 1
since Eg(m) contains E(m) for every m.
o If dist(E(ml),E(mg)) =d then dist(Ee;(m]), E$(m2)) =d + 1, as we argued above.
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Exercise 9.5: If d = 0 then the ball has size 1 = (¢")°, so assume d > 0. The ball’s exact size
is Z?:o ('Z)(q —1)' since choosing a string at distance exactly i from the center means choosing
a set of i positions to change ((':) possibilities) and choosing which symbols to change them to
((q — 1) possibilities). Letting p = d /n:

(qn)Hq(p) = q"P log,(1/p) , qn(l—p)bgq(l/(l—p)) -q"P log,(q—1)

= (1/p)*- (/A =p)"™ - (g—1)"
= 1/(p/(q—1)*(1—p)"*

Relating these two quantities using the binomial formula,
size of ball [ (¢")® = 3 (1)(g—1) - (p/(q— 1)) (1 —p)*™
< Yo (D@—1 /g1y —p)
= Xiso (p'a—py
= (p+0-p))
=1
because

p/(@—1) = (d/n)/(q—1) < (1—-1/q)/(q—1) = 1/q = 1-(1—-1/q) £ 1—-d/n = 1-p

and thus (p/(q—1))?(1—p)*¢ < (p/(g—1))'(1—p)" " fori <d < n(1—1/q).
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Exercise 9.6: Let K = 2 be the number of messages. Let D be the number of pairs (m, i) such
that E(m); = 1. On one hand, weight(E(m)) > d for every m # 0% (Lemma 9.1), so:

D = Y weight(E(m)) > (K—1)d
On the other hand, letting K; be the number of m such that E(m); =1,
D = Y.K; < nK/2

because K; = K/2 if the i™ column of E’s generator matrix is not 0%, by the random subsum
principle (Lemma 7.2.(i)) since E(m); = m ® (this column), and otherwise K; = 0. Combining
these two inequalities:

(K—1)d < nK/2
K—1 < K(n/2d) (dividing both sides by d)
K(1—n/2d) <1 (rearranging)
K < 1/(1—n/2d) (dividing both sides by 1—n/2d)

The inequality’s direction didn’t flip, because 1 —n/2d > 0 by the assumption d > n/2.
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Exercise 9.7: Let K = g be the number of messages. Let D be the number of pairs ((m;, m,), i)
where (mq, m,) is an ordered pair of (possibly equal) messages whose codewords differ at coor-
dinate i, that is, E(m;); # E(m,);. On one hand:

D = Z(ml,mz)diSt(E(ml):E(mz)) = Zmﬁémzd = K(K—l)d

On the other hand, if K; , is the number of messages whose codewords have a at coordinate
i, then the number of ordered pairs of messages whose codewords agree at coordinate i is

2 Kiz,a = (Za Ki,a)z/q =K?/q (Corollary 0.27), and thus:
D = (K2 =X K%) < D (K —K?/q) = nK*(1-1/q)
Combining these two inequalities and letting t =1—1/q:

K(K—1)d < nK?t

K—1 < Knt/d (dividing both sides by Kd)
K(l1—nt/d) <1 (rearranging)
K < 1/(1—nt/d) (dividing both sides by 1—nt/d > 0)
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Exercise 9.8.a: This is trivial when d = 0, so assume d > 0. We showed in the proof
of Lemma 9.4 that (size of ball) = Z?:o (1) = (4) and (2MH® = 1/p(1 — p)*~¢, which
imply (size of ball)/(Z”)H(p) > (Z)pd(l —p)* <. We also showed (size of ball)/(2“)H(p) <
S (?)pi(l —p)"™ ' =1 in the proof of Lemma 9.4. If we can show that the i = d summand is
the largest—and is thus > 1/(n + 1) since there are n + 1 many summands—then it follows that

(size of ball)/(Z”)H(P) >1/(n+1). Fori > 1, the ratio of the i™ and (i — 1)* summands is:

(D' =p  (n—i+1p _ (n—i+1d [>1 ifi<d
("Dp-i(1—p)y—i+1 — i(1—p) i(n—=d) |<1 ifi>d

The inequalities are because:

>d>0 ifi<d

numerator — denominator = (n—i+1)d—i(n—d) = n(d—i)+d o
<-—n+d<0 ifi>d

Thus as i goes from O to n, the summands increase until the d™ and then decrease.
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Exercise 9.8.b: Consider a code E: {0,1}* — {0,1}" with distance d > pn. The 2F many
balls in {0, 1}" of radius [(d — 1)/2] centered at the codewords must be disjoint, by the triangle
inequality.

IA

(number of balls) - (size of each ball) < size of {0,1}"

(2mHWE=D/21/m) /(n 4 1) (Exercise 9.8.a)
2nH((d/2—1/2—1)/n)/(n + 1)

size of each ball

v

v

2nH(p/2—3/2n)—log(n+1)

v

on(H(p/2—0(1))—log(n+1)/n)

v

on(H(p/2)—o(1)—o(1))
on(H(p/2)—0(1))

v

v

ok . on(H(p/2)—0(1)) < on

2k 2n(1—H(p/2)+o(1))

IA

k/n

IA

1—H(p/2)+0(1)
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Exercise 9.8.c: Consider a code E: {0, 1} — {0, 1}" with distance d > (1/2— ¢)n. Define e =
[(1/2— ﬁ)nJ. Let D be the number of pairs (m, r) € {0, 1}* x {0, 1}" such that dist(r, E(m)) <e.
On one hand, by Exercise 9.8.a:

D = Y (size of ball of radius e) > 2. (2M)AE/M/(n+1) > 2k.2nHO/2=Ve)—o(1)
(In the last step, we reasoned like in Exercise 9.8.b.) On the other hand, by Theorem 9.8:
D = ), (number of codewords in ball of radius e centered at r) < 2"/e < 2n(1+o(1))

Combining these yields:

ok . gn(H(1/2-VE)-0(1)) < gn(1+o(1))
2k 2n(1+o(1)—H(1/2—ﬁ)+o(1))

k/n < 1—H(1/2—€)+0(1)

IA
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Exercise 9.9: (i): IfE: Z’; — ZZ is linear then
E(m;—my) = E(my +(q—1)my) = E(m;)+(q—1)E(my) = E(m;)—E(mjy)
and thus:

dist(E) = ming, zm, dist(E(m,), E(m,))
weight(E(ml) - E(mz))

= MiNy, 2m, weight(E(ml — mz))

= mlnmﬁémz

= miny,zok weight(E(m)) (my # my iff m; —m, # 0X)
(i)): We prove that E : ZZ — Zg is linear iff there exists a k x n matrix G such that E(m) = mG
over Zg:
&: Suppose there exists a generator matrix G for E. For all m; and m,,

E(my+my) = (m; +my)G = mG+myG = E(my)+ E(m,)
by the distributive property of matrix multiplication, and for every scalar ¢ and every vector m,
E(cm) = (cm)G = c(mG) = cE(m)

by the associative property of matrix multiplication. Thus E is linear.

=: Suppose E is linear. For each i € [k], consider the message e' € Z'(; with a 1 at index i and
0s everywhere else. Define G’s i row G; to be E(e!). For any message m:

E(m) = E(Zi miei) = >.miE(e') = >, mG; = mG

Thus G is a generator matrix for E.
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Exercise 9.10:

M) = 0°+4-0+1 =
MQA) = 13+4-1+1 =
M(2) = 2°+4-2+1 =
M@3) = 3*+4-3+1 =
M) = 4+4-4+1 =
M(5) = 5°+4-5+1 =
M(6) = 6°+4-6+1 =

W N M U1 W O

E; (M) = (M(0), M(1), M(2), M(3), M(4), M(5), M(6))
= (1,6,3,5,4,6,3)
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Exercise 9.11: The goal is to find the unique polynomial M of degree < 3 over Z,; such that
M(0)=0and M(2) =3 and M(4) =0 and M(7) = 1. We have (a;,a,,as,a4) =(0,2,4,7) and
(bIJ b2; b3, b4) = (OJ 35 O; 1)'

(x=0)(x—4)(x—7) _ x3 + 6x

I, = = = 5x34+0x2+8x+0
27 2-02-49)(2-7) 9
(x—=0)(x—2)(x—4) x% +5x% +8x 3 9
I = - = 2x34+10x%+5x+0
$ T 70T —2)(7—4) 6 X XX

M = OI; +3I,+0I3 + 11,
= 3I,+1,
= (4x3 +0x2% +2x + 0) + (2x> + 10x2 + 5x 4+ 0)
= 6x34+10x%+7x+0

Let’s double-check that this polynomial indeed interpolates through the given points:
M) = 6-0°+10-0%+7-0 =
M(2) = 6-224+10-22+7-2 =

M(4) = 6-4°+10-4*+7-4 =
M(7) =6-7°+10-72+7-7 =

= O W O

The message was M = (6,10, 7,0). The uncorrupted codeword was:

E11,4(M) = (01 1) 31 9> 01 1> 45 1; 67 0; 8)
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Exercise 9.12: 110—011=110®011 =101

110-011=((x2+x)-(x+1))modP=(x3+x)modP=x2+x+1=111 because x> + x =
1-P+(x®+x+1)

101111 = ((x2+1)-(x2+x+1))1nodP =(x*+x*+x+1)modP = 1 = 001 because
x*+x3+x+1=x-P+1

11171 =101

100/111 = 100-101 = (x?-(x?+ 1)) mod P = (x* + x?)mod P = x + 1 = 011 because
x*+x2=(x+1)-P+(x+1)
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Exercise 9.13:

e If m > n, define h: ({0,1}™)? x {0,1}" — {0,1}™ by hep(u) = a- (0™ "u) + b using
arithmetic in the field Fy» = {0, 1}™. Making u have m bits by padding it with Os (or with
anything) doesn’t affect the pairwise uniformity.

 If m < n, define h: ({0,1}")? x {0,1}" — {0,1}" by h,p(u) = a-u+ b truncated to m
bits, using arithmetic in the field Fy» = {0, 1}". The truncation doesn’t affect the pairwise
uniformity:.

Either way, h uses 2max(m, n) random bits. The construction from Lemma 8.8 uses 2m +n—1
random bits. We claim that 2max(m,n) <2m+n—1iff m> (n+1)/2 and n > 1. Of course, if
n =1 then 2max(m,n) =2m =2m+n—1, so assume n > 1.

* If m>n,wehave 2m<2m+n—1and m> (n+1)/2.
e Ifm<n,wehave 2n <2m+n—1iff m>(n+1)/2.
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Exercise 9.14.a: Consider the Zf-ary code E: IF;,_; - IF%Z where E(a) =a-b. Then E’ is linear
over Z, by the distributive axiom for Fy, that is, (a; + a5) - b = (ay - b) + (ay - b), so E’ has an
¢ x { generator matrix G (Lemma 9.2).
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Exercise 9.14.b: We obtain the generator matrix of E’ (over Z,) from the generator matrix of
E (over Fy) by replacing each entry with the £ x £ matrix over Z, representing multiplication
by that entry (Exercise 9.14.a).
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Exercise 9.15.a:

11x2+01x +00 = 11x%+x

<
[

E,5(M) = (M(00), M(01), M(10), M(11))
= (00, 10, 00, 10)

because:

M(00) = 11-00%+00 = 00+00 = 00
M(01) = 11-0124+01 = 11401 = 10
M(10) = 11-10>+10 = 10+10 = 00
M(11) = 11-112+4+11 = 01411 = 10
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Exercise 9.15.b: The goal is to find the unique polynomial M of degree < 1 over F, = {0, 1}?
such that M(00) =10 and M(11) = 01. We have (a;,a,) = (00,11) and (b, b,) =(10,01).

x—11 x+11

I = = = 10x +01
00—11 11
—00 +00
I = = =z = 10x + 00
11—00 11

M = 101, + 011,
= (11x +10)+ (10x + 00)
= 0lx+10

Let’s double-check that this polynomial indeed interpolates through the given points:

M(00) = 01-00+10 = 10
M(11) = 01-11+10 = 01

The message was M = (01, 10). The uncorrupted codeword was E4 ,(M) = (10, 11, 00, 01).
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Exercise 9.16: We claim that for large enough q = 2¢ and k = [2cq], the flattened augmented
polynomial code E;l"’ . has rate > ¢ and relative distance > (1/2—c)/10 > 0.

Let’s declutter by omitting the g, k subscript from the codes. E* has message length £k and
codeword length 2¢q and thus rate £k/2{q > c. As in the proof of Theorem 9.23:

dist(E*) = miny ey weight(E*(M)')

Consider any M # (0°)¥, corresponding to a nonzero polynomial of degree < k over Fy. Asin the
proof of Theorem 9.23, the number of a € F, with M(a) # 0f and weight((M(a), M(a)- a)’) <
€/5is < q%* < (1/2—c)q for large enough q. At least g—k + 1 > (1 —2c)q many a € F, have
M(a) # 0° (since M has < k — 1 roots), and more than (1 —2c)q—(1/2—c¢)q = (1/2—c¢)q of
them have weight((M(a), M(a)- a)’) > (/5, so:

Weight(E*(M)’) = Zaqu weight((M(a), M(a)-a)’) > (1/2—c)q-(£/5) = ((1/2—c)/10)-(2Lq)

Thus E* has relative distance > (1/2—c¢)/10.
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Exercise 9.17: Let E = E;, o E,. Suppose the message is m’ € {0, 1} and the received word

is 7 € {0, 1}"", which are the flattened versions of m € ({0, 1}))¥ and r € ({0, 1}")".

D(r'):
for each i € [n]: lets; < Dy, (r;)
output Dy (s) where s = (s1,...,s,)

If dist(r’, E(m")) < dgudin/4, then dist(ry, Eiy(Eqy(m);)) = diy/2 for fewer than d,,/2 many
i € [n], since otherwise:

diSt(T'/, E(m/)) = Z?:l diSt(ri: Ein(Eout(m)i)) > (dout/z) : (din/z)

By the correctness of Dy, if dist(ri,Ein(Eout(m)i)) < d;,/2 then s; = E,(m);. It follows that
dist(s, Egue(m)) < doy/2. By the correctness of Dy, we have Dyy(s) = m. Thus D(r') = m’.
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Exercise 9.18: For any code E, define dist™®*(E) = max dist(E (mq),E (mz)). For all E

and E;,,

my#my

dist(E;, 0 Egy) < dist(Eqy,) - dist™™(Ey,)

because for some m; # m, we have dist(Eout(ml ), Eout(mz)) = dist(E,,;) and for each i with
Eout(ml )i 7é Eout(mz)i we have diSt(Ein(Eout(ml )i)’ Ein(Eout(mz)i)) < diStmaX(Ein)a and so:

diSt((Ein ° Eout)(m/l ): (Ein ° Eout)(m/z)) = Zi diSt(Ein(Eout(ml)i): Ein(Eout(mZ)i)
< dist(E,y,) - dist™™(Ey,)

The polynomial code E,, = Eg: ({0, 1}9% - ({0,1}%) has dist(E,,) = ¢ — k + 1. The dot
product code Ej,: {0,1}% — {0,1}9 has dist™(E,,) = q/2 by the random subsum principle
(Lemma 7.2.(i0)). Thus dist(E;, 0 Eoy) < (@ —k+1)-(q/2).
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Exercise 9.19.a: For each a € 7§, E(M )« = M(a) is the dot product of M (as a vector of
coefficients, indexed by sets S C [£] with |S| < e corresponding to monomials | | jes x;) and the
vector that has [ | jes aj at index S. The latter vector is the a™ column of the generator matrix.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 9 313

Exercise 9.19.b: Associate each S C [{] with its characteristic bit string s € {0,1}¢, where
s; = 1iff j €S. The sets S with |S| < e correspond to strings s with weight(s) < e, that is, the
ball in {0, 1}* of radius e centered at 0°. This ball has size k = >;_, (f) < (2HHED if e < 0/2
(Lemma 9.4). Thus E has rate k/n < n'(¢/0 jn = 1/n1~H (/0
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Exercise 9.19.c: Since E is linear (Exercise 9.19.a), dist(E) is the minimum weight of any
nonzero message’s codeword (Lemma 9.1).

dist(E) < 27 because if M. .y =1 and Mg = 0 for all other S, thatis, M(x) =[] i
then M is nonzero and weight(E (M )) = 26=¢ since M(a) = 1 for exactly 2(~¢ many a, namely
when a; =1 for all j < e and q; can be anything for j > e.

Now, we prove dist(E) > 2¢7¢. For any nonzero M, we show:

jSex

Weight(E(M)) > 2[—(t0tal degree of M) > 2l—e

Assume M has total degree exactly e, since if M has total degree < e, then weight(E(M ))
would be even higher. Consider any particular S € [£] with |S| = e and Mg = 1. Consider any
assignment a_g to all the variables not indexed by S. For each such a_g, of which there are 2(~¢,
we claim there’s at least one assignment ag to the variables indexed by S such that M(a) =1 for
the combined assignment a. Contracting M by plugging in a_g yields a multilinear polynomial
M]|,_ on the variables indexed by S, and M|,__ is nonzero since the monomial I1 jes Xj Temains
with coefficient 1. The only multilinear polynomial expressing the all-O function is the zero
polynomial. Thus M|,_, doesn’t express the all-0 function, so M(a) = M|,_ (as) =1 holds for at
least one assignment ag. In conclusion, weight(E (M )) > 2!=¢ since M(a) = 1 holds for at least

2¢=¢ many a.
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Exercise 9.19.d: Consider any a_g.

2 M@) = X0 Dirciimie M Tier @ = 2ircrey:ir<e Mr - 20 [ jer @

When T =S, we have My - 35, [ ];cr @; = Mg because [ [ ;. a; =1 for exactly one ag, namely
when a; = 1 for all j € S. When T # S, we have My - >, ]
he S\ T (since |S|=e > |T|) and so

Zas l_[jeT a; = Zas\{h} Zah l_[jeT aj

and for every ag. (3, we have

Zah njeTaj = l_[jeTaj+l_[j€Taj=0

jer @; = 0 because there exists

sinceh & T.
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Exercise 9.19.e: Assume dist(r,E (M )) < 2f7¢/2. This implies that fewer than 2(7¢/2 of the
2¢=¢ many a_g have r, # M(a) for at least one ag. Thus more than half of all a_g have r, = M(a)
for all ag. For such a_g, we have Mg = 3, M(a) = X, . (Exercise 9.19.d). To recover Mg
from r:

for each a_g: let vote, ;< X, 74
let Mg < majority bit among vote, . over all a_g

This takes polyn time because it reads every bit of r once, computes n/2° many parities of 2°
bits each, and then computes the majority of these n/2° bits.
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Exercise 9.19.f: Given a received word r with dist(r, E(M )) < 2t7¢ /2 first recover M for every
S with |S| = e in polyn time using Exercise 9.19.e. Then, consider the polynomial M*(x) =
M(x)—>. isj=e Ms - ]_[jes x; (which is M with all monomials of total degree e removed, so M*
has total degree < e—1) and the updated received word r* where 1§ = 1, —> ¢ ;1= Ms [ [;c5 Xj-
We have dist(r*,E(M*)) = dist(r, E(M)) < 2t=¢/2 < 2t=(e=1) /2 Then, recurse (with e — 1 in
place of e) to recover the coefficients of M* (that is, the remaining coefficients of M) from r*.
For the base case when e = 0, the majority bit of the updated received word is M’s constant term
M;.
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Exercise 10.1: Let k = [logn]+ 3. Define the random variables X, X, ...,X;_; as in the proof
of Theorem 10.1. Recall that X; is a geometric random variable with heads probability 277,

Pr[|S|<kat the end] Pr[XO +X1+~--+Xk_1>n]

> Pr[X;_; > n]

— (1—2(k=Dyn
> (1_2—(logn+2))n
= (1—1/4n)"

> (1—(1/4n)n)
= 3/4
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Exercise 10.2: On input (G,s,t) where G =(V,E)and V = {1,2,...,n}andn >3 ands =1
and t =n:

forve2,3,...,n—1:
if (s,v) € E and (v, t) € E: output the paths > v — t
reject

If this heuristic doesn’t reject, then the output is correct.

Pr[heuristic errs] < Pr[heuristic rejects]

= Pr{Vve(2,...,n—1}: (s,v)¢Eor (v,t) ¢ E]
= ]_[:,:;(1 —Pr[(s,v) €Eand (v,t) € E])
(1-(1/2?)""

= (3/4)" 2
— 2—Q(n)

This heuristic only needs log space to remember v and pointers into the input.
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Exercise 10.3: Denote the random 3-CNF by ¢ = C; V-V C,,. For each assignment a € {0, 1}"
and each clause index j € [m], we have Pr[Cj(a) = 1] = 7/8 because no matter which 3 variables
are involved and no matter what a assigns those variables, 1 of the 8 patterns of negations doesn’t
satisfy C;.

Pr[p is satisfiable] < Zae{o,l}n Pr[go(a) = 1] (union bound)
= D 0,17 ]_[Tzl Pr[Cj(a) = 1] (independence of clauses)
= ety [ [217/8
= 27(7/8)™
< 27(7/8)52n
< 0.999"
The clauses’ sets of variables didn’t need to be uniform and didn’t need to be independent. The

patterns of negations needed to be uniform and independent of each other and independent of
the sets of variables.
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Exercise 10.4.a: Say a valid input x is good iff Pr,[l‘[(x; r) errs] <é.

Pry.p,, r[l‘[(x; r) succeeds]

v

Pry.p,, r[l'[(x; r) succeeds and x is good]

\Y

Pr,.p, [x is good] “Pryop,, r[l’[(x; r) succeeds | x is good] (chain rule)

v

Pre.p, [x is good] MiNgood x Pr,[TI(x; r) succeeds |
(1—¢)-(1-6)
1—e—6

v

\%
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Exercise 10.4.b: We prove the contrapositive. Say a valid input x is bad iff Prr[l'[(x ;7) errs] >
V¢, and assume Pr,..p, [x is bad] > Je.

Pr,.p,, r[l’[(x; r) errs]

v

Pr,.p,, r[l’[(x; r) errs and x is bad]

Pr,.p, [x is bad] “Proop,, r[l‘[(x; r) errs ’ x is bad] (chain rule)

v

v

Pr,.p, [x is bad] - MiNp,g & Prr[l'[(x; r) errs]
Ve e

5

V

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 10 323

Exercise 10.5: Assume NP C NC!/poly. As in the proof of Theorem 10.4: Suppose A € NP by
a verifier V with time efficiency < T = eN¢ (for integers e, d) and word size W. On a valid input
x of size N, the potential witnesses are elements of ({0,1}"Y)T = {0,1}" where n = TW.

FiND WITNESS FOR V' (call this problem B, with input size N)

Input: Valid input x to A

Output: w € {0, 1}" such that V(x;w) accepts, or report that no such w exists

For each m € [n+ 1], let h™: {0,1}3"*! x {0,1}* — {0,1}™ be the pairwise uniform hash
function from Lemma 8.9.

(call this problem C, with input size M)

Input: x,m,r,i where x is a valid input of size N to A, m € [n+ 1], r € {0,1}*"*!, and
i €[n]

Output: Does there exist w € {0, 1}" such that V(x; w) accepts and h]*(w) = 0™ and w; = 1?

Since C € NP, we have C € NC!/poly by a circuit family DS, Dg, .... We design an NC!/poly-type
circuit family D?, D, ... for B.

Consider any input size N for A and B, and the associated input size M for C. For any x such
that A(x) = 1, say (x, m, r) is isolating iff h["(w) = 0™ for exactly one w such that V (x; w) accepts.
If (x,m,r) is isolating, then w = C(x,m,r,1)---C(x,m,r,n) = chw(x, m,r,1)-- -DICV[(x, m,r,n)
is a witness for x. The proof of Theorem 8.10 showed that for uniformly random m, r:

Prm,r[(x, m,r) is isolating] > nlﬁ : % > 1/5n

J

Let J = 5nNW. If we sample m*, ', m?,r2,...,m’, r’ independently, then:

Pr[Hx : (AN(x) =1landVj: (x,m/,r/)is not isolating)]

< ZX:AN(x)=1 Pr[Vj: (x,m/,r7) is not isolating | (union bound)
= > Ap(x)=1 ]_[}(:1 Pr{ (x,m/, /) is not isolating | (independence)
< D Ay(o=1 1_[};1(1 —1/5n) (proof of Theorem 8.10)
S g0t e//on (Fact 7.6)
< oNWe—J/5n

< eNW—J/5n

=1

Thus there exist m!,r!,...,m’, r/ (which we hardwire as nonuniform advice) such that for every

x with Ay(x) = 1, there exists j such that (x,m’, /) is isolating.

For each j, define the circuit E; consisting of Dﬁl(x, ml,rl 1),..., DAC,[(x, m/,r/,n) in parallel,
with m/,r/ and each i € [n] hardwired, with x € ({0,1}")" as the input, and with n output
wires. We argued that if Ay(x) =1 then there exists j such that E;(x) is a witness for x.
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Since P C NP C NC!/poly, we can turn V itself into an NC!/poly-type circuit F such that
F(x,w)=V(x;w). Now, here is Dﬁ: Take the circuits Eq, .. ., E; in parallel. On top of that, have J
parallel copies of F, where the j™ copy F ; gets input (x, E;(x)). On top of that, have an NC!/poly-
type circuit such that: If F;(x, E;(x)) = 0 for all j, then it outputs “reject.” If F;(x, E;(x)) =1 for
at least one j, then it outputs E;(x) for the smallest j such that F;(x, E;(x)) = 1.

If Dﬁ(x) doesn’t reject then it outputs a witness for x. Thus if Ay(x) = 0 then Dﬁ (x) rejects,
and if Ay (x) = 1 then for some j, E;(x) is a witness for x, so F;(x, E;j(x)) = 1 and Dﬁ(x) outputs
one such E;(x).
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Exercise 10.6:

P(xl)XZ) = 11'(01—X1)X2 + 01-X1(01—X2)

11 ’(X1X2+XZ) + 01 '(X1XZ+X1)
1OX1X2 + Xq + 11X2

x1/ 00 00 00 OO 01 O1 01 01 10 10 10 10 11 11 11 11

x,/ 00 01 10 11 00 O1 10 11 00 01 10 11 OO0 O1 10 11
codeword P‘ 60 11 01 10 01 00 11 10 10 10 10 10 11 O1 OO 10
Thus E(00, 11, 01, 00) = (00, 11, 01, 10, 01, 00, 11, 10, 10, 10, 10, 10, 11, 01, 00, 10). The

gray entries are where the message appears directly in the codeword.
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Exercise 10.7.a: P(x;,Xx9,Xx3) = 3-(1—x1)x3(1 —x3) = 3x1X9Xx3+ 2X1X5 + 2X9X3 + 33Xy
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Exercise 10.7.b: L(z) = (4,2,3)+2-(1,2,0) = (4+2,2+2g,3)
L(0)=(4,2,3)
L(1)=(0,4,3)
L(2)=(1,1,3)
L(3)=(2,3,3)
L(4)=(3,0,3)
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Exercise 10.7.c:

(PoL)(z) = P(L(2))
= 3(4+2)(2+22)3 + 2(4+2)(2+23) + 2(2+22)3 + 3(2+23)
= (322+2) + (422+1) + (22+2) + (z+1)
= 2224+3z+1

As a sanity check:

(PoL)(0) =1 = P(4,2,3)
(PoL)(1) =1 = P(0,4,3)
(PoL)(2) = 0 = P(1,1,3)
(PoL)(3) = 3 = P(2,3,3)
(PoL)(4) = 0 = P(3,0,3)
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Exercise 10.8.a: Assume (1—d/q)/6—1/q > 0 since 0 corruption can be handled with one
query. Here’s the local decoder:
( N
given message index a € {0,1}¢ and received word r: F¢ — F:
sample b € F¢ uniformly at random
let L: F — F? be the parameterized line with anchor a and direction b
for each z € F: query r(L(2))
use the polynomial code decoder to find a polynomial Q of degree < d such that:
Q(2) # r(L(2)) for < (g —d)/2 many z € F (if possible)

output Q(0)
L J

For

s every message m: {0,1}¢ — F with codeword P: F¢ — F, and
* every received word r: F¢ — F with dist(r, P) < qd((l —d/q)/6— 1/q), and
* every message index a € {0,1}9,

we have:

* If Q = P o L then the decoder correctly outputs Q(0) = P(L(0)) = P(a) = m(a).

* If r(L(2)) # P(L(2)) for < (q—d)/2 many gz € F, then Q = P o L since deg(Q) < d and
deg(P o L) < d and they disagree on < (¢ —d)/2+ (q—d)/2 = q—d points.

* Pr{r(L(2)) # P(L(2))] = dist(r, P)/q% < (1—d/q)/6—1/q for each z € F \ {0} since L(z)
is uniformly random. Letting the random variable X be the number of z € F such that
r(L(z)) # P(L(z)), we have E[X] < (¢—1)((1—d/q)/6—1/q) +1 < (¢—d)/6 (the + 1 is
for z = 0) and thus Pr[X > (¢—d)/2] <E[X]/((¢—d)/2) < 1/3 (Lemma 7.13).

Thus Pr[decoder outputs m(a)] > Pr[Q =Po L] > Pr|:X <(qg— d)/2] >2/3.
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Exercise 10.8.b: If P has canonical form
P(xy,...,xq) = ng[d]Ps [ Tics xi
(where each Pg € I is a coefficient) and
L(z) = a+z-b+2%-c = (a; +2zb; +2%cy, ..., ag +2by +2%cy)

then
(PoL)(z) = P(L(2)) = ZSQ[d]PS ]_[ies(ai+zbi+zzci)
and so:
deg(P o L) < maxg(deg([,cs(a; +2b; +2%¢;))) = maxg(d), s degla; +zb; +22¢;))
maxg(Y;cs2) = maxg(2[S]) < 2d

IA
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Exercise 10.8.c: Consider any y,z € F\ {0} with y # z and any e, f € F¢. We claim that

Pry [L(y)=eand L(z) = f] = ¢~

because “L(y) = e and L(z) = f” holds for exactly one of the ¢! many outcomes (b, c). For each
ie[d],
a;+yb;+y%c;=e and  a;+2zb; +2%c; = f;

holds for exactly one (b;, ¢;) because there’s exactly one univariate polynomial R of degree < 2
such that
R(0) =gq; and R(y)=c¢; and R(z) = f;

since a univariate polynomial of degree < 2 is uniquely determined by its values on any three
distinct points, such as 0, y, z.
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Exercise 10.8.d: Assume (1 —2d/q)/2— +/3/q > 0 since 0 corruption can be handled with
one query. In particular, this implies ¢ > 16. Here’s the local decoder:
( )
given message index a € {0,1}¢ and received word r: F¢ — F:

sample b, c € F¢ uniformly at random

let L: F — F4 be the parameterized parabola associated with a, b, c

for each z € F: query r(L(2))

use the polynomial code decoder to find a polynomial Q of degree < 2d such that:

Q(2) # r(L(2)) for < (g —2d)/2 many z € F (if possible)

output Q(0)
L J

For

s every message m: {0,1}¢ — F with codeword P: F¢ — F, and
* every received word r: F¢ — F with dist(r, P) < qd((l —2d/q)/2—+/ 3/q), and
* every message index a € {0,1}9,

we have:
* If Q = P o L then the decoder correctly outputs Q(0) = P(L(0)) = P(a) = m(a).
* If r(L(2)) # P(L(2)) for < (¢ —2d)/2 many z € F, then Q = P o L since deg(Q) < 2d and

deg(PoL) < 2d (Exercise 10.8.b) and they disagree on < (¢g—2d)/2+(q—2d)/2 =q—2d
points.

* LetB= {x eFd : r(x) # P(x)} be the symbol change (“bad”) locations. Let the random
variable X be the number of g € F such that L(z) € B, and let the random variable Y be
the number of z € F \ {0} such that L(z) € B, so X <Y + 1. Since h? is pairwise uniform
(Exercise 10.8.c), hash mixing (Lemma 8.15) says that for all £ > 0:

Pr[|Y/(q—1)—IBl/q%| = £] < |BI/(g—1)q’¢?
Since |B| = dist(r, P) < qd((l —2d/q)/2—+/ 3/q):

Pr[X > (q—2d)/2] < Pr[Y > (q¢—2d)/2—1]
Pr{Y/q>(1—2d/q)/2—1/q]

< Pr[Y/(q— 1) > (IBl/q* + v/3/q) — 1/‘1]
< Pr[|Y/(q—1)—|B|/qd| 2 VZ/QJ

< ((1—2d/9)/2= V373 /(= DVETT
< (1/2)/(g—1)(2/q)

= q/4(q—1)

< 1/3

Thus Pr[decoder outputs m(a)] > Pr[Q =Po L:| > Pr[X <(q— 2d)/2] >2/3.
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Exercise 10.8.e: Assume 1—2d/(q—1)— 4/4/q > 0 since 0 corruption can be handled with
one query. In particular, this implies g > 8. Here’s the local decoder:
( )
given message index a € {0, 1}¢ and received word r: F* - Fu {L}:

sample b, c € F¢ uniformly at random

let L: F — F4 be the parameterized parabola associated with a, b, c

for each z € F: query r(L(2))

if r(L(z)) # L for < 2d many z € F: output |

let Z C {z eF : r(L(z)) # J_} be an arbitrary set of size 2d + 1

interpolate to find a polynomial Q of degree < 2d such that Q(z) = r(L(z)) forallz € Z

output Q(0)
& J

For

* every message m: {0,1}¢ — F with codeword P: F¢ — F, and
* every received word r: F¢ — F U {1} such that r(x) € {P(x), L} for all x and r(x) = L

for < q4(1—2d/(q—1)— +/4/q) many x, and
s every message index a € {0,1}¢,

we have:

* If Q = P o L then the decoder correctly outputs Q(0) = P(L(0)) = P(a) = m(a).

* If r(L(2)) # L for > 2d+1 many z € IF, then Q = P oL since deg(Q) < 2d and deg(PoL) <
2d (Exercise 10.8.b) and they agree with r o L and thus with each other on the 2d + 1
points z € Z.

* LetG= {x eF! : r(x)# J_} be the “good” locations. Let the random variable Y be the
number of z € F \ {0} such that L(z) € G. Since h? is pairwise uniform (Exercise 10.8.c),
hash mixing (Lemma 8.15) says that for all £ > 0:

Pr[|Y/(q—1)—1Gl/q?| = £] < |Gl/(q—1)q’c?

Since ¢ > |G| > q%(2d /(g —1) + v/4/q):

Pr{Y <2d] = Pr{Y/(q—1) <2d/(q—1)]
Pr{Y/(q—1) <161/9" — v/4/q]
Prl |v/(q—1)~1G1/q%| > v/4/q]

IA

IA

< 1/(q—1)v3/q
= q/4(q—1)
< 1/3

Thus Pr[decoder outputs m(a)] > Pr[Q =Po L] > Pr[Y >2d+ 1] >2/3.
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Exercise 10.9: For any K, consider the smallest £ > log(8K) for defining F = I, where q =
2t > 8K using Theorem 9.19.(ii). Consider the multilinear code E,, where:

* The message is m: {0,1}X — F.
* The codeword is P: FX — F.

Consider the dot product code E;,: {0,1}* — {0,1}9. Define N = (K + { and let E be the
concatenated code E;, o E,, except that we only allow messages to E, that only contains Os
and 1s anyway (so the message doesn’t need to be flattened):

e The message is m: {0,1}X — {0,1}.
* The codeword is c: {0,1}Y — {0, 1}.

Viewing the codeword as c¢: FK x F — {0, 1} (with “unflattened” domain):
c(x,j) = P(x)o@j

Encoding E in poly K space is straightforward, like in Theorem 10.11. Let D, be a local decoder
for E,,, that handles ¢¥/7 < ¢X ((1 —K/q)/6—1/ q) symbol changes, using q symbol queries,
with error probability 1/3 (Exercise 10.8.a). Let D;, be a (global) decoder for E;, that handles
< q/4 bit flips (§9.1.2). Here’s a local decoder D for E:
( )
given message index a € {0, 1}X and received word r: FX x F — {0, 1}:
define 1,y : FX — F by ry(x) = Dy (i, ) where 1y, , € {0,1}9is r(x, j) for all j € F
run D (a, roye):
when it queries 7, (x):
do the q queries r(x, j) for all j € F to obtain ry, ,
run Din(rin,x)
output whatever D,.(a, ry,.) outputs

J

D runs in polyK time and handles (¢¥/7) - (q/4) = 2V /28 bit flips (by the solution to Exer-
cise 9.17), using g2 bit queries, with error probability 1/3.

In the proof of Theorem 10.5, using this E (instead of the adjusted multilinear code) shows
that if (PSPACE, U) € HEUR, /5P then PSPACE = BPP. (Using Exercise 10.8.d instead of Exer-
cise 10.8.a improves 1/28 to any constant < 1/8.)
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Exercise 10.10: Assume f is (s, a)-hard. Consider any k and & > 0. We'll show that for every
circuit C: ({0,1}™)* — {0, 1} of size < ¢s6%(1 — a)?:

Pro, o [CO,..x) = f*(xp, .. x)] < (T+2((1+a)/2) +6)/2

,,,,,

For every i € [k] and assignment x_; to all components except the i, define the circuit
D;, .:{0,1}™ — {0,1} such that D; ,_(x;) evaluates C(x) (where x is the combination of x;
and x_;) and outputs C(x) & P f(x;).

Let H € {0,1}™ be such that |H|/2™ > (1—a)/2 and f is (H, cs6%(1—a)?, 5)-hard. LetH =
{0,1}™ \ H. Partition ({0,1}™)* into events E, U E; U---U E; where Ey = {x : xj ¢ H for all j}
and for each i € [k], E; = {x : x;€H and x; € H for all j < i}.

k k
Pr o] = [Tfy Pr [ #H] < [T(1+@)/2 = (+a)/2)
For each i € [k],

Pr[C(x) = () |E] = Prxeﬁi_lex({o’l}m)kfi[C(x) © @, 4 f(x;) = f(x)]
= Ex_ieﬁi_lx({()’l}m)k—i I:PrxiGH[Di,x_i(xi) = f(xz)]:l

E, aiwciomy-iL (1 F6)/2]

= (1+6)/2

since D, , , has size < (size of C) < cs6%(1 — a)? for every i and x_;. By the law of total
probability:

S o Pr[E] Pr,[C(x) = foX(x)| Ei]
(1 +a)/2)- 1+ 3% Pr[E]-(1+6)/2
(Q+a)/2)k+(1+6)/2
(1+2((1+@)/2)k+5)/2

Pr,[C(x) = f*(x)]

A A
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Exercise 10.11: Assume f is (s, a)-hard. For all £ and small enough 6 > 0, f ol g (553(1 —a)’,
al +6 )-hard (Lemma 10.15). Consider any k and small enough & > 0. We'll show that for every
circuit C: ({0,1}™)* — {0, 1}* of size <s86%(1 — a)® — 3k, letting

e = Pry xk[C(xl,...,xk)=fk(x1,...,xk)]

.....

we have ¢ < a¥/3 + 5 +2-0.95k.

For any S C [k] of size £ and any assignment x € ({0,1}™), let y € ({0,1}™)" denote the
components of x indexed by S, and let z € ({0, 1}™)*~¢ denote the components of x indexed by
[k]\S. For every S and z, define the circuit Dg , : ({0, 1}t > {0, 1} such that Ds ,(y) evaluates
C(x) (where x is the combination of y and %) and outputs the parity of the bits of C(x) indexed
by S.

Consider any assignment x. For a uniformly random S C [k], letting £ = |S| and u € {0, 1}*
be S’s characteristic bit string and ® be the dot product over Z,,

Prs[Ds . (¥) = ()] = Prs[@ics C(x); = Pies () ]
= Pru[C(x) Qu= fk(x) 0] u]
B {1 if C(x) = f*(x)

1/2 otherwise

by the random subsum principle (Lemma 7.2.(ii)). Say x is good iff C(x) = f¥(x). By the law of
total probability:

Prg . [Ds,(y) = f*(y)] = Pr [xis good]- Prs [ Ds.(y) = ' (y) | x is good ] +
Pr,[x is bad]- Prg [ Ds.(y) = f*(¥) | x is bad |
=¢e-1+(1—¢)-(1/2)
= (1+¢)/2

By Lemma 9.4:
Prg[[S| <k/3] < (M)A 2k = (2FOAA-1k < .95k
Thus:
Eg.| Pr,[Ds.(y) = f*(y) and |S| 2 k/3]| = Prs [ Ds.(y) = F*(y) and |S| > k/3]

PrS,x[DS,z(y) = fw(}’)] _Pl‘s[|S| < k/3]
> (1+¢)/2—0.95¢

\%

By the probabilistic method, there exist S of size £ > k/3 and 2z such that:
Pry[Ds.(y) = f*(y)] = (1+¢)/2—-0.95"
Since Ds , has size < (size of C) + 3k < 563(1—a)?, Lemma 10.15 says that
(146)/2—0.95% < (1+at+6)/2

and thus ¢ < a*/3 + & +2-0.95k.
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Exercise 11.1: First proof: There exists g: T — {0, 1} such that:

A, £(0D) = [Prlg(F(D0) = 1] —Prlg(F (D) = 1]
= [Pz o NP0 =1]—Prl(g o YD) = 1]
< A(DO: Dl)

Second proof: For any E C T, let f1(E) = {s eS: f(s)e E} We have
FDE) = Tuex FDD) = Tes Doyt Do) = Docs ey Pols) = Dolf (E))
and f(D;)(E) = D;(f'(E)).

A(f(Do), f(D1)) = maxgcr|f(Do)(E)— f(D1)(E))|
= maxgcr|Do(f T (E))— Dy (f T (E))|
< A(DOle)

Third proof:

2A(f(Do), f(D1)) = Zrer|F (D))= F(D1)(B))| (Lemma 11.1)
= ZteT |Zs 1 f(s)=t DO(S) - Zs 1 f(s)=t D, (S)|
= ZtET |Zs :f(s)=t(D0(S) - Dl(s)N

< Dlter Zs;f(s)=t~Do(3)—D1(S)| (Lemma 0.28)
= Y.cs|Do(s) = D1 (s))]
= 2A(Dy, D,) (Lemma 11.1)
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Exercise 11.2: Let E = {s : Di(s) < Do(s)} and E' = {s 1 Di(s) < Do(s)/Z} C E. For each
s € E’, we have D;(s) < Dy(s) — D;(s).

Di(E") = Diep Di(s)
< Yer(Do(s)—Di(s))
< Yier(Do(s) = D1(s))

Do(E) — Dy (E)
= A(Dy,D;) (Lemma 11.1)
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Exercise 11.3: Forevery f € F:

P F(G(D)) = 1]—Pr{ f(U,) = 1])
= (el f60n = 1] - P (6w = 1]) + (P F(GWN = 1]~ P £(U,) = 1])|
PLA(GD)) = 1]~ P £(G(U) = 1]| + [P (W) = 1]~ i £(U,) = 1]

Pr[(f 0 G)(D) = 1]—Pr[(f 0 G)(U,) = 1]‘ Iy
< AD,U) +¢
o+e

IA

IA

IA
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Exercise 11.4.a: Consider any f: {0,1}" — {0,1}. By the proof of Lemma 2.9, f can be
expressed as a sum (over R) of terms f = . f(a)=1 Ta Where T, accepts a and only a.

[P f(G6w) = 1]~ P (U =1]]
= ‘E[Za:f(a)zl T,(G(U,))] _E[Za:f(a)zl Ta(Un)]’

= ‘Za fl@)=1 (E[Ta(G(Ue))] - E[Ta(Un)D’ (linearity of expectation)
< D f@=1 ’E[Ta(G(UZ))] —E[Ta(Un)]‘ (Lemma 0.28)
= Za:f(a):l 2(g/2™1) (Theorem 11.11)
<e¢
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Exercise 11.4.b: Suppose f: {0,1}" — {0, 1} is computed by a decision tree with < m leaves.
By the proof of Theorem 6.21, f can be expressed as a sum (over R) of terms f = D¢\ 1abeled 1 v
where T, accepts inputs that lead to v.

[P r(6U) = 1]-Pil F(U,) = 1]

= ‘E[Zleafv labeled 1 TV(G(UK ))] - E[Zleafv labeled 1 TV(UTI)]‘

= ‘ZIeafv labeled 1(E[ T,(G(U)) ] - E[TV(UH)D‘ (linearity of expectation)
< Ylleaf v labeled 1 ‘E[TV(G(Ue))] - E[Tv(Un)]‘ (Lemma 0.28)
< Zleafv labeled 1 2(e/2m) (Theorem 11.11)
<e
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Exercise 11.4.c: Let { > logn be the least integer for defining F = F,¢ with the simple irre-
ducible polynomial from Theorem 9.19.(ii). Identify [n] with a subset of F. Define G*: F¢ — F"
by G*(Sg—1,---»50); = Sq_1i% ! + 5451972 + -+ + 571 + 5, for each i € [n]. If s = (54_1,...,50) is
uniformly random and I C [n] has size d, then G*(s); is uniformly random over F¢, as in the
solution to Exercise 8.2. Also, G* is just the polynomial code Ey 4 from §9.5.2, possibly with
some codeword coordinates removed, so G* is linear over T, and thus linear over Z,, for the
same reason as Eq 4.

For k = d¢ = O(dlogn), obtain G: {0,1}* — {0,1}" from G* by flattening the seed and
keeping only one bit (it doesn’t matter which one) of each output coordinate. This G is linear
over Z, (since G* is) with a generator matrix H. If s ~ U then G(s); ~ Uy for every I C [n] of
size d. Thus for every f: {0,1}" — {0, 1} that depends on only d variables, say f(x) = f'(x;) for
some f’: {0,1}¢ — {0,1} and I C [n] of size d:

Pr[f(G(U)) =1] = Pr[f(G(U)) =1] = Pr[f'(Uy) =1] = Pr[f(U,) =1]

More generally, suppose f: {0,1}" — {0, 1} is computed by a depth-d decision tree. Without loss
of generality, every leaf is at depth exactly d. By the proof of Theorem 6.21, f can be expressed
as a sum (over R) of width-d terms f = Zleafv labeled 1 Iy Where T, accepts inputs that lead to v.

Pr{f(GU)) =1] = E[ Yieaty tabetea 1 Tv(G(UK))]
= Dlleaf v labeled 1 E[TV(G(Uk))]
= Dleat v tabeled 1 EL Tv(Un)]
= E[Zleafv labeled 1 Tv(Un)]

P f(U,) =1]

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 11 343

Exercise 11.4.d: (This ¢ is not the same ¢ from the solution to Exercise 11.4.c.)

Let H be the k x n matrix for G,, so G,(s) = sH. Let H; be H’s i column. Suppose I C [n] and
|I| = d. (The same argument works if |I| < d.) First, we claim that ®,0G, = @, : {0,1}* — {0,1}
for some J C [k]. This is because

(81 0Gy)(5) = 2hic; Go(s)i = i) (SH); = Do SO H; = SQ(ZieIHi) = @,(s)

for some J C [k], with arithmetic over Z,. Next, we claim that &;(U,,) is the same distribution
as @;(Uy). This is because Go(Uy); ~ Uy since G, is a 0-PRG for d-juntas, so &;(U,,) is the same
as ®;(G,(Uy)) = (&; 0 G,)(Uy) = &;(Uy). Since G, e-fools &;:

[Pr{81(Go(61 (U) = 1] - Pr{ @, (U = 1]| = [Pr@y(Gr(UN =1]-Prle W0 =1]| < ¢
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Exercise 11.4.e: By Exercise 11.4.c, there exists a poly(n)-time computable linear 0-PRG
G,: {0,1}X — {0, 1}" for d-juntas with seed length k = O(d logn). By Theorem 11.7, there ex-
ists a poly(klog(l/ e))-time computable e-bias generator G, : {0,1}* — {0, 1}* with seed length
= O(log(k/s)) = O(log(d/s) + loglog n). By Exercise 11.4.d, G, 0 G;: {0,1}f — {0,1}"is a
poly(nlog(l/ s))-time computable £-PRG for parities of at most d variables.
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Exercise 11.4.f: By Exercise 11.4.e, there exists an (¢/2¢*1)-PRG G: {0,1} — {0,1}" for
parities of at most d variables with seed length

(= O(log(d/(e/ZdH))+loglogn) = O(d +log(1/8)+loglogn)

and computable in time poly(nlog(l/(e/2d+1))) = poly(nlog(l/e)). Suppose f: {0,1}" —
{0,1} is computed by a depth-d decision tree. Without loss of generality, every leaf is at depth
exactly d. By the proof of Theorem 6.21, f can be expressed as a sum (over R) of width-d terms
f = eatv labeled 1 Tv Where T, accepts inputs that lead to v. By the proof of Theorem 11.11, each
width-d term is a linear combination of parities of at most d variables and is 2(¢/2%*1) = (g/29)-
fooled by G.

[P r(6U) = 1]-Pil F(U,) = 1]

= ‘E[Zleafv labeled 1 Tv(G(Ue ))] - E[Zleafv labeled 1 TV(UH)]‘

= ‘Zleaf v labeled 1 (E[ T,(G(U,)) ] —E[ Tv(Un)]) ‘ (linearity of expectation)
< Zleaf v labeled 1 E[TV(G(UK ))] - E[Tv(Un)]‘ (Lemma 0.28)
< Zleaf v labeled 1 8/ 2d

<e
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Exercise 11.5.a: Consider any valid input x of size N. We have Pr,.y, [H(x; q) # A(x)] <1/3.
If we run II n times with independent randomness for each run and output the majority vote of
the runs, the error probability would be < £/2 (Lemma 7.7).

Consider the length-n width-n block-size-b streaming branching program B that simulates
the above amplification: The input is (q;,...,q,) € ({0,1}®)". The output is the majority of
I1(x;q1),.-.,11(x;q,). The non-output layers are numbered 1,...,n. The nodes in layer i are
numbered O,...,i — 1. Reaching node j in layer i means exactly j of I1(x;q;),...,1(x;q;_1)
accepted. The start node is node 0 in layer 1. The outgoing edge labeled g € {0,1}? from node
j in layer i goes to node j in layer i + 1 if TI(x; q) rejects, or to node j + 1 in layer i + 1 if I1(x;q)
accepts. “Layer n+ 1” would have nodes numbered 0, ..., n, but those numbered O, ...,|n/2] are
combined into one reject node, and those numbered [n/2],...,n are combined into one accept
node.

Pr{IT'(x) # A(x)] = Pr[B(G(Up)) # A(x)] < Pr[B(Up,) #A(x)]+¢/2 < e/2+¢/2 = ¢
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Exercise 11.5.b: If A(x) = 0 then I1(x; q) rejects for all g € {0,1}® and therefore IT’(x) rejects
with probability 1. Now, assume A(x) = 1. Recall the recursive definition of G4:

Gd(rI) KRS rdns):
if d = 0: output s
else: call Gg_(ry,...,14—1,5) and then call Gy_1(ry,...,74-1,h;,(s))

We show that this maintains the invariant that Pr,. .. [(rl, .., Tq)is bad] < d27%/3, This holds
for the base case G, because the empty tuple () is good since:
Prs[s is bad] = Prs[l'[(x;s) rejects] <1/3 < 372" 4 4.070/3

To see that G; maintains the invariant when d > 0, assume the invariant holds for G;_;:

Pr [(rl, e, Tg_q) s bad] < (d—1)27b/3

I15ee05ld—1

Consider any particular good (ry,...,74_1), and let Y = {s €{0,1}? : (ry,...,14-1,5) is bad}
so:

PI'SJ-I:S eYandte Y] = Prs[s c Y:I2 < (3_2d—1 +4. 2_b/3)2 < 3_2d 43, Z_b/3

For any rq and s: (ry,...,74,s) is bad iff (rq,...,1r4_1,5) and (rq,...,74_1,h;, (s)) are both bad
iff s €Y and h, (s) € Y. Thus for any ry, if (1, ...,r4) is bad then

Prs[s €Y and h, (s) € Y:| > 372 44,0703 > Prs,t[s €Yandte Y:| +270/3
which implies that h,_ is (V,7, 27/3).bad. By Lemma 11.13:
Pr, [(r),...,rg) isbad] < Pr, [k, is(Y,Y,27%%)bad] < 1/2°(27%/%)2 = 27073
It follows that:

Pr.  r [(rl, e, Tg)is bad]

< Pr[(rl, ...,Tg—1)isbad or (rq,...,rgq) is bad]
< Pr[(rl, ceesTgp) is bad] + Pr[(rl, ...,Tq) is bad | (r1,-..5Tg—1) is good]
< (d—1)27P3 42703

d2—b/3

This proves that G; maintains the invariant. In conclusion:

Pr| I'(x) rejects| = Pr[(ry,...,1q,5) is bad]

< Pr[(rl, ...,rq)isbad or (ry,...,rg,s) is bad]
< Pr[(rl, ..., Tg)is bad] + Pr[(rl, ...,T4,s)is bad | (ry,...,rg)is good]
< d27%3 4 (372 +4.2703)

= 37"+ (d+4)27b/3
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Exercise 11.6: G, is an &-PRG for size-t circuits because for every size-t circuit C: {0,1}" —
{0, 1}, defining the size-t circuit C,: {0,1}" — {0,1} by C,(x) = C(x & a) (which is C with a -
gate added to input node x; if a; = 1):

’Pr[C(Ga(Ug)) =1]-Pr[C(U,) = 1]’

’Pr[C(G(U()eaa):1]—Pr[C(Un®a)=1]‘ (U, ®a="U,)
= ’Pr[Ca(G(Ug)) =1]—Pr[C,(U,) = 1]‘
<ze (G is an &-PRG for size-t circuits)

Now, G(U,) and G,(U,) are 2¢-indistinguishable by size-t circuits because for every size-t circuit
C:{0,1}" - {0,1}:

Pr[C(G(U)) = 1]— P C(G,(U)) = 1]\

IA

Pr[ C(G(Uy)=1]—Pr[C(U,) = 1]‘ n

Pr[C(U,) = 1]—Pr[C(G,(U))) = 1]‘

< e+e¢
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Exercise 11.7:

Pr(f'(D)=1] = Prop[flx)#x;] < 1/2—¢
and
Pr(f'(U,) =1] = Proy [f(xo) #x;] = 1/2

since f(x.;) and x; ~ U; are independent.
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Exercise 11.8: First, we prove an analogue of Lemma 11.27:

Lemma. G: {0,1}f — {0,1}" defined by G(s); = g(sy,) is a (t,€)-PRG if g: {0,1}" — {0,1} is
(t2k, 2¢/n)-hard and (H,...,H,) is a (k, £, m, n)-system.

Proof. Suppose G isn’t a (t, £)-PRG. For some t-node branching program B: {0,1}" — {0,1}:
‘Pr[B(G(U[)) =1]|—Pr[B(U,) = 1]’ > ¢
Using B as f in Lemma 11.26, we obtain f*: {0,1}™ — {0, 1} such that:

Pr,.y [f(2)=g&)] > (1+2¢/n)/2

To conclude that g is (t2%, 2¢/n)-easy, we design a t2X-node branching program B* that com-
putes:

fi(z) = f(gl(ZHl-ﬂHl), e gi—l(zHl-ﬂHi_l)’ J’zi) eb
We start with B. The size doesn’t increase when we hardwire y-; (and contract) and interchange
the output nodes if b = 1. We replace each node that reads x; for some j < (there are < t such
nodes) with a decision tree with < 2/Hi"Hl < 2k nodes that computes g;j by reading all bits of z
it depends on. n

The next part is the same as the proof of Theorem 11.23. Assume E contains a total
A:{0,1}" — {0,1} such that Ay is (2°¥,27°N)-hard for some constant ¢ > 0 and all large
enough N. We design a (t,1/7)-PRG with seed length O(log t) and computable in time poly t,
for all large enough t > n. Define:

d = [1/c] k = [log(4t)] m = 2dk { = 12dm
Let g = A,,: {0,1}™ — {0, 1}, which is (2°™,27°™)-hard and thus (2%, 2/7n)-hard since:
ok < okok — gm/d < oem 2/7n > 1/4t > 27k > 27m

There exists a (k, £, m,n)-system (Hy,...,H,) since n < t < 2K < (kf/em?)* (Lemma 11.28).
Thus G isa (t, 1/7)-PRG (by our analogue of Lemma 11.27) with seed length £ = 24d?[log(4t)] =
O(log t) and computable in time poly(n2¢) = poly ¢, as in the proof of Theorem 11.23.

BRANCHING PROGRAM GAP MAJORITY is BP*L-complete by a proof analogous to Lemma 7.39
except using Theorem 5.26 to obtain a log-space uniform branching program family for OutpuT
OF Il WITH RANDOMNESS.

To conclude that BP*L € P, we show BRANCHING PROGRAM GAP MAJORITY € P like in
Lemma 11.5: Say G,, ,: {0, 1}¢ — {0,1}" is a 1/7-PRG for n-variable t-node branching programs
where t > n. Given such a branching program B, we evaluate B(G, ,(s)) for every s € {0, 1}
and accept iff a majority of the evaluations accepted. This takes polyt time since computing
G, (s) and evaluating B both take poly t time, and there are 2t = 200ogt) — poly t possibilities
of s. This is correct since:

Pr[B(U,)=1]>2/3 = Pt[B(G, (U)=1]>2/3—-1/7>1/2
Pr[B(U,)=1]<1/3 = Pt[B(G, (U)=1]<1/3+1/7<1/2
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Exercise 11.9: Consider any G: {0,1}* — {0,1}" with £ < clogn. We design a size-n circuit
C:{0,1}" — {0,1} (with < n many A and V gates) such that:

’Pr[C(G(Ug))= 1]-prCc(U,) = 1]( > 1/2

For each s € {0,1}¢, let I, C [n] be a set of |n/2¢| many variable indices, such that the sets I,
are pairwise disjoint over all s. Let C be a DNF where each s € {0,1}! has an associated term on
variables I, that accepts G(s). As a bounded-fan-in circuit, each term of C contributes [n/2¢|—1
many A gates and one V gate, so C has < 2¢-(|n/2¢|—1+1) < n many A and V gates. We have
Pr[C(G(Ue)) = 1] =1 and:

Pr[C(Un) = 1] <> Pr[s’s term accepts Un] (union bound)
— Zs 1/2Ln/2£J
< of /zn/zf—l
< n¢jon/n-1
< 1/2 (for large enough n)
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Exercise 11.10: Assume P = NP. By Exercise 5.15, E contains a total A: {0,1}" — {0, 1}
with the maximum possible circuit size complexity for all N. By Theorem 5.8, this circuit size
complexity is Q(2V/N) > 2%M) By Theorem 10.19, E contains a total B: {0,1}* — {0,1}
such that By is (2°,27°N)-hard for some constant ¢ > 0 and all large enough N. The proof of
Theorem 11.23 turns B into a (t,1/7)-PRG with seed length O(logt) and computable in time
poly t, for all large enough t > n.
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Exercise 11.11.a: To turn a sorting network of size O(mlog®m) (Theorem 2.34) into a mono-
tone circuit of size O(mlog® m) for T/", turn each comparator into an V gate and an A gate, and
output the (m — k + 1)* bit in sorted order.

To obtain C; from C, push negations to the input variables (which at most doubles the size)
and replace each —x; with T{" 1(x_;) where x_; = Xy ++X;_1X;41 * - - X,,. This C is a monotone
circuit of size O(t + n?log®n) and agrees with C on every weight-k input x because x; = 0 iff
weight(x_;) > k, and thus —x; = T} (x_;).
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Exercise 11.11.b: Assume G: {0,1}¢ — {0,1}" is an £/2(n + 1)-PRG for size-c(t + n*>1log® n)
monotone circuits. Consider any size-t (nonmonotone) circuit C: {0,1}" — {0,1}. For each
k €{0,...,n}, define the function F: {0,1}" — {0, 1} by

C(x) if weight(x)=k

Fix) = {O if weight(x) # k

and note that Cf, is the size-c(t + n?log® n) monotone circuit T ;(x) V (T,?(x) AC, k(x)) where
Cy is from Exercise 11.11.a. Also note that C(x) = > _o Fr(x) = Y op_o(Ch(x) — T ().

‘Pr[C(G(Ue)) =1]-Pt[C(U,) = 1]‘
\ZZZO(E[CMG(U@))]—E[TEH(G(Ue))]) —ZZZO(E[CIQ(UH)]—E[Tk”H(Un)])\
\ZZZO(E[Ci(G(Ue))]—E[C;i(Un)]) + Yo (B[ T (U] —E[Tﬁﬂ(G(Uz))])\

o [EL GG~ E[ LU ]| + oo E T (U]~ E[ T2 (G0
< D oe/2(n+ 1)+ X _,e/2(n+1)

= €

IA

By the way, since E[ T,’}H(Un)] - E[ ;’+1(G(U5)):| =0—0=0, we could disregard it and handle
e/(2n+1) instead of ¢/2(n + 1).
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Exercise 11.12: Identify [£] with FxTF. For each x € F, the set {(x,y) 1y € IE‘} is an “interval.”
A structured subset of F x F contains exactly one element from each interval. There are n = m**!
many polynomials of degree < k over F. For the i™ such polynomial P;, define the structured set
H; = {(x,Pi(x)) IXE IF} Then (Hy,...,H,) is a (k, £, m, n)-system (Corollary 0.21).

This is quantitatively better than Lemma 11.28 because the latter only yields (k£/em
(k/e)k < mF*! subsets. However, this exercise requires { = m?, which is not good enough for
the applications to PRGs and extractors, which require { = O(m).

Z)k —
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Exercise 11.13.a: The parity function works because xoring together the uniformly random
bits yields a uniformly random bit, and xoring with the constant bits either negates the output
or doesn’t, so the output is still a uniformly random bit.
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Exercise 11.13.b: Output the parity of the first d/2 bits, and the parity of the last d/2 bits.
Since the source has min-entropy > d/2:

* At least one of the first d /2 bits is uniform, so the first output bit is uniform.
* At least one of the last d /2 bits is uniform, so the second output bit is uniform.

The two output bits are independent.
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Exercise 11.13.c: Output the parity of the first 2d /3 bits, and the parity of the last 2d /3 bits.
Since the source has min-entropy > d/3:

* At least one of the first 2d /3 bits is uniform, so the first output bit is uniform.

* At least one of the last 2d /3 bits is uniform, so the second output bit is uniform.

* At least one of the first d/3 or last d/3 bits is uniform, so the xor of the two output bits
(which is the parity of the first d/3 and last d/3 source bits, since the middle d/3 bits
cancel out) is uniform.

By Lemma 8.5, the output distribution is uniform over {0, 1}2.
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Exercise 11.14: We prove the contrapositive. Suppose for some large enough d, E,; is computed
by a size-(d¢ —4d) circuit C: {0,1}¢ — {0, 1}. Let b € {0, 1} be such that Pr[C(Ud) = b] >1/2.
Define a size-d° circuit sampler C’: {0,1}2¢ — {0,1}¢ that takes uniformly random (x,y) €
({0, 1}9)?, evaluates C(x), outputs x if C(x) = b, and outputs y if C(x) = b. For each z € {0, 1}4,
if C(z) =1 then

Pr,,[C'(x,y)=2] = Pr{x=2]+Pr[C(x)=band y =5] < 274 +(1/2)-27¢ < 27D
and if C(z) =0 then
Pr,,[C'(x,y)=z] = Pf{C(x)=band y =z] < (1/2)-27¢ = 27@*D)
and thus C’(Uyy) has min-entropy > d — 1. But
Proy[Ed(C'(x,y))=b] = Pr{C(x)=b]-PC(y) =b] < (1/2)-(1/2) = 1/4

o} A(Ed(C’(UZd)), U1) >1/4> 1/5. Thus E,; is not a (d — 1, 1/5)-extractor for size-d® circuit
samplers.
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Exercise 11.15.a: First, adapting Lemma 11.35, we show that A(D,U) < EiNC[A(Di, U)]: For
every event A C S:

|D(A) — U(A)| = |(Zl C(i)-Di(A))— U(A)| (law of total probability)
= |2 C(@)- (Dy(A)—U)|
< 5 C(0) - |pi(A) - UA)| (Lemma 0.28)
< >, C)-A(D;,U)
= Ei.c[AD;, U)]

Say i is bad iff A(D;,U) > ¢.

A(D,U) < E;.c[AD, )]

Pr;.cliis bad] -E;.c[A(D;,U)|iis bad] +

Pr;c[i is good] - E;c[ A(D;, U) | i is good ] (law of total expectation)
<6-1+1-¢
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Exercise 11.15.b: Define H = h +log(m/§). Foreveryi € [m]and r €S,
C(i)-Dy(r) < XL, C(J)-Di(r) = D(r) < 27"

and thus D;(r) < 27H/c(i) = 2~ 1gl/COD [t follows that D; has min-entropy > H —
log(1/C()).
Pr;.c| D; has min-entropy < h] < Pr;.¢[D; has min-entropy < H —log(m/5)]
< Pri.c[H —1log(1/C(i)) < H —log(m/5)]
Pri.c[C(i) < &/m]
= Dlictm]:c<s/m C(1)

Zie[m] &/m
15}

IA
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Exercise 11.15.c: Consider a mixture D = Z:"Zl C(i) - D; where D has min-entropy > h +
log(m/&) and each D; € T. With probability > 1 — 6 over i ~ C, D; has min-entropy > h
(Exercise 11.15.b) and therefore A(E(Di), Un) < ¢ by assumption. Since E(D) is the mixture
2?1:1 C(i)- E(D;) (like in the proof of Lemma 11.37), A(E(D), Un) < 6 + ¢ (Exercise 11.15.a).
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Exercise 11.15.d: By assumption, E: {0,1}¢ — {0,1}" is an (h, ¢)-extractor for the set T of
all distributions over {0,1}¢ where the first d/2 bits are independent of the last d/2 bits. By
Exercise 11.15.c, it suffices to show that the distribution D over {0, 1}¢ sampled by any m-node
sampler is a mixture of at most m distributions from T. For each node i in the sampler’s middle
layer, let D; be D conditioned on the random walk visiting node i. Then D; € T because a
random walk’s distribution after reaching node i doesn’t depend on how it got to i. We have
D =), C(i)- D; where C(i) = Pr[the random walk visits i].
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Exercise 11.15.e: E: {0,1}‘1/2 X {0,1}‘1/2 — {0,1} defined by E(rq,ry) = r; © ry (the dot
product over Z,) is a two-source (d /2 +2log(1/2¢), e)-extractor (Theorem 11.31) and there-
fore a (d/2 +2log(1/2¢) +1log(m/&), 6 + e)-extractor for m-node samplers (Exercise 11.15.d).
Choosing 6 =e =v/2,Eisa (d/z +log(2m/v?), y)-extractor for m-node samplers.
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Exercise 11.16: Say D =C(1)-D; + C(2):D,. For each r € S, if D;(r) = Dy(r) then
Dy(r) = C(1)D1(r)+C(2)Dy(r) = D(r) = C(1)Dy(r) + C(2)Dy(r) = Dy(r)
and thus

|D1(r)=Dy(r)| = Dy(r)—Dy(r)
(D1(r)=D(r)) + (D(r) — Dy(r))
= |Dy(r)—D(r)| + |D(r) — Do(r)|

and similarly, if D;(r) < Dy(r) then |Dy(r) — Dy(r)| = |Dy(r) — D(r)| + |D(r) — Dy(r)|. By
Lemma 11.1:

2A(D1,D5) = 3,5|D1(r) = Dy(r))]
= 2es(|Dr() —D()| + |D(r) = Do(r)])
= Yes|P1() = D()| + X5 |D(r) — Do(r)|
= 2A(D;,D)+2A(D,D,)

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 11 366

Exercise 11.17.a: First proof: Let E;, E, C S be events such that D;(E;)—U(E;) = A(D;,U) >
1—6 and Dy(E;)—U(E,) = A(D,,U) = 1—¢. Say D(E;)=1—a,s0 U(E;) < (1—a)—(1-6) =
6—a. Say Dy(Ey) = 1—f,s0 U(Ey) < (1—B)—(1—¢) =e—p. Let E = E; UE,, so
U(E) < U(E,)+U(Ey) < (6—a)+(e—p) = 6+e—a—p. For any mixture D = C(1)-D; +C(2)-D,,

D(E) = C(1)Dy(E)+ C(2)Dy(E)
C(1)D;(E;) + C(2)D,(E,)
C()(A—-a)+C(2)(1—p)
1—C(1)a—C(2)p
>1—a—p

Y

Thus D(E)—U(E)>2(1—a—fB)—(6+e—a—p)=1—6—¢,50 A(D,U)>1—5 —¢.
Second proof: Define:
a = . b () <min(y(r.u(ey (MIN(D2(r), U(r)) — Dy (1))

b = 2. u(rzmaxd, .0y (U () —max(Dy (r), Da(r)))
¢ = Zr:Dz(r)Smin(Dl(r),U(r))(min(Dl(r): U(r))_DZ(r))

at+b = (Zr :Dl(r)sU(r)<D2(r)(U(r) - Dl(r)) +2 :Dl(r)SDz(r)SU(r)(DZ(r) - Dl(r))) +

(Zr :Dl(r)SDz(r)sU(r)(U(r) - DZ(I‘)) + Zr :Dz(r)<D1(r)SU(r)(U(r) - Dl(r)))

= Zr:Dl(r)SU(r)(U(r)_Dl(r))
= A(D,,U)
>1-6

and similarly b +c¢ = A(D,,U) > 1—¢ and:
a-+ b +c = Zr:U(r)Zmin(Dl(r),DZ(r))(U(r) _mln(Dl(r), DZ(T))) S ZT’ U(r) == 1
Next, note that:

a=(a+b+c)—(b+c) <1—-(1—¢) =¢
b=(a+b)—a>(1-6)—e=1-6—=¢

For any mixture D = C(1) - D; + C(2) - D5,
AD,U) = 3 uiscipyrysc@pym(U) = CD () =C(2)Dy(r)) =2 b = 1-6—¢
since C(1)D;(r) + C(2)Dy(r) < max(D;(r), Dy(1)).

These proofs didn’t use the assumption that U is uniform. The result holds with any distribu-
tion in place of U.
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Exercise 11.17.b: Say D = Z?:l C(i) - D; where each C(i) > 0. For each k € [n], define the
distribution: _
B, = Zk c@)

o . D:
=Ly ey

We can also define these distributions using an iterative algorithm:

let Bl == D]_
fork«—2,...,n:
let B, = 2500 ot

Sc) R SE ey K

This maintains the invariant that A(By,U) > 1 — ke. This holds for k = 1 by assumption.
Assuming A(By_;,U) > 1—(k—1)e and A(Dy,U) > 1—¢, we have A(By,U) > 1—(k—1)e—¢e =
1 — ke since By, is a mixture of B;_; and D, (Exercise 11.17.a). At the end, B, = D and thus
A(D,U) =2 1—ne.

This proof didn’t use the assumption that U is uniform. The result holds with any distribution
in place of U.
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Exercise 11.18: We partition [0, 1) into [0,3/12) for a, and [3/12,5/12) for b, and [5/12,
9/12) for ¢, and [9/12,1) for d.

Starting at y = 0, we have B, = {0, 4/12, 8/12} and A, = {a,b,c}. As we increase y, A,
remains {a, b, c} until y = 1/12, at which point y +4/12 leaves b’s interval and enters ¢’s interval,
and y +8/12 leaves ¢’s interval and enters d’s interval. Then A , remains {a,c,d} until y = 3 /12,
at which point y leaves a’s interval and enters b’s interval. Then A, remains {b, ¢,d} for the rest
of y <4/12.

r | a b c d
Uap(™) [ 1/3 1/3 1/3 0
Upay(r) | 1/3 1/3 0 1/3
Ueay(r) | 1/3 0 1/3 1/3
U{b’c,d}(r) 0 1/3 1/3 1/3

In summary:

_ 1/12—0 3/12—1/12
“Uapep + 1/3

= (1/4) - Ugapep + (1/2) - Uaeqy + (1/4) - Ugp e ay

4/12—3/12
“Ugaeay + #/12-8/12 1/3/ “Up,c,
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Exercise 11.19.a: This is like the proof of Lemma 11.37.

=: This is because k-flat distributions have min-entropy log k.

&: Consider any D; and D, that both have min-entropy > logk. By Lemma 11.36,
Dy = D4 cioaye:ja, =k C1(A1) - Uy,

D, = ZAZE{O,I}d:|A2|=k Cy(A3) - Uy,

are mixtures of k-flat distributions. Then E(D;,D,) is the mixture . AL AZ(Cl(Al) . Cz(Az)) .
E(Uy,,Uy,,) like in the proof of Lemma 11.37. Since A(E(UAI,UAZ), Un) < ¢ for each pair
(A1, A,) by assumption, A(E(Dl,Dz), Un) < ¢ (Lemma 11.35).
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Exercise 11.19.b: This is like the proof of Theorem 11.33.

Sample E: {0,1}¢ x {0,1}¢ — {0,1}" uniformly at random: For each (r{,r,) € {0,1}¢ x
{0,1}¢ independently, sample E(ry,7,) ~ U,. Consider any A1, A, C {0,1}¢ with |A;| = |A,| =
2" and any f: {0,1}" — {0,1}. For each (r;,r,) € A; x A,, imagine a coin toss where heads
means f(E(r;,75)) = 1. These 2% coin tosses are fully independent, and each has heads
probability p = Pr[ fu,) = 1:|. For any outcome E, the fraction of tosses that are heads is
Pr[f(E(UAl, Ua,)) = 1], and by Lemma 7.20:

262h 292h
PrE[fraction of heads isn’t within +¢ of p] < 2072 < ol7e2

Thus:
PrE[E isn’t a two-source (h, h, 8)-extractor:|
= PrE[A(E(UAl, Ua,)s Un) > ¢ for some 2"-flat Ua, UAz] (Exercise 11.19.a)
= PrEUPr[f(E(UAl, Ua,)) = 1] —p| > ¢ for some 2"-flat Ua,>U,, and some f]
DALAf PrEUPr[f(E(UAl, Up,))=1]—p|> e] (union bound)

1—g292h
ZAI:AZJ 2

_ @Z)z .92 gl—e?2?

hyonyq_.292h d h
< 22d2 +2"+1—e%2 (@h) < (zd)z )

<1

IA

A
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Exercise 11.20.a:
(D—-U)-(D—-U) = (D-D)—2(D-U)+(U-U) = p—2/IS|+1/|S| = p—1/|S|

¢-C = Zres Cry® = Zresl = |5

2A(D,U) = Y, o|(D—U)(r)| (Lemma 11.1)
=(Db-U)-C
< /(0-»)--v))C-C) (Theorem 0.26)

Vv (p—1/ISDIS|
VISlp—1
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Exercise 11.20.b: Consider any distribution D over {0, 1}¢ with min-entropy > h. Note that
D has collision probability >, . D(r)* < Y. .c27"D(r) = 27". Now, we bound the collision
probability of (E(D, U,), Uy). If we independently sample (r,s) ~ (D,U,) and (r’,s") ~ (D, Up):

Pr[(E(r,s),s) = (E(r',s’),s’)]

Pr[s = s’] . Pr[E(r,s) =E(r',s") | s= s’] (chain rule)
2t .Pr[E(r,s) = E(r’,s)]

= 27 (Pr[r =1'] - Pr[E(r,s) = E(r/,5) { r=r']+

Pr[r #* r’] . Pr[E(r,s) =E(r',s) \ r# r’]) (law of total probability)
< 27t. (Z_h -1+4+1- 2_”) (H is pairwise avoiding)
_ ol-h { o—l-n

By Exercise 11.20.a:

A((E(D, UZ )) UK )) (Un> U[)) < %\/2n+€(2—€—h + 2_€_n) —1 = Z(H_h)/z_l < ¢
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Exercise 11.21.a: We prove the contrapositive. Say s is bad iff A(E(D,s), Un) > /€. Assume
Pr,.y, |:s is bad] > 4/e. For each bad s, let f: {0,1}" — {0,1} be such that Pr[fs(E(D,s)) =
1] > Pr|: f(U,) = 1] + 4/¢. For each good s, let f, be the constant-0 function. Define f: {0, 1}" x
{0,1}* = {0,1} by f(g,5) = f,(9)-

Pr[ f(E(D,Up),Up) = 1] = E[Pr{f(E(D,s),5) =1]]
= > 27 Pr[f(E(D,s)) = 1]
> Yhads 2 (P fi(U) = 1]+ ve)
= > 27 Pr[f,(U,) = 1] +Pr,[s isbad]- /&
> Pr[f(U,, U) = 1]+ Ve Ve

Thus A((E(D,Uy), Uyp), (U, Up)) > €.
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Exercise 11.21.b: Say s is bad iff A(E(D,s), Un) > y. Assume Pr,_;, [s is bad] < 6. Consider
any f: {0,1}" x {0,1}¢ — {0, 1}. For each s, define f,: {0,1}" — {0,1} by f.(q) = f(q,s).
Pr{ f(E(D,Up),Uy) = 1]
E,[Pr{ f(E(D.s).5) =1]]

= E[Pf,(E(D,5)=1]]

< E[Pr£,(U,) = 1]+ A(E(D,s), U,) ]
= Pr[ fU,,U) = 1 + s[ E (D,s), Un)] (linearity of expectation)
= Pr[f(U,,U) =1]+

Prs[s is good] . ES[A(E(D,S), Un)

s is good] +

Pr, [s is bad] 'ES[A(E(D,S), Un) sis bad] (law of total expectation)

IA

Pr{f(U,, U)=1]+1-y+5-1

Thus A((E(D,Uy), Up), (Un, Up)) < v + 6.
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Exercise 12.1: Consider any private-key encryption scheme (E, D) where the key length ¢ is
less than the message length n, and with ciphertext length c. The proof of Theorem 12.5 showed
that there exist messages my 7 m; and a function A,,: {0,1}° — {0, 1} such that:

Pr[ A, (Ey,(mp)) = 1] —Pr{ A (Ey,(my)=1] > 1-1/2 > ¢

This means A(EU[(mO), EUZ(ml)) > g, so (E, D) isn’t e-secure.
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Exercise 12.2: Consider any size-t circuit C: {0,1}" — {0, 1}. Think of the distribution G,(U,,)
as a hybrid that interpolates between G,(G;(U,)) and U,,. We have

‘Pr[C(Gz(Um)) =1]-Pr[C(U,) = 1]‘ < e/2

since G, is a (t, €/2)-PRG. Define the size-(t+t’) circuit C’: {0,1}™ — {0, 1} by C’(x) = C(B(x))
where B: {0,1}™ — {0, 1}" is a size-t’ circuit for G,. We have

’pr[c’(c;l(ue)) =1]-Pe[C'(U,) = 1]’

< g/2

[P{C(G2(G1 () = 1]~ P C(Ga(Un) = 1]|

since Gy is a (t + t’, £/2)-PRG. In conclusion:

Pr[ C(Gy(G1(U)) = 1] —Pr[ C(U,) = 1]’

Pr[ C(Gy(U,)) = 1] - Pe[ C(U,) = 1]'

Pr[ C(Go(Gy (Up))) = 1] = P C(G,(U,y)) = 1]\ +
g/2+¢/2

IA

A
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Exercise 12.3: Assume P = NP. Consider any poly-time computable function family f;, f,,...
where f,: {0,1}" — {0, 1}". To show the family isn’t (poly n, negl n)-one-way, we show that for
some constant d and infinitely many n (in fact, for all large enough n), f,, isn’t (n, 1/2)-one-way.

(call this problem A)
Input: y € {0,1}" and partial assignment a € {0, 1, x}"
Output: Does there exist z € {0,1}" consistent with a such that f,(z) = y?

A € NP by a verifier V where V(y,a;z) = 1 iff z is consistent with a and f,(z) = y, using a
poly-time program for f,,. Thus A € P, so for some constant e and all large enough N, Ay has
a circuit of size N¢. Given y = f,(x), we can find some z such that f,(z) = y by a search-to-
decision reduction that makes n queries to Ay (where N is A’s input length associated with n).
Combining this with the circuit for Ay yields a circuit C: {0,1}" — {0, 1}" of size n? (for some
constant d) such that Pr, .y, [fn(C(fn(x))) = fn(x)] =1>1/2.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 12 378

Exercise 12.4: Suppose G isn’t a (t,£)-OWF. Let C: {0,1}* — {0, 1}¢ be a size-t circuit such
that:

Pr,.y,[G(C(G(s)) =G(s)] > ¢

Define a circuit C’: {0,1}* — {0, 1} such that C’(x) = 1 iff G(C(x)) = x. (That is, C’ tests
whether C successfully finds a preimage of x.) By assumption, Pr[C’ (G(Uy)) = 1] > ¢. We have
Pr[C’(Uze) = 1] < 2¢/22t = 27t since at most 2¢ of the 2% elements of {0,1}?! even have a
preimage. It follows that:

‘Pr[C/(G(Ug)) =1]—Pr[C'(Uy) = 1]’ > g—27¢

C’ has size < t +t’ + 8¢ since it consists of C and a size-t’ circuit for G and 8 —1 many A and V
gates to check whether two bit strings of length 2{ are equal. Thus G isn’t a (t +t/+80, e—27¢ )
PRG.
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Exercise 12.5: f o f is a permutation since f is a permutation. Suppose f o f isn’t a (t, £)-OWP.
Let C: {0,1}" — {0,1}" be a size-t circuit such that:

Proy [CFUf(x))=x] > ¢
Define a circuit C’: {0,1}" — {0,1}" such that C’'(y) = C(f(y)).
Pr, .y [C'(f(x)=x] = Proy [CFUS()))=x] > &

C’ has size < t +t’ since it consists of C and a size-t’ circuit for f. Thus f isn’ta (t +t’, £)-OWP.
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Exercise 12.6: Assume f and h have size-t’ circuits, and f isn’t (t, £)-one-way. Let C: {0,1}" —
{0,1}" be a size-t circuit such that PrXNUn[C( f(x)) = x] > ¢. Consider this randomized algo-
rithm that takes input y € {0, 1}" and randomness b ~ U;:

T(y; b):
evaluate g < C(y)
if f(2) = y: output h(z)
else: output b

Since f is a permutation, we have f(z) = y iff z = f~1(y). By the law of total probability:

Pr, .y peu, [I(f(X);B) = h(x)] = Pr,[C(f(x)) = x]- 1+Pr,[C(f(x)) # x]- Pr, [ b = h(x)]
e+(l1—g)-1/2

= (1+4+¢)/2

\

For some b € {0,1}, Prx[l'[(f(x); b) = h(x)] > (1+¢)/2. We implement II(y; b) as a circuit
C'(y), so Prx[C’(f(x)) = h(x)] > (1+¢)/2. Thus hisn’t (t+2t’+4n, 8)-hardcore for f, because
C’ has size t + 2t’ + 4n since it consists of C, and the circuits for f and h, and 4n— 1 many A
and V gates for comparing f(z) to y, and one gate for the final mux (contracted with b).
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Exercise 12.7: X Pry, c3w,)lx]
0000 | O
0001 | 1/8
0010 | 1/8
0011 | O
0100 | 1/4
0101 | O
0110 | O
0111 | O
1000 | O
1001 | 1/8
1010 | 1/8
1011 | O
1100 | 1/4
1101 | O
1110 | O
1111 | O
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Exercise 12.8: Suppose G" isn’t a (t,€)-PRG. Let C: {0,1}" — {0,1} be a size-t circuit such
that:
’Pr[C(G"(Ug))z 1]-pPrC(U,) = 1]‘ > ¢

Lemma 11.25 is stated for predicting the ™™ bit from the first i — 1 bits, but by symmetry, it
can also be stated for predicting the i™ bit from the last n —i bits. Thus there exist i € [n] and
C’: {0,1}" — {0,1} (a constant if i = n) such that

Prx~G"(U/3)|:C/(X>i) = xi] > 1/2+¢/n

and C’(xs;) = C(y<;,X>;) ® b for some hardwired y.; € {0,1}! and bit b. To show that h
isn’t (t + nt’, 25/n)-hardcore for f, define a circuit C”: {0,1}* — {0,1} such that C"(z) =
C'(G"(2)).

Prs~U[|:C”(f(5)) =h(s)] = Pl‘s~Ul|:C/(Gn_i(f(5))) =h(s)]

= Pry.y,[C/(G" 1 (5)s1) = G (s), ]

= Pr,_grin(uy|C'(Xs1) = x;]

= PrXNGn(U[)[C/(xN) = x| (f is a permutation)
(1+2e/n)/2

Vv

C” has size < t + nt’ since it consists of the size-t circuit C’ and at most n copies of the size-t’
circuit for G.
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Exercise 12.9: We prove that if (E, D) isn’t a (t, £)-secure private-key encryption scheme, then
h ist’t (t, €)-hardcore for f. Let C: {0,1}¢*! — {0, 1} be a size-t circuit such that

Pr{ C(Ey,(0)) =1]—Pr{C(Ey,(1))=1] > ¢

(assuming C has already been negated if necessary to remove the absolute value bars). For each
bit b, define a circuit C}: {0,1}* — {0, 1} such that:

. (b ifct,p)=1
Coly) = {B if C(y,b) =0

Cj is C with the last input bit hardwired to 1, and C{ is C with the last input bit hardwired
to 0 and with the output negated. Thus C; and C; are size-t circuits. Using the law of total
probability:
max, (Pr[ CH(F(k) = h(k)]) = Pry ;[ CH(f(K)) = h(K)]
= Priy[b=h(K)] - Prip[ Co(f(K)) = h(k) [ b= h(K)] +
Prk [b=h(k)]-Pry, b[cb(f(k)) =h(k)|b=h(K)]
3 - Pril Cigo (U0 = (1) ]+ 5 - Pri[ G (f(k)) = h(k) ]
(Pri[C(f(K), h(K)) = 1] + Pri [ C(£(K), h(K)) = 0]) /2
= (Pr[C(E(0)) = 1]+ Pry[ C(E(1)) = 0])/2
= (1+Pr[C(E(0) =1]-Pr[C(E(1) =1])/2
> (1+¢)/2

Thus Pri[ C4(f(k)) = h(k)] > (1 +£)/2 for some b.
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Exercise 12.10.a: Since G is a (t,&/2)-PRG, E, y;,(0) = G(U,) and E, y,(1) = G(U;) ® a are
(t, €)-indistinguishable for each a (Exercise 11.6).
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Exercise 12.10.b:

Pr,[3x,k, k' : Dyr(x)=0and Dy p(x)=1] = Pr,[3k, k' : G(k)=G(k)@a]
Zk’k, Pra[G(k) =G(K)e a] (union bound)
= D2

¢

o=

IA
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Exercise 12.11: Assume ¢ < logt —loglogt —1 and ¢ < 2", and consider any F: {0,1} x
{0,1}" — {0,1}. Identify {0,1}" with the binary numbers {0,1,...,2" — 1} 2 {0,1,...,¢}.
Consider an oracle circuit C such that C(f) queries f(i) for each i € {0,1,...,£} and outputs
1 iff (f(O),f(l), . ..,f(ﬁ)) € {0,1}*! equals (FS(O), F,(1),. ..,FS(Z)) for at least one s € {0, 1}¢.
We have Pr[C(FUK) =1]=1and Pr[C(U,_,;) = 1] < 2/2"1 = 1/2 since at most 2 of the 2¢*!
strings in {0, 1}¢*! equal (FS(O), F,(1),... ,Fs(ﬁ)) for some s € {0, 1}¢. It follows that:

Pr[C(FUZ):1]—Pr[C(Un_>1)=1]‘ > 1/2 > 1/3

C has size < (£ + 1)+ £2° + (20 —1) < 202! < t. Thus F isn’t a (t,1/3)-PRF.
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Exercise 12.12:

s | G(s) | Go(s) Gals)

Fy1(x)

00
01
10
11

0011
1000
1101
0110

00
10
11
01

11
00
01
10

000
001
010
011
100
101
110
111

Go(Go(Go(ll))) =11
Gl(Go(Go(ll))) =01
Go(G1(Gp(11))) =00
G1(G1(Gy(11))) =11
GO(GO(G1(11))) =01
Gl(Go(G1(11))) =10
GO(G1(G1(11))) =10
Gl(G1(G1(11))) =00
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Exercise 12.13: Consider the size-(4n + 1) oracle circuit that queries (a, b) « f(x,y) and
(a’,b") « f(x’,y) for some arbitrary x # x’ and y, and acceptsiff x®@a=x"@®d’. If f ~ F{ie
then this accepts with probability 1 because:

xoa =x0(x0F (y) = F () =xe(xeF(y) = xed

If f ~ Uy,_2, then this accepts with probability 27" because a and a’ are independent of each
other since (x, y) # (x’, y), and thus a = x ® (x’ ® a’) holds with probability 27",
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Exercise 12.14: Say an outcome q = (r,1’) is good iff r # r’. We have Prq[q is bad ] = 27",
For each q = (r,1"), consider an oracle circuit Co,q such that

Coq(f) = (. mo@ £(r), (', B(r, my® f(r)) @ £(")))

and an analogous oracle circuit C; ; using m; instead of m,. Each Cy4 and C; 4 has size <
2t 4+ 3n+ 2 because it consists of C and B, and two oracle gates, and 3n many A and V gates for
bitwise xoring B(...) with f(r”), and some — gates and constants. If q is good then

Coq(Unan) = C((r, Uy, (', Uy)) = C1q(Upoin)

where the two U,s in the middle are independent, since f(r) and f(r’) are independent. Putting
everything together:

‘Prk,q[C(Ek,r(mO), Ey (B(Ex ,(mg)))) = 1] —Pry o[ C(Ex - (m1), Eg (B(Ey ,(m1)))) = 1]‘

= ‘Prk’q[co’q(Fk) =1]=Pr [ C14(F) = 1]‘

< Eq‘Pr[Co’q(FU[) =1]—Pr[C, o(Fy) = 1]‘
< maxgoodq‘Pr[Co’q(FUK) =1]—=Pr[Cy ,(Fy) = 1]‘ +Pr,[q is bad]
< maxgaq o(|Pr[ Coq(Fuy,) = 1] =Pt Co g (Un) = 1]] +
|Pt[C 4 (Unmn) = 1] —Pr{Cy4(Fy,) =1]| ) +Pry[q is bad]
< MaXgag((e—27)/2+ (e —27)/2) +27"

= £

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 12 390

Exercise 12.15: Assume F is pairwise uniform. Consider any m € {0,1}" and any g: {0,1}® —
{0,1}" x {0,1}". For any a € {0,1}?, g(a) = (m’,a’) is a forgery iff a’ = Fy(m’) and m’ # m, so
since F is pairwise uniform:

' 0 ifm =m
PrkNUl[g(a) isa forgery| Fi(m) = a] = Pr.y [Fk(m') —d ’ Fi(m) = a] =270 ifm' #£m
~UYy
<2

By the law of total probability:

> e Priy, [ Fr(m) = a] - Pri.y,[ g(a) is a forgery | Fi(m)=a]
Za PrkNU[ [Fk(m) = a] . 2_b
= 2_b

PrkNUll:g(Fk(m)) isa forgery]

IA

Thus F is a one-time perfectly unforgeable MAC.
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Exercise 12.16: Consider any m € {0,1}" and m’ € {0,1}" with m # m’. Define a size-
2 oracle circuit that queries (ay,a,) < Fg, ,(m,m) and (a},a3) « Fg, x,(m’,m’) and outputs
((m,m’),(ay,a5)). Thisis a forgery (with probability 1) since Fy i, (m,m’) = (Fkl(m),sz(m’)) =
(a;,a3) and (m,m’) # (m,m) and (m,m’) # (m’,m’) (since m # m’). Thus F’ isn’t (2, ¢)-
unforgeable if € < 1.
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Exercise 13.1.a: Here itis:

-
L((xY c(xh)), ..., (x™, c(x™))):
if c(x") = 1 for some i:
output the hypothesis h = c, ;, where:
a is the minimum x' such that c¢(x!) =1
b is the maximum x' such that c¢(x!) =1
else: output the constant-0 hypothesis h
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Exercise 13.1.b: There are (22) concepts ¢, with £ <u. There are 2" concepts ¢, , with £ = u.

There is 1 distinct concept ¢y, with £ > u. Thus |C| = (Zzn) +274+1=(22"+2"42)/2 < 2" By

Theorem 13.4, if m > %ln “g—l then every m-consistent learner for C is a (6, £)-PAC learner for C.

Thus some %(O(n) +In %) training examples suffice.
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Exercise 13.1.c: Consider any target concept ¢ = ¢, , and any distribution D over {0, 1}". If
¢ > u then c is the constant-O concept and L outputs the constant-0 hypothesis, so assume £ < u.
We use the interval notation [£,u] = {x : £ < x < u} from §13.1.2. If D([{,u]) < ¢ then

.....

since either h is the constant-0 hypothesis, in which case PryND[h(y) # c(y)] =D([{,u]) <s,
or £ < a < b <u, in which case Pr,p[h(y) # c(y)] =D([¢,a—1]U[b+1,u]) < D([£,u]) < e.
Now, assume D([£,u]) > ¢ and consider the smallest £’ > ¢ such that D([¢,{’]) > £/2 and the
largest u’ < u such that D([u/,u]) > ¢/2. Ifa € [{,£’] and b € [u/,u] then:

Pry.p[h(y) #c(y)] = D([£,a—1]U[b+1,ul)

< D([¢, ¢ —1])+D([u' +1,u])
< g/2+¢/2
=¢
Thus:
Pr(et, omyepn| Pryop[H(y) = c(y)] < 1—¢]
< Priampepn @ 16,01 or b & [u/,u]]
< Pramyepn| @ € [ ]]+Pria amyopn| b & [0, u]] (union bound)
< Pro,myepm| Vi X601+ Proa ymyopn| Vi x' & [, u]]
= T1L, Procp[x! & [6, 1]+ [T, Pryiop|x! & [, u']] (x!,...,x™ are independent)
= [T, =D(e, D +TT:L,(1 = D([w', ul))
< 2(1—g/2)"
< 2 Mme/2 (Fact 7.6)
<6
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Exercise 13.2.a: Given (x!,c(x1)),...,(x™,c(x™)), the learner outputs the hypothesis h = cT
where T = {xi ce(x)) = 1}. Consider any concept ¢ = ¢5 where |S| < k and any distribution D
over {0,1}". Note that T =S N {x!,...,x™} €S and thus |T| <k, soh € C. Say y €S is heavy
if D(y) > ¢/k and light otherwise. If every heavy y € S is in {x!,...,x™} and therefore in T,
then:

Pry, p[h(Y) # ()] = 2,es 7 DO) < Digheyes D) < IS|-e/k < ¢

Thus:

.....

IA
-
=
><>—~
4
2
2
o]
3
—
%)
o
8
[¢]
=
@]
3
<
m
V)
=
=
o
=3
5
—_~
=
- -
=
3
—
[

(union bound)

IA
%4
>
<
m
V5
s
~
xb—l
=
E
4
o]
3
|
=
><~ .
BN
<
| N

.....

= ZheavnyS | PrxiND[xi # y] (x!,...,x™ are independent)
= Yheayyes | liz1(1—=D())

Dneavy y e s(1—€/K)"

ke—me/k (|S| < k and Fact 7.6)
1)

A IA

IA
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Exercise 13.2.b: Given (x!,c(x1)),...,(x™,c(x™)), the learner outputs the hypothesis h = cT
where T contains {xi s e(x)) = 1} along with arbitrary elements of {0,1}* \ {x!,...,x™} to
bring the size up to |T| =k (so h € C assuming c € C).

Now, consider any m-consistent learner for C (not necessarily the one we just designed).
Consider any concept ¢ = ¢° where |S| = k and any distribution D over {0, 1}". Suppose that
given (x!,c(x1)),...,(x™ c(x™)), the learner outputs some hypothesis h = ¢ with |T| = k.
Then SN {x!,...,x™} = T n{x',...,x™} since the learner is consistent. Say y € {0,1}" is
heavy if D(y) > €/2k and light otherwise. If every heavy y is in {x',...,x™} and thus not in
(8N\T)U(T \S), then:

Pryp[h(¥) # c(N)] = 2 cisrums) PO) < Dighiyesur DY) < ISUT|-¢/2k < ¢
Thus:

Pr(xl,...,xm)va"l I:Pryva[h(y) = C(y)] <1l-— g:l

Pr(xl,m,xm),\,Dm[SOme heavy y is not in {x!,. ..,xm}]

IA

IA

D heavy y P, xm)~Dm [Vi: x'#y] (union bound)
= Zheavyy [T, Proop[xi # ¥ ] (x!,...,x™ are independent)
= Dheavyy | Liz1(1=D(¥))

D heavy y (1 —&/2k)™

< (2k/g)eme/2k (< 2k/e many y are heavy and Fact 7.6)
o

IA

IA
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Exercise 13.3: This is like the proof of Theorem 13.4. Assume m > 2 =ln5,; |H| +1and L is an
m-nearly consistent learner for (C,H). Consider any concept ¢ € C and dlstr1but1on D over
{0,1}". Say a hypothesis h € H is bad iff PryND[h(y) = c(y)] <1—e¢. Then:

Pr(yi  xm)pm [L((xl, c(xh)),..., (x™, c(xm))) is bad]

< Pra,.,m~pn| 3 bad h nearly consistent with (x?,c(x1)), ..., (x™,c(x™))]

< Dbadh Pr(x1’m’xm)~Dm[Eli e[mlVj#i: h(x)) = c(xj)] (union bound)
< D adh ooy Pr(xl’m’xm)p\,Dm[Vj #i: h(x)= c(xj)] (union bound)
= D adh Dy ]_[#i Pl‘xjND[h(Xj) = c(xj)] (x!,...,x™ are independent)
< badn 2z (1 =)™

< |H|meem=1) (Fact 7.6)
= |H|(gln%+1)(%) (assuming m = = 21 11l = Hl | 1. see below)
_ |H|

= (2Ing; +8)(|H|)

<o

If we increase m, then the inequality still holds since e?™) (with no — sign in the exponent)
grows faster than m. Thus L is a (8, €)-PAC learner for (C, H).
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Exercise 13.4: Ignore x2 = 000101 and x° = 101010, and form this matrix:

1
3
4| =
6

b e W e T o
|
_ O = O
o O O O
O = = =
—_ =
o = O O
o O O O

(1) Exclude x; and X since column 1 hasa 0 and a 1.
(2) Include X, since column 2 is all-0.
(3) Exclude x5 and X3 since column 3 has a 0 and a 1.
(4) Include x, since column 4 is all-1.
(5) Exclude x5 and X5 since column 5 has a 0 and a 1.
(6) Include x4 since column 6 is all-0.

The term x4 A x4 AXg accepts all four positive training examples and rejects both negative training
examples.
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Exercise 13.5: Among the training examples, if x5 = 0 then c(x) = 1, so we pick (3,0, 1).

L (0010,0)
0 ] (1111,0) (0110,1)
@ (1010,1)

Among the remaining training examples, if x4, = 1 then c(x) = 0, so we pick (4,1,0).

(0010,0)

©

1
@L(:_‘; (0110,1)
0
®

(1010,1)

Among the remaining training examples, if x; = 1 then c(x) = 1, so we pick (1,1,1). (Or, we
could pick (2,1,1).)

) i U0, (0010,0)
@E/ O (0110,1)
0

Among the remaining training examples, if x, = 0 then c(x) = 0, so we pick (2,0,0). (Or, we
could pick (2,1,1).)

1 1
Lol
@f\ (x5) D) () O (0110,1)
0

All remaining training examples have c(x) = 1, so we have a terminal node labeled 1.
I NI NI
@E &)@ ? @
0 0
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Exercise 13.6:
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Exercise 13.7: <: Assume that for every nonempty S C {0, 1}", either c is constant on S or
there exist b € {0, 1} and a literal £ that accepts a string in SNc¢™!(b) but none in SNc~1(b). Since
a literal £ has the form “x; = a” for some j € [n] and a € {0, 1}, the assumption is equivalent
to: For every nonempty S C {0, 1}", either c is constant on S or there exists (j,a, b) such that:
c(x) = b for all x € S with x; = a, and such an x exists. Thus if we run the algorithm from
§ 13.2.3 with training data (x,c(x)) for all x € {0,1}", it won’t get stuck: In each iteration,
letting S be the remaining training examples, the assumption implies that the algorithm either
halts (if ¢ is constant on S) or picks a (j, a, b) that makes progress. Thus there exists a decision

list for ¢, since the algorithm finds one.

=: Assume there exists a decision list for c. Consider any nonempty S C {0, 1}" such that ¢
is not constant on S. Consider the first (j,a, b) in the decision list such that x; = a for some
x €S. Then c(x) = b and the literal “x; = a” accepts this x € SN ¢~ (b) but accepts no string in

SN ¢ Y(b) (since otherwise the decision list would incorrectly output b on the latter strings).

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 13 402

Exercise 13.8: We use the poly-time proper consistent learner for terms (§13.2.2) to design
a learner for 2-term DNFs in which at least one variable appears positively in one term and
negatively in the other term. The key observation is that if one term T; contains x; and the other
term T contains X;, then the DNF’s output is the value of T; on all examples with x; =1, and
is the value of T, on all examples with x; = 0. So x; is the selector for a mux that picks which
term to evaluate. We just try all possibilities of the selector variable index j.
( N
given labeled examples E = ((xi, p(x)):ie [m]):
for each j € [n]:

run the term learner on E; = ((xl, p(h) : x;. = 1) to get a term T containing x;

run the term learner on Ej = ((xi, (x) : x}i. = 0) to get a term T containing x;
if T; rejects all negative examples in E; and T, rejects all negative examples in E:

halt and output the hypothesis ¢ = T; V T,
\ J

First, we claim that in iteration j, we may indeed assume T contains x; and T contains X;.

If E; has at least one positive example, then T; contains x; since T; consists of all literals that
evaluate to 1 on all positive examples in E;. If E; has no positive example, we may assume T is
a width-n term that rejects all examples in E; and still contains x;. Similarly, T, contains X;.

Next, we claim that if this learner outputs a hypothesis v in iteration j, then ) is consistent

with the training data. For each i € [m]:

o If ¢(x!) =1 then 2 (x!) = 1 because:
o If x}‘. =1 then T;(x") =1.
o If x} =0 then Ty(x") =1.

o If ¢(x') =0 then ¢(x") = 0 because if x} =1 (or analogously if x;. =0):
* Ty(x"') =0 since T; rejects all negative examples in E;.

* To(x') = 0 since T, contains X;.

Finally, we claim that if the training data comes from a target concept ¢, then the learner
outputs a hypothesis before running out of options for j. Assume ¢ has x; in one term U; and
x_j in the other term U,. Then we claim that the learner would halt in iteration j (if not sooner):
All positive examples in E, are rejected by U, (since U, contains x;) and thus accepted by U, .
Thus T; contains all literals of U; (and possibly more). Since U; rejects all negative examples in
E;, so does Ty. Similarly, T, rejects all negative examples in E,. Thus the learner would halt in
iteration j.

The learner is poly-time since the term learner is poly-time and the j € [n] loop is only a
poly-time overhead.
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Exercise 13.9: Let C’ be the concept class of dictatorships on |C| variables, and index these
variables by the concepts ¢ € C.

* Fo:{0,1}" — {0,1}/°l: Define x’ = Fo.(x) by x = c(x) for all c.

* Feon: C— C’: Define ¢ = F,y,(c) by ¢’(x”) = x/ for all x” (the dictatorship corresponding
to index c). Note that c(x) = ¢’(x”).

* Fpyp: €' — C: By definition of C’, for every h’ € C’, there exists h € C such that h'(x") = x},
for all x’. Define Fyy,(h") = h. Note that h(x) = h’(x").
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Exercise 13.10.a:

¢ Foy: {0,1}" — {0,1}"": Define x’ = F,(x) = x0 (just appending a 0).

* F..n: C —> C’: For each point function ¢ = “x = a”, define ¢’ = F,y,(c) = “x’ = a0”. For
the constant-0 function c, define ¢/ = F_,(c) = “x’ = al” for some a € {0, 1}" (it doesn’t
matter which a). Note that c(x) = ¢/(x”) in all cases.

* Fuyp: €' — C: If h' =“x" = a0” then define h = Fy, (k') = “x = a”. If i’ = “x" = a1” then
define h = Fy,(h") = the constant-0 function. Note that h(x) = h’(x") in all cases.
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Exercise 13.10.b:  Suppose for contradiction (Fey, Feon, Fhyp) is a learning reduction from C to
C’. Let ¢V = F.,(c!) and ¢ = Fy,(c?) and x = Fo (x!) and x% = F.,(x2). Since ¢V (xY) =
cl(x!) = 0 and cV(x¥) = c!(x?) = 1, we have x # x%. Since ¢¥(x") = c?(x') = 1 and
c?(x?) = c?(x?) =1 and c? is a point function, we have x' = x%. This is a contradiction.
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Exercise 13.11: Let ¢ be a 4-clause CNF on n > 4 variables. Then ¢ is a 4-term DNF. By the
proof of Lemma 13.8 (but with 4 instead of 3 everywhere), @ is equivalent to a 4-CNF 1), whose
negation 1) is a 4-DNF equivalent to ¢.
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Exercise 13.12.a: Let A be ConNsSISTENCY FOR C. As shown in the proof of Theorem 13.7,
it suffices to prove A is NP-hard. Since INDEPENDENT SET is NP-complete (Theorem 2.16), it
suffices to show INDEPENDENT SET <! A. Map (G, k) to an input to A as follows. Assume G has
n nodes, numbered 1,...,n. We use the same n in the input to A, so an example (x, t) has the
bits of x = x; - - - x,, indexed by G’s nodes.

* We have a positive example (1", k).
* For each edge {v,w} in G, we have a negative example (x,2) where x has 1s at indices v
and w and Os elsewhere.

To show this poly-time mapping reduction is correct, we argue that G has an independent set of
size > k iff there exists ¢; € C consistent with the training data:

=: Assume G has an independent set I C [n] of size > k. Then c; is consistent with the training
data because:

* ¢;(1", k) =1since Y., 1 =I| > k.
* For each edge {v,w} in G, the associated negative example (x,2) has ¢;(x,2) = 0 since
>ier Xi < 1 since I is independent and therefore contains at most one of v, w.

&: Assume ¢; is consistent with the training data. Then I is an independent set of size > k
because:

* Since ¢;(1",k) =1, we have |I| =Y, 1 > k.
* For each edge {v,w} in G, since the associated negative example (x,2) has c;(x,2) = 0,
we have )., x; < 1 and thus I contains at most one of v, w.
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Exercise 13.12.b: Let A be ConsISTENCY FOR C. As shown in the proof of Theorem 13.7,
it suffices to prove A is NP-hard. Since INDEPENDENT SET is NP-complete (Theorem 2.16), it
suffices to show INDEPENDENT SET <} A. Map (G, k) to an input to A as follows. Assume G
has £ nodes, numbered 1,...,¢, and that 2 < k < {. Define n = £ + k in the input to A, so an
example x has bits x; - - - x, indexed by G’s nodes and extra bits x;,; - - xy,. The training data
has two parts. The “enforce t = k” part is:

(i) We have a positive example 0%1% (all 1s for the extra bits).
(ii) For each i € [k], we have a negative example 0°17"101%~ (all 1s for the extra bits, except
a 0 for the i™M extra bit).

The “graph” part is:

(iii) We have a positive example 1¢0k,
(iv) For each edge {v,w} in G, we have a negative example x where x, = x,, = 1 and

Xg41- " Xgirs = 1¥72 and all other bits of x are Os.

To show this poly-time mapping reduction is correct, we argue that G has an independent set of
size > k iff there exists ¢; , € C consistent with the training data:

=: Assume G has an independent set S C [{] of size > k. Let I =SU{l+1,...,L +k} C [n].
Then c; . is consistent with the training data because:
@ c;x(0°1%) =1since {¢+1,...,0 +k} CI.
(i) For each i € [k], c;;(0°177101%"") = 0 since 0°177101%" has fewer than k many 1s.
(i) c;(1°0%) =1 since ;.1 =1S| > k.
(iv) For each edge {v,w} in G, the associated negative example x has c; ;(x) = 0 since S is
independent and therefore contains at most one of v,w, and I also contains the k — 2
indices £ +1,...,¢ + k—2, for a total of < k—1 many 1s among the bits of x indexed by I.

<: Assume c; , is consistent with the training data. First, we claim that t =k and {{ +1,...,{ +
k}C1I.Foreachie{{+1,...,£+k}, by (i) and (ii) we have

[In{e+1,... 04k} =t > [In({t+1,...,0+ Kk}~ {i})|
which impliesi € I. Thus {{ +1,...,£+k} C I and

k= [In{t+1,..,0+k} =t > [In{t+1,..(+k—1} = k—1

so t = k. This proves the claim. Then S =1 N[{] is an independent set of size > k because:

(iii) Since c;;(1°0%) =1, we have |S| =Y, 1 > k.

(iv) For each edge {v,w} in G, since the associated negative example x has c; ;(x) = 0, we
have |Iﬂ{v,w,£ +1,....¢ +k—2}| < k. Since |Iﬁ {£+1,...,¢ +k—2}| =k —2, we have
|I Nn{v, w}| < 2 and thus S contains at most one of v, w.
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Exercise 13.13:

|Crooy| =2 |Cony| =2 |Choy| =2 |Chy| =2
Clooon| =3 [Co0101| =3 |Crooany] =3 [Co111| =3 [Crorany| =3 [Cuoany| =3
{C{00,01,10}{ =4 |C{00,01,11}| =4 |C{oo,10,11}| =4 |C{01,1o,11}| =4

|C{oo,01,10,11}| =5

gc(0)=1 gc(1)=2 gc(2)=3 gc(38)=4 gc(4)=5

C’s VC dimension is 1.
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Exercise 13.14: The class of interval functions {Cg,u 1 L,ue{0, 1}“} has VC dimension 2: The
VC dimension is > 2 because some set S of size 2 (in fact, every such set) is shattered: Say
S ={x,y} where x < y.

Cyx(x)=0 ¢y y(x)=0 Cex(x)=1 Cry(x)=1

Cy,x(y):O Cy,y(y): 1 Cx,x(y):O Cx,y(y): 1

The VC dimension is < 2 because no set S of size 3 is shattered: Say S = {x, y,z} where x < y < z.
Then no interval function ¢, , agrees with the function f: S — {0, 1} defined by f(x) = f(z) =1
and f(y) = 0, because ¢ ,(x) = 1 implies £ < x, and ¢, ,(z) = 1 implies z < u, in which case
{ < x <y <z <u and therefore ¢, ,(y) =1# f(y).
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Exercise 13.15: The class C of literals on n variables has VC dimension |log|C|] =|log2n] =
logn|+ 1: The VC dimension is automatically < |log|C|]. Now, we show the VC dimension is
> |logn| + 1. There exists a [logn| x n binary matrix with all 21°6™} < n possible columns. This
matrix’s rows together with 0" are a shattered set S of size |logn]+ 1: For every f: S — {0, 1},
if f(0™) =0 then f agrees with some positive literal, and if f(0") = 1 then f agrees with some
negative literal.
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Exercise 13.16: For the learning reduction (Fey, Feon, Fryp), denote x” = Fe,(x) and ¢’ = F,(c)
for any example x and concept c.

Suppose C has VC dimension d. We claim that C’ has VC dimension > d. Let S be a size-d
set shattered by C. We claim that S’ = {x’ : x € S} has size d and is shattered by C’. To show
that S’ has size d, we observe that for all x! # x2 in S, we have x' # x? because for any c € C
with c(x!) # c(x?) (which exists since C shatters S), we have ¢/(x') = c(x!) # c(x?) = ¢/(x?).
To show that C’ shatters S’, consider any f’: S’ — {0, 1}. Define f: S — {0, 1} by f(x) = f'(x).
Since C shatters S, there exists ¢ € C such that c¢(x) = f(x) for all x € S. Thus ¢’(x’) = c(x) =
f(x)=f'(x") forall x’ € S’.
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Exercise 13.17: Suppose for contradiction there exist w € R" and 6 € R such that w-x > 6

iff o(x)=1.

* ®(000---
* ®(100---
* (010---
* ®(110---

This yields the contradiction 8 < 6 +6 <w; +w, < 6.

0) =0 implies 0 < 6.

0) =1 implies w, > 6.

0) = 1 implies wy > 6.

0) = 0 implies w; + w, < 6.
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Exercise 13.18.a: Consider the size-(n+ 1) set S = {x%, x!,...,x"} € {0, 1}" where x° is the
all-0 string and for each i € [n], x' has a 1 at index i and Os elsewhere. To see that the class of
decision lists shatters S, consider any f: S — {0,1}:

o If f(x°) = 0 then f agrees with the clause \/i - flxiy=1Xi (which is equivalent to a decision
list).

o If f(x°) = 1 then f agrees with the term Ni. F(xiy=0 Xi (which is equivalent to a decision
list).
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Exercise 13.18.b: Consider any n-variable decision list ¢ with k > 1 internal nodes. We design
an equivalent halfspace “w - x > 6”. The idea is that each variable x; in ¢ can have a coefficient
w; large enough (in absolute value) to override all variables that appear later in c. Assume the
terminal leaf outputs 1 (by swapping it with its sibling if necessary).

* Initially, let 8 = 0.

« If the i™ internal node is (j,1,1) (“if x; =1 then output 17), let w; = 2k=t,

o If the i™M internal node is (j,0,1) (“if x;=0 then output 17), let w ;= —2k=1 and subtract
2k from 6. This is equivalent to including 2K~(1 — x;) on the left side and not changing
6.

» If the i™ internal node is (j,1,0) (“if x; =1 then output 0”), let w; = —2k=t,

o If the i™ internal node is (j,0,0) (“if x; = 0 then output 0”), let w; = 2k=1 and add 2K
to 6. This is equivalent to including —2*7(1 — x;) on the left side and not changing 6.

* Let w; =0 for all other j.

Consider the perspective where the right side is 8 = 0 and the left side consists of coefficients
(2K or —2k—1) times literals (x jorl—x;). We claim that for every assignment to x, this halfspace
outputs c(x). If the computation of c(x) reaches the terminal leaf (which outputs 1), then all
literals on the left side evaluate to 0, so the halfspace outputs 1 since 0 > 0. Otherwise, say the
i™ internal node (j,a, b) is where the computation branches to the nonterminal leaf child and
outputs b = c¢(x) because x; = a. The corresponding literal evaluates to 1 and has coefficient
2k=1if b =1 or —2K1 if b = 0. All earlier literals evaluate to 0, and the sum of absolute values
of coefficients of later literals is < 2k~(+1D ... 4 20 = 2k=1 _1 (Lemma 0.1). Thus if c(x) = 1
then the halfspace outputs 1 since the left side is > 2K —(2k"1—1) =1 > 0, and if c¢(x) = 0
then the halfspace outputs 0 since the left side is < —2F7 + (2K —1)=—1 < 0.

Every size-(n + 2) set is not shattered by halfspaces (Lemma 13.14) and thus not shattered
by decision lists either.
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Exercise 13.19: Let C contain all ¢ such that c(x) = 1 for at most d many x € {0,1}" (c’s
truth table has weight < d). Observe that C’s VC dimension is > d, and is < d since for every
S € {0, 1}" with |S| > d, there’s no ¢ € C such that cg is the constant 1 function. For every S with
S| =m > d, we have |Cs| = (i5) + (7) + -+ (}) since Cg contains all functions f: S — {0,1}
of weight < d, and there are (',?) many weight-k functions in Cg for each k € {0,1,...,d}. Thus
gem)=()+()+--+(7) form>d.
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Chapter 13
Exercise 13.20: X Cr
00|10 1 1
01|11 0 O
10|/1 1 0

find-shattered(C) returns:
{0, {00}, {10}} U {BU {11}, {00} U {11}} = {0,{00},{10},{11},{00,11}}
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Exercise 13.21: Consider any S C {0, 1}" of size m = 2dtlog(3t). To show that C’ doesn’t
shatter S, we show |C§| < 2™. For each i € [t], there are |Cg| < g-(m) < (em/d)? possibilities of
cé with ¢! € C (Lemma 13.15). Thus there are < (em/d)?! possibilities of the tuple (cg, s CS).
Thus there are |C4| < (em/d)?t possibilities of c§ with ¢’ € C’. To conclude that |C{| < 2™, by
taking the log of both sides, we need to show m is large enough that dt log(em/d) < m. Plugging
in the definition of m, we indeed have dt log(e2t log(3t)) < 2dtlog(3t).
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Exercise 13.22: Assume C has VC dimension d > 2 and ¢ < 0.1. Consider any L: ({O, 1} x

{0, 1})m — H with m < 0.01d/e. We claim that L isn’t a (0.01, ¢)-PAC learner for (C,H). That
is, there exist a concept ¢ € C and a distribution D over {0, 1}" such that:

Pria, em~pn| Pryp[h(y)=c(y)] > 1—¢ < 0.99
where h:L((xl,c(xl)),...,(xm,c(xm)))

Let S € {0, 1}" be a size-d set that C shatters, and let z € S be an arbitrary distinguished element.
Define D by D(z) =1—10¢ and D(y) = 10¢/(d —1) for all y € S \ {z}. We use the probabilistic
method to show the existence of c. Since Cg is the set of all functions f: S — {0, 1}, we can
sample a uniformly random f: S — {0, 1} and let ¢ € C be such that cg = f. In other words, we
toss a fair coin d times to specify c(x) for all x € S, and then we define c(x) for all x € S in such
away thatc € C.

For (x!,...,x™) ~ D™, let the random variable X be the number of i € [m] such that x' # z.
Then X is a binomial random variable that counts the number of heads in m tosses of a coin with
heads probability 10e, where heads means x' # z. Thus E[X] = 10em < d/8 < (d —1)/4. Say
(x!,...,x™)is good if X < (d —1)/2 and bad otherwise. By Lemma 7.13:

Pr{(x',...,x™)isbad] = Pr[X > (d —1)/2] < E[X]/((d—1)/2) < 1/2

Let D’ be the uniform distribution over S \ {z}. For random ¢ and (x!,...,x™)~ D™ and y ~ D’
(we return to y ~ D later):

Prc,xl,..‘,x"‘,y[h(y) 7é C(y)]

> Prc’xl’m’xm’y[(xl, ...,x™)is good and y ¢ {x?,...,x™} and h(y) # c(y)]
= Pra xm[(xl,...,xm) is good]-

Pr,: xmy[y ¢ {xt,..., x™} \ (x},...,x™)is good] .

Prc)xlmxm’y[h(y) #c(y) | (x1,...,x™)is good and y & {x!,. ..,xm}] (chain rule)
> (1/2)-(1/2)-(1/2)

=1/8

since for any (x!,...,x™), h(y) depends only on c(x!),...,c(x™) and so is independent of c(y)
if y € S\ {x!,...,x™}. Therefore:

..........

Thus there exists a concept ¢ € C such that:

Eo,. | Pry[R(y) =c(0)]] < 7/8

By Lemma 7.13:

Proi_|Pr,[h(y) =c(y)] > 9/10] < (7/8)/(9/10) < 0.99

.....
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For every h, we have
PryND[h(y) = c(y)] < (1—10¢)+10¢- Pr},ND/[h(y) = c(y)]

and thus if PryND[h(y) = c(y)] >1—¢ then PryND/[h(y) = c(y)] > 9/10. Therefore:

.....
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Exercise 13.23: As in the proof of Theorem 13.23, assume that ¢; < ¢ for all i, and that L’
outputs i’ at the end. For each j € [m] with h’(x/) # c(x/), we showed that:

1 < e Zimwih et = g gm0 () < (e_zyz)thﬁlU) < pmJia ()
It follows that the number of j € [m] with h’(x/) # c(x/) is
< Z;'nzlﬂmjtﬂ(j) = ﬁmZT:1Jt+1(j) = fm

since J,; is a distribution. Thus h” agrees with c on > 1 — 8 fraction of the training examples

xl o x™.
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Exercise 13.24: The learner maintains the set B (initially C) of remaining concepts. In each
iteration, the learner picks an arbitrary remaining hypothesis h € B (it doesn’t matter which),
receives a counterexample a (if h isn’t a success), and removes from B every concept b with
b(a) = h(a). This maintains the invariant that for each prior counterexample, all concepts in
B have the same value. Thus no prior counterexample can be reused, since otherwise it would
make B empty. After 2" mistakes, all 2" strings a € {0, 1}" have been counterexamples, so B has
only one remaining concept (since by the invariant, all concepts in B agree with each other on
all strings) and success is ensured.
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Exercise 13.25: Consider any concept ¢ € C and distribution D over {0, 1}". Say a hypothesis
h € Hisbad iffPryND[h(y) = c(y)] < 1—e¢. Leth!, h?, ... denote L’s sequence of hypotheses. If L’
finds k counterexamples for L, then L’ outputs h**!, which is equivalent to ¢ and therefore good.
Thus if L’ outputs a bad hypothesis, it must be one of hl,..., h¥, for which no counterexample
was found. Let the event “h! is bad” mean “h’ exists (since L’ doesn’t halt earlier) and is bad.”

Prij.pforalli j[L’ outputs a bad hypothesis]

Zle Pr[ k! is bad and hi(x™/) = c(x™) for all j € [£]]

S Pr{Ri(x) = c(x") for all j € [€] | is bad]

S ped n PR =R |t is bad]- Pr[A(x™) = c(x) for all j & [¢]]
St Yipaan PR = h|htis bad]- TTi—; Pr[A(x") = c(x™)]

it Sbaan PrlA = k[ Al is bad] - [Tj_ (1 —e)

k(1—e)t

fe—et

o

A1 A A A

IA
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Exercise 13.26.a: The mistake complexity is < 2" (Exercise 13.24). To show it’s > 2" — 2, we
exhibit a teacher strategy that makes the game last for > 2" — 2 rounds. When the learner picks
a hypothesis h, the teacher picks any a such that h(a) = 1 (it doesn’t matter which). The only
width-n term (point function) b this eliminates is the one with b(a) = 1. After round 2" — 2, at
least two of the 2" many width-n terms remain, so the game is not over.
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Exercise 13.26.b: The mistake complexity is > n by Lemma 13.27 since the VC dimension of
C is n (Lemma 13.13). The mistake complexity is < n + 1 by a learner similar to the proper one
for monotone terms (§13.6.2):

N
do an equivalence query with the constant 0 function

given counterexample a € {0, 1}": initialize h to the unique width-n term such that h(a) =1
repeat:

do an equivalence query with hypothesis h

if success: output hypothesis h

else given counterexample a € {0, 1}": remove from h every literal not satisfied by a

We just need one improper query at the beginning to find a term that contains all literals of the
target concept. The rest of the proof of correctness is completely analogous to the corresponding
proof for monotone terms (§13.6.2).
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Exercise 13.27: Let c be the target decision list. The first item of ¢ never produces erroneous
output, so it never moves beyond level 1. Among the inputs that survive past c’s first item, c’s
second item never produces erroneous output, so ¢’s second item never moves beyond level 2.
And so on. Since ¢ has O(n) items, its terminal item never moves beyond O(n) levels. Thus the
learner’s hypothesis never has more than O(n) levels (since items beyond a terminal item are not
reached and thus don’t produce output—erroneous or otherwise). Since each mistake results in
an item moving to a subsequent level, and there are O(n) items and O(n) levels, there must only
be O(n?) mistakes.
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Exercise 13.28:  Suppose (Fey, Feon, Fryp) is @ learning reduction from (C,H) to (C’,H’) and L’
is a k-mistake learner for (C’,H’). We claim that this L is a k-mistake learner for (C,H):

run L': )
when it does an equivalence query with h’ € H':
do an equivalence query with h = thp(h’ )eEH
if success: output h
else given counterexample a € {0, 1}":
Y give L’ the counterexample a’ = F. (a) € {0,1}"" )

Consider any ¢ € C, and let ¢’ = F,(c) € C’. When L gets a counterexample q, it gives L a valid
counterexample a’ since h’(a”) = h(a) # c(a) = ¢’(a’). Since L’ gets as many counterexamples
as L does, L must get < k counterexamples. Thus L makes < k mistakes before success.
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Exercise 13.29.a: The game maintains a set B (initially C) of remaining possibilities for the
target concept. In each round, the learner chooses which one of the following happens:

* Membership query: The learner picks a € {0,1}", and then the teacher picks z € {0,1}
and removes from B every concept b with b(a) =z.

* Equivalence query: The learner picks h € H, and then the teacher picks a € {0,1}" and
removes from B every concept b with b(a) = h(a).

The teacher is not allowed to remove all of B. The game ends when only one concept remains in
B.
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Exercise 13.29.b: To show the complexity is > 2" —2, we exhibit a teacher strategy that makes
the game last for > 2" — 2 rounds.

* Membership query: When the learner picks a € {0, 1}", the teacher disregards a and picks
% = 0. This eliminates only the point function b such that b(x) =1 iff x = a.

* Equivalence query: When the learner picks h € H, the teacher picks the unique a such that
h(a) = 1. This eliminates only h itself, because b(a) = 0 for all other concepts b.

After round 2" — 2, at least two of the 2" concepts remain, so the game is not over.
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Exercise 13.29.c: To show the complexity is > |logn|— 1, we exhibit a teacher strategy that
makes the game last for > [logn|— 1 rounds.

* Membership query: When the learner picks a € {0, 1}", the teacher picks z = the majority
value among b(a) over all remaining b € B. This eliminates < |B|/2 concepts from B.

* Equivalence query: When the learner picks h € H, the teacher disregards h and picks an a
such that b(a) = 1 for exactly [|B|/2] of the remaining b € B. (That is, a; = 1 for exactly
[1B|/2] of the indices j corresponding to remaining dictatorships x; € B. The bits of a
on other indices don’t matter.) If h(a) = 1, this eliminates [|B|/2] concepts from B. If
h(a) = 0, this eliminates | |B|/2] concepts from B.

In all cases, < [|B|/2] concepts are removed from B, and thus > ||B|/2] concepts remain in B in
each round. This implies that the teacher maintains the invariant that |[B| > 218"/~ after round
i: The invariant holds at the beginning (i = 0) since |B| =n > 2logn}=0 Round i maintains the
invariant because if [B| > 21°8"/=1*1 before round i, then ||B|/2] > | 2l°8n}=i+1 /2 | = allogni
and thus after round i we have |B| > 218"/~ After round [logn|—1, B has > 2llegnl=(llogn]=1) — 5
remaining concepts, so the game is not over.
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Exercise 13.29.d: To show the complexity is > n— 1, we exhibit a teacher strategy that makes
the game last for > n — 1 rounds. The teacher maintains the invariant that after round i, the set
B of remaining concepts corresponds to > 2""" many consecutive thresholds.

* Membership query: When the learner picks a € {0, 1}", the teacher picks z = the majority
value among b(a) over all remaining b € B. This eliminates < |B|/2 concepts from B.

* Equivalence query: When the learner picks h € H, the teacher disregards h and picks a to
be the ||B|/2]™ smallest threshold among the |B| many remaining thresholds. If h(a) = 0,
B’s upper [|B|/2] thresholds are eliminated. If h(a) = 1, B’s lower | |B|/2] thresholds are
eliminated.

In all cases, < [|B|/2] concepts are removed from B. By the same analysis as in Exercise 13.29.c,
this indeed maintains the invariant that |B| > 2" after round i. After round n — 1, B has
> on=(n=1) = 9 remaining concepts, so the game is not over.
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Exercise 13.30.a: To answer an equivalence query for hypothesis h:

do a subset query with h

do a superset query with h

if either returned a counterexample a: return a
else: success (h and c are equivalent)
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Exercise 13.30.b: This is like search-to-decision reductions for NP problems (Theorem 2.14).
To answer a subset query for hypothesis h € H:

( )
do a weak subset query with h

if it returned yes: return yes
initialize a « #x---x (partial assignment to h’s variables)
fori<—1,...,n:
construct a size-(s + 10n) circuit h’ such that h’(x) = 1 iff:
h(x) =1, and x is consistent with a, and x; =1
do a weak subset query with h’
if it returned no: update q; < 1
if it returned yes: update a; < 0
_return a

J

Assuming {x : h(x) = 1} Z {x se(x) = 1}, this maintains the invariant that there exists x
consistent with a such that h(x) = 1 and c¢(x) = 0. Thus at the end, a is a full assignment and
h(a)=1 and c(a) =0.

Each hypothesis h’ € H’ consists of h and < 10n gates and wires to check whether x is
consistent with a and x; = 1.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 13 434

Exercise 13.31: MAJ’s minimal 1-inputs are: {011,101,110}
f’s minimal 1-inputs are: {MaJ’s minimal 1-inputs}? = {011011,011101,011110
101011,101101,101110
110011,110101,110110}
f’s smallest monotone DNF is: (x5 A X3 A X5 AXg) V(x5 AX3 AXqAXg)V (Xg AX3 AX4AXs5)V
(1 AXx3 AXx5AXg)V (X1 Axg Ax4AXg) V(X7 Axg AXxyAXs)V
(X1 Axg Axs Axg)V (X1 Axg AXg AXg)V (X1 AXyAXgAXs)
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Exercise 13.32: Letd = (Ln7zj)'

First, we prove the VC dimension is > d. The size-d set S C {0,1}" of all weight-|n/2]
strings is shattered because every f: S — {0,1} agrees with the monotone function ¢/ defined
by ¢f (x) =1 iff a C x for at least one a € S with f(a) = 1.

Now, we prove the VC dimension is < d. Suppose for contradiction there exists a size-(d + 1)
shattered set S = {x1,...,x%*} (unrelated to the previous paragraph’s S). In particular, for each
i € [d + 1], there exists a monotone function ¢! such that ¢/(x') =1 and ¢!(x/) = 0 for all j # i.
By Lemma 13.31.(i)):

* Since ¢!(x!) =1, ¢! has a minimal monotone term T® such that T(x!) = 1.
* Since c'(x/) =0 for all j # i, we have T'(x’) =0.

Let V' C [n] be the set of indices of variables in T'. By the theorem mentioned in the exercise,

. . . . . . . 7 :/ . i i i :/
there exist distinct indices i # i’ such that V! C V' Since T* (x!) = 1, we also have T'(x') =1,
which is a contradiction.
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Exercise 13.33: First, we note that at most K terms have width < k: The number of width-i
n
i

terms is ( )Zi, and we have:

(/) B0 ()2 < s (D2 (K/m) (k/n<1)
< 2o (De@k/myan
= (1+42k/n)" (binomial formula)
< (e2k/myn (Fact 7.6)
— o2k

Dividing both sides by (k/n)¥ shows that the number of terms of width < k is Zf:o (?)Zi <
(e?n/k)k < n* since k > 8 > 2.
We claim that with probability > 1 — 6 over the training examples,

Prwan[gb(y) =0and p(y) = 1] <¢/2 and PryNUn[z,b(y) =1and p(y) = 0] <¢g/2

and thus PryNUn[ll)(y) # go(y)] <e.
Say that terms of width < k are narrow, and terms of width > k are wide.

Note that v contains each of ¢’s narrow terms. Thus if y(y) = 0 and ¢(y) = 1, then
T(y) =1 for some wide term T of ¢. So with probability 1 over the training examples:

Pr,.y [¥(y)=0and p(y)=1]

< Dlwide term T of Pr,.y [T(y)=1] (union bound)
< Dlwide term T of 27(k+D) (only place we use D = U,,)
< 2 los2t/e) (definition of k)
= g/2

Say a narrow term T is good iff PryNUn[T(y) =1land p(y)= 0] < ¢/2K. If 1 contains no
bad narrow terms, then:

Pr, .y [¢(y)=1and o(y)=0]

< Dlerm T of Pr,.y [T(¥)=1and ¢(y) =0] (union bound)
< Dterm T ofy €/2K (each T in v is good)
< Keg/2K (each T in 1) is narrow)
= ¢g/2

For each bad narrow term T':

.....

.....

= [1%, Prxi,\,Unl:_'(T(Xi) =1and ¢(x!) = 0)] (x!,...,x™ are independent)
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< (1—¢g/2K)" (T is bad)
< e me/2K (Fact 7.6)
< §/K (definition of m)
Therefore:

Pr(xl,...,xm)va;" I:Pryvan[w(y) =1and ‘P(y) = 0] > 5/2]

< Pr(xl,m,xm)NUnm[w,b contains a bad narrow term]
< Xlbad narrow term T Priei,  xmy~ym [1/) contains T]
< Ybad narrow term 7 0/K

< Ké/K

=0

(union bound)

The learner has an outer loop over all narrow terms and an inner loop over all training

examples. Thus it runs in time poly(Km) = poly(nl"g(t/ ) log %)
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Exercise 13.34.a: The input size N is essentially 2¢*".

C’s VC dimension is > d iff there exists a size-d set S C {0, 1}" such that for all f: S — {0, 1},
there exists a € {0,1}¢ such that for all b € S, c?(b) = f(b).

TruTH TAaBLE VC DiMENSION € NP by a verifier that accepts iff its witness is a size-d set
S C {0,1}" such that for all f: S — {0,1}, there exists a € {0,1}¢ such that for all b € S,
c%(b) = f(b). Brute force over all 2¢ < 2¢ < N many f, all 2 < N many a, and all d many b
takes poly N time.

TrRUTH TABLE VC DIMENSION € TIME[NCU°8M)] by running the NP verifier on each size-d set
S €{0,1}", of which there are (2;) < (2M? < N* < N'"°8N many,
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Exercise 13.34.b: SuccincTt VC DIMENSION € X3P by a 3-witness verifier V where V(E, d;S;
f;a) accepts iff S € {0,1}" has size d and f: S — {0,1} and a € {0,1}! are such that for all
b €S, E(a,b) = f(b).

To prove SuccINcT VC DIMENSION is 23P-hard, we show ADJUSTED Z3SAT <! Succinct VC
DiMENSION by the poly-time mapping reduction from the hint. To show that the reduction is
correct, we argue that:

(Elx Vy #0K3z: o(x,y,2)= 1) = (C determined by E has VC dimension > d)

=: Suppose Ix Yy # 0% 3z : ¢(x,y,z) = 1. Consider any particular assignment x such that
Yy #0% 3z : ¢(x,y,2) =1, and define § = {(x,i) tie [k]} C {0, 1}* x [k], which has size
k = d. We claim that C shatters S, and thus C has VC dimension > d. Consider any f: S — {0, 1}.
If f(x,i) =0 for all i, then f agrees with 9% on s, Otherwise, define y € {0,1}* \. {0*} by
y; = f(x,i) for all i. There exists z such that ¢(x, y,z) = 1. Then f agrees with ¢*~*** on S, since
for all i:

o If f(x,i) =0 then ¢*”*(x,i) = 0 since y; = 0.
o If f(x,i) =1 then ¢*Y*(x,i) =1 since y; =1 and p(x,y,2)=1.

&: Suppose C has VC dimension > d. Let S C {0,1}* x [k] be a size-d set that C shatters.
First, we claim that S = {(x, i):i€ [k]} for some assignment x. Suppose not. Then there
exist (w,i) € S and (v, j) € S with w # v. Consider any f: S — {0,1} with f(w,i) = f(v,j) = 1.
Since C shatters S, there exists (x, y, %) such that ¢*Y*(w,i) = f(w,i) = 1 and thus w = x, and
c®Y*(v,j) = f(v,j) =1 and thus v = x, which contradicts w # v.

We showed that S = {(x,i) 11 € [k]} for some assignment x. To show that Vy #
0 3z : ¢(x,y,2) = 1, consider any y # 0. Define f: S — {0,1} by f(x,i) = y; for all i.
Since C shatters S, there exists a such that c%(x,i) = f(x,i) = y; for all i. We claim that a must
be (x, y,z) for some z: If a’s first component were not x, then c%(x,i) = 0 for all i (whereas
y; = 1 for some i). If a = (x,u,2) for some u and z, then for some i we have y; = 1 and thus
c“%*(x,i) = 1 and thus p(x,u,z) = 1, which implies that for all i, c**“*(x,i) = u;, and thus
u=y.

We showed that for every y # 0F, there exists z such that ¢*¥*(x, i) = y; for all i. For some
i, we have y; = 1 and thus ¢*?*(x,i) = 1 and thus ¢(x,y,z) = 1. Hence 3x Vy # 0 3z :
e(x,y,2)=1.
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Exercise 14.1: We have NopE COvER SEARCH <7 NoDE CovER completely analogous to IN-
DEPENDENT SET SEARCH Sg INDEPENDENT SET (Exercise 2.14.a) since node covers are com-
plements of independent sets. Assuming P = NP, we have NopE CoveER € P and thus NobE
CoVER SEARCH has a poly-time algorithm. To solve Min NoDE CoVER in poly time on input G,
we repeatedly run the algorithm for NobE CovER SEARCH on input (G, k) for increasing values
of k until it outputs a node cover.
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Exercise 14.2: Given such a set system S = (S,...,S,) over [m] as input:

initialize I « @
for each element r € [m] (in arbitrary order):

if r €| J;; Si: add to I every i such that r € S;
output [

First, we prove that the algorithm outputs a set cover. Consider any element r € [m]. In r’s
iteration, if r € | J;; S; then we still have r €  J,,; S; at the end (since indices are never removed
from I), and otherwise every (in particular, some) i such that r € S; is added to I. Either way,
the final I covers r.

Now, we prove ALG < b-OPT. Let D C [m] be the set of elements for which the “if” condition
in the loop is true. Note that ALG = |I| < b - |D| since each r € D contributes < b many indices i
to I. We have |D| < OPT because the sets {i : r € S;} for all r € D are disjoint from each other,
and every set cover must contain at least one index from each of these |D| many sets of indices
(in order to cover each r € D).
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Exercise 14.3.a: For an iteration with |[R| > OPT, we have |[R’| < |R|(1 —1/OPT) as in the
proof of Theorem 14.2. For an iteration with |R| < OPT, we have |[R’| < |R| — 1 since at least one
element is removed from R. After [In g5z |- OPT many iterations:

IR| < m(1—1/OPT)Mnm/OPT)}OPT
m(e~1/OPTlIn(m/OPT)1-OPT (Fact 7.6)

IA

me—Tn(m/0PT)]

o~ In(m/OPT)

IA

m

OPT

After OPT more iterations, |R| = 0 and the algorithm would halt. At the end, ALG = |I| <
[n g2-1-OPT + OPT =[1+In 2% |- OPT.
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Exercise 14.3.b: By Exercise 14.3.a, ALG < [1 +1n %] - OPT. We have OPT > m/b since
each set in S covers < b elements, and all m elements must be covered. Therefore ALG <
[1+1nb]-OPT.
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Exercise 14.4: For any integer n > 4, let m = 2""! —2 and:

S, = {first two elements}
S, = {next four elements}

S;3 = {next eight elements}

Sp_ = {last 2"72 elements}

S,—1 = {all odd elements}

S, = {all even elements}

OPT = 2since S,,_; US,, = [m]. But ALG = n—2 since the greedy algorithm picks S,,_5,S,_s3,---,
S,,S; in that order: After picking S,,_,, ..., S;;1, the number of uncovered elements is 244+ 8 +
o+ +20 =21 —2 and S; covers 2 remaining elements, while the next best options (S,_; and
S,) each cover only (2! —2)/2 = 2! — 1 remaining elements. Thus ALG/OPT = (n—2)/2 =
Q(logm).
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Exercise 14.5: Given a set system S = (S4,...,S,) over [m] and b as input, the following
algorithm maintains the invariant that C = | J.., S; is the set of elements covered so far:

iel
N
initialize I « @ and C « 0
repeat b times:
pick i with the largest |S; \ C|
additol,and add S;\C to C
output
\_ J

ALG =|C| at the end, and OPT = |Uj€J S]-| where J C [n] with |J| = b is an optimal solution.
We claim that for every iteration, OPT — |C’| < (OPT— |C |)(1 —1/b) where C is from the
beginning of the iteration, and C’ denotes the updated C after the iteration. There exists k € J
such that:
Sk~ Cl = |Ujes S~ C|/b = (OPT—IC|)/b

Whichever i the algorithm picks is no worse than k, so |C’|—|C| = |S; \ C| > (OPT— |C|)/b.
Rearranging this proves the claim.
Hence, after b iterations, we have

OPT—ALG < (OPT—0)(1—1/b)® < oPT(e"V/?)? = oPT/e

because initially |C| = 0, and OPT — |C| gets multiplied by < 1 —1/b in each iteration. Thus
ALG > (1—1/e)OPT.
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Exercise 14.6.a: Here’s the learner:

-
L((xl, c(x1)),..., (x’”,c(x’"))):
if c(x*) =1 for at least one k:
run the learner from §13.2.2 to get a term t
letK = {k e[m]: c(x¥)= 0}
define the set system S = (S;,S,,...) over K where:
S, = {k €K : t’s i literal evaluates to 0 on xk}
run the greedy Min SET COVER approximation algorithm to get a set cover I for S
output the term h consisting of t’s literals indexed by I
else: output the constant 0 hypothesis

J

Consider any term ¢ of width < w and any (x?,...,x™). If ¢(x¥) = 0 for all k, then the constant
0 hypothesis is consistent with the training data. Now, assume c(x*) = 1 for at least one k. Recall
that t contains all of ¢’s literals (and possibly more). Thus ¢ consists of < w many literals of t,
indexed by some set J. For every k € K, since c(x*) = 0, there exists j € J such that t’s j literal
evaluates to 0 on x*, and thus k € S;. This means J is a set cover for S, so OPT < |J| < w. Since
the greedy Min SET CovER algorithm achieves a [In |K|]| < [Inm]-approximation (Theorem 14.2),
we have ALG = |I| < w[Inm], so h is in the hypothesis class since h is a term of width < w[Inm].
We argue that h is consistent with the training data:

* h evaluates to 1 on all positive training examples since t does (and h is a subset of t’s
literals).

* h evaluates to 0 on all negative training examples because I is a set cover for S: For every
k € K there exists i € I such that k € S;, in other words, t’s i literal evaluates to 0 on x*,
and therefore h(x*) = 0 since h contains this literal.
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Exercise 14.6.b: Here’s the learner:

-
L((xl, c(x1),..., (x’”,c(x’"))):
if c(xk) = 1 for at least one k: run the learner from Exercise 14.6.a
else:
initialize Z « {xk t ke [m]} and h < empty term
fori « 1,2,...until Z =@:
add to h either x; or x;, whichever evaluates to O for at least half of all x € Z
remove from Z every x on which the literal added to h evaluates to O
output h

J

Assume c(x¥) = 0 for all k. The learner maintains the invariant that Z = {xk : h(xk) = 1}.
Initially, |Z| < m. In each iteration, |Z| decreases by at least a factor of 2. So after |1 +logm] >
log m iterations, |Z| < m/2'°8™ =1 and thus |Z| = 0. The learner halts and outputs the term h
of width < |1+ logm] such that h(x*) = 0 for all k. This means h is consistent with the training
data. (The i loop cannot run out of variables, because initially |Z| < 2" since the training data is
consistent with some term c.)

To handle the possibility of w = 1, a poly-time learner can simply try all possible literals (and
the constant 1 function) to find one consistent with the training data.
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Exercise 14.7.a: |, =(x3V x5) A(x3 Vx4V X5)A(x4) A(x4V X5) so:

E[# unsatisfied clauses in ¢| a] = D lause C in ol Pr[C is unsatisﬁed]

Z —width of C
clause C in ¢|,

=2724+27% 4271272
= 9/8
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Exercise 14.7.b: No, because if a clause in |, is satisfied by x; = 1, then there is no corre-
sponding clause in ¢|y.
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Exercise 14.8.a: Let Ey, ..., E,, be linear equations over Z, with nonempty left sides. Consider
a uniformly random assignment. For each i € [m], let Y; be the indicator random variable
for E; being satisfied. Then E[Y;] = Pr[E; is satisfied] = 1/2 by the random subsum principle
(Lemma 7.2) since E;’s left side is nonempty. The number of satisfied equationsis Y = Y;+---4+Y,,.
By linearity of expectation, E[Y]=E[Y;]+---+E[Y,,] = m/2. By Lemma 0.15, Y(a) > m/2 for
some assignment a, so a satisfies at least half of the equations.
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Exercise 14.8.b: Consider any system S of linear equations over Z, with variables x; - - x,,,
and assume without loss of generality that S’s equations all have nonempty left sides. Partition
Sinto Sy,...,S, where S; is the equations in S with x; as the highest-index variable on their left
sides. Given S as input:

fori«1,2,...,n:
choose a; € {0, 1} such that a, - - - a;_ a; satisfies at least half of the equations in S;
output the assignment a =a; - - a,

In iteration i, there indeed exists a; € {0, 1} such that a; - --a;_;qa; satisfies at least half of S;:
Regardless of a; - --a;_;, each equation in S; is satisfied by exactly one value of x;, because the
left side is the sum (in Z,) of x; and some (possibly none) of x; - - - x;_;. Thus either a; - --a;_;0
satisfies at least half of the equations in S;, or a; - - a;_;1 does.

Since a satisfies at least half of S; for each i, and since S;,...,S,, partitions S, we conclude
that a satisfies at least half of S.
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Exercise 14.9.a: Let G = (V,E) be an undirected graph with m edges. Consider a uniformly
random 3-color assignment c: V — [3]. For each edge e = {u,v} € E, let X, be the indicator
random variable for e being multicolored. Then E[X,] = Pr[c(u) # c(v)] = 2/3 since of the
nine equally likely 3-color assignments to u and v, six of them multicolor e. The number of
multicolored edges is X = ), ., X,. By linearity of expectation, E[X] = >,z E[X.] = (2/3)m.
By Lemma 0.15, there exists ¢ such that X(c) > (2/3)m, so > 2/3 fraction of G’s edges are
multicolored.
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Exercise 14.9.b: Given an undirected graph G as input:

for each node v (in arbitrary order):
assign v the least frequent color among v’s neighbors that have already been colored
(breaking ties arbitrarily)

For each edge e = {u, v} in G, if u gets colored before v, then we associate e with v. Thus the
edges are partitioned according to which node they’re associated with. For each node v, at least
2/3 fraction of the edges associated with v are multicolored, because the algorithm assigns v’s
color to ensure that. Thus at least 2/3 fraction of G’s edges are multicolored.
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Exercise 14.10.a: Assume the colors are [d]. On input G = ([n], E) where every node has
degree < d —1:

forve1,2,...,n:
assign c(v) « an arbitrary color from [d] \ {c(u) :{u,v}€Eandu< v}
output ¢

This outputs a d-color assignment without getting stuck, because each node v has < d —1 many
neighbors and therefore [d] \ {c(u) :{u,v}€Eandu< v} # (), so there’s an option to color
v differently than its already-colored neighbors. By design, c is proper: u and v have different
colors if {u,v} € E.
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Exercise 14.10.b: Given a properly 3-colorable graph G as input:
( N
initialize H < G and define d = [ /1]
while H has at least one node v of degree > d:
assign v color 1
find a proper 2-coloring of v’s neighborhood using two fresh colors
remove v and v’s neighborhood (and their edges) from H
run the algorithm from Exercise 14.10.a to find a proper d-coloring of H using d fresh colors)

In H, each node v’s neighborhood (v’s neighbor nodes and the edges between them) is prop-
erly 2-colorable since G and therefore H is properly 3-colorable, and v’s neighbors would all
have different colors from v. Thus the algorithm can always find a proper 2-coloring of v’s
neighborhood.

The final color assignment is proper (since no two nodes colored 1 are adjacent, and the
other cases are straightforward). We argue that O(4/n) colors are used. The “while” loop has
<n/(d + 1) < 4/n iterations since each iteration removes > d + 1 nodes. Thus the “while” loop
uses < 1+ 24/n colors. The rest of the algorithm uses d < 4/n+ 1 colors. So the total number of
colors is < 2+ 34/n.
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Exercise 14.11: By definition, the algorithm outputs a feasible solution. But we claim it doesn’t
achieve a 1/o(m)-approximation. For any k, consider an input with distinct terminal nodes
$1,t1,. -,k Lk, such that for each i € [k]:

* There’s a length-3 path s; = ¥y — 2z — t; where y and z are two special nodes with the
edge y — z shared among all i.

* There’s a length-4 path from s; to t; using three fresh intermediate nodes that are unique
to this i (not shared with other i).

The number of edges is m = 6k + 1. We have ALG = 1 since the algorithm lets P; be the length-3
path for each i, and can only choose one of them since they all share the edge y — z. We

have OPT = k by the length-4 paths. Thus the algorithm’s approximation ratio is no better than
1/k=6/(m—1).
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Exercise 14.12: Consider an optimal solution J C [k] with edge disjoint paths Q; from s; to t;

for each j € J. Thus OPT = |J| and ALG = |I| at the end. We claim that |J \ I| < +/m|I|, which
implies |J| = [J NI|+ |J N I| < [I| + /m|I|. For each j € J \ I, Q; shares an edge with at least
one P; such that |P;| < |Q jI, because if Q; were edge disjoint from all such P;, then the algorithm
would have chosen this Q; before choosing any longer P; or halting. Thus we can partition J \ I
into |I| many sets J; indexed by i € I, such that for each j € J;, we have |P;| < |Q;| and Q; shares
an edge with P;. We have |J;| < |P,| since the paths Q; for j € J; are edge disjoint from each
other and each shares an edge with P;. Thus |J;| < |P;| < min;¢;, [Q;| < |J17 Zjeji |Q;|, which

implies |J;| < v; where v; = 1/2]'6 5, 1Q;l. Considering a vector with components v; for i € I':

it Wil

Dier Vi

VI Y e v2 (Corollary 0.27)
VI e 2ies, 1Q51

Ve 1Q)]

< VlIIm

|J NI
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IA
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Exercise 14.13: It suffices to show that for every constant ¢’ > 31/32, (2n’/3,c’2n’/3)-Gap
Max SHy SET (with n’ nodes) is NP-complete. By Corollary 14.10, it suffices to show that for every
constant ¢/ > 31/32 and ¢ = 4¢’ —3 > 7/8, there exists a poly-time (n/3, cn/3, 2n’/3, ¢'2n’/3)-
gap-preserving reduction from Max INDEPENDENT SET (with n nodes) to Max SHy SET (with n’
nodes).

Map G to G’ where G’ contains a copy of G, and each node v of G has a new neighbor v’
(which is only adjacent to v) in G’. If G has n nodes, then G’ has n’ = 2n nodes. In the solution
to Exercise 2.20, we proved that OPT’ = OPT + n where OPT is the maximum independent set
size in G, and OPT’ is the maximum shy set size in G’. It follows that:

(i) OPT >n/3 = OPT' >n/3+n=2n"/3
(ii) OPT <cn/3 = OPT' <cn/3+n=c"2n'/3
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Exercise 14.14: Lemma 14.13: To show m—OPT < m’—OPT’, consider an assignment to x, y
falsifying m” — OPT’ clauses of ¢’. This assignment, ignoring y, falsifies the same number of
clauses of .

To show m — OPT > m’ — OPT’, consider an assignment to x falsifying m — OPT clauses of
. This assignment, together with either y =0 or y =1 (it doesn’t matter which), falsifies the
same number of clauses of ¢’: For each satisfied clause of ¢, both corresponding clauses of ¢’
are satisfied. For each falsified clause of ¢, one corresponding clause of ¢’ is falsified.

Lemma 14.15: To show m — OPT < m’ — OPT’, consider an assignment to x, y falsifying
m’ — OPT’ clauses of ¢’. This assignment, ignoring y, falsifies at most as many clauses of ¢.

To show m —OPT > m’ — OPT’, consider an assignment to x falsifying m — OPT clauses of ¢.
This assignment, together with some assignment to y, falsifies the same number of clauses of ¢’:
For each satisfied clause C of ¢, all corresponding clauses in C’ are satisfied. For each falsified
clause C of ¢, there exists an assignment to y such that exactly one clause of C’ is falsified, by
the construction of C’ in Theorem 2.11 and Claim 2.13.
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Exercise 14.15.a: First, we use the probabilistic method to prove that for every 3-NAE formula,
there exists an assignment satisfying > 3/4 fraction of the NAE-clauses. Let ¢ = C; A+ AC,
be a 3-NAE formula. Consider a uniformly random assignment. For each i € [m], let Y; be the
indicator random variable for C; being unsatisfied. Then E[Y;] = Pr[C; is unsatisfied] = 2/8
since of the eight assignments to the three variables in C;, two of them don’t satisfy C;. The
number of unsatisfied NAE-clauses is Y = Y; +--- 4+ Y,,. By linearity of expectation, E[Y] =
E[Y;]+---+E[Y,,] = m/4. By Lemma 0.15, there exists an assignment a such that Y (a) < m/4,
so a satisfies > 3/4 fraction of ¢’s NAE-clauses.

Now, we derandomize this using the method of conditional expectations to obtain a poly-time
algorithm that, given an n-variable 3-NAE formula ¢ with m NAE-clauses, outputs an assignment
satisfying ALG > (3/4)m NAE-clauses of . Trivially OPT < m, so ALG > (3/4) - OPT.

Given any a; ---a; € {0,1}}, we can compute

E[# unsatisfied NAE-clauses in ¢ |x1 Xy =ag e ai]
= D NAE.clause C in o Pr[C is unsatisfied \ XycoeX;=dag - ai]
(for uniformly random x; - -- x,, € {0, 1}") in poly time: Pr[C is unsatisfied ’ Xy X;=ay--- ai]
is:
* 0ifa;---q; results in a O literal and a 1 literal in C.
o g~f#variables withindex>1iin C jf 4. ..., assigns at least one variable in C, and all assigned
literals in C have the same value.
* 1/4if a; ---a; assigns no variables in C.

N
fori«1,2,...,n:
compute E[# unsatisfied NAE-clauses in ¢ | x; - Xx;_1X; =a; - ai_ll]
if this is <m/4: leta; < 1
else: leta; <0
\output a=a;---a, y

We claim this maintains the invariant that
E[# unsatisfied NAE-clauses in ¢ [x; - x; =a; - ai] < m/4
which implies that at the end:
# NAE-clauses in ¢ unsatisfied by a < m/4

(The expectation has no randomness when conditioning on a full assignment x = a.) We proved
above that the invariant holds at the beginning. To see that the invariant is maintained, assume
it holds at the beginning of iteration i. By the law of total expectation:

m/4 > E[# unsatisfied NAE-clauses in ¢ |x1 X1 =apcc ai_l]

= E[# unsatisfied NAE-clauses in ¢ |x1 XXy =apc e al-_ll] .
PI'[Xi =1 |X1 e X1 — A "'ai_l] +

E[# unsatisfied NAE-clauses in ¢ |x1 XX =ap--- ai_10:| .

Pr[xi :0|X1"'Xi_1:a1"'ai_1:|
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= E[# unsatisfied NAE-clauses in ¢ |x1 Cee XX =apce al-_ll] .

NI= N=

E[# unsatisfied NAE-clauses in ¢ |x1 XXy =y al-_10:| .

So one of these cases happens:
. E[# unsatisfied NAE-clauses in ¢ |x1 S XX = @ ~-al-_11:| < m/4 and the algorithm
lets a; « 1.
. E[# unsatisfied NAE-clauses in ¢ |x1 Cee XX = 4 ---ai_10:| < m/4 and the algorithm
lets a; < 0.

Either way, the invariant is maintained.
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Exercise 14.15.b: It suffices to show that for every constant ¢’ > 15/16, (m’,c'm’)-Gap Max
3-NAE Sart (with m’ NAE-clauses) is NP-complete. For this, it suffices to show that for every
constant ¢/ > 15/16 and ¢ = 1—2(1—c¢’) > 7/8, there exists a poly-time (m, cm, m’, ¢'m’)-gap-
preserving reduction from Max 3-Sat (with m clauses) to Max 3-NAE Sat (with m” NAE-clauses)
since (m, cm)-Gap MAx 3-SaT (with m clauses) is NP-complete (Theorem 14.7).

The reduction from Max 3-SAT (with m clauses) to Max 4-NAE Sat (with m NAE-clauses) in
the solution to Exercise 2.30.b is (m, cm, m, cm)-gap-preserving.

We claim that the reduction from Max 4-NAE Sar (with m NAE-clauses) to Max 3-NAE
Sat (with m’ = 2m NAE-clauses) in the solution to Exercise 2.30.c is (m, cm, m’, ¢’m’)-gap-
preserving. Map 4-NAE formula ¢ to a 3-NAE formula ¢’ by replacing the i™ 4-NAE clause
-, &, = 3 < L,) (where £4,L,,05,(4 are literals) with two 3-NAE clauses =({; < {, &
Y)ANU3 & €4 < y;) where y; is a fresh variable, for all i. We claim that

(i) OPT>m = OPT' >m’
(ii)) OPT <cm = OPT' <c'm’

where OPT and OPT’ are for ¢ and ¢’ respectively.
(1): In the solution to Exercise 2.30.c, we argued that if ¢ is satisfiable then ¢’ is satisfiable.

(ii): Suppose OPT’ > ¢’m’. Consider any assignment to x, y satisfying > ¢’m’ NAE-clauses of
¢’. Since < (1 —c")m’ = (1 —c)m NAE-clauses of ¢’ are falsified, < (1 —c)m NAE-clauses of ¢
have at least one of their two associated NAE-clauses of ¢’ falsified. Thus > cm NAE-clauses of
¢ have both associated NAE-clauses of ¢’ satisfied. These NAE-clauses of ¢ are satisfied by the
assignment to x (ignoring y) as we argued in the solution to Exercise 2.30.c, so OPT > cm.
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Exercise 14.16: We exhibit a poly-time mapping reduction from Two EDGE DisJOINT PATHS
to the strongly connected restriction of (k, k/m?)-Gap Max EDGE DisjoINT PaTHs (with m edges
and k pairs of terminals). Since the former problem is NP-complete (Theorem 14.8), so is the
latter, which implies the theorem.

Given input (G,(ql, r), (qz,rz)) to Two EDGE DisjoINT PaTHs, we first check that ry is
reachable from q; and that r, is reachable from g,. If not both, then it’s a O-input. Thus we
may assume r; is reachable from ¢; and that r, is reachable from q,. Define graph H from G as
follows:

* Add new nodes g3, 7,93, 73 and edges (q71,41), (r1,71), (43, 92), (r2,73), and (g3, 7).
* Delete any node v if either:

* v is reachable from neither qj nor g3, or

* neither r{ nor r3 is reachable from v.

Note that (H, (g%, 7). (q3,3)) is a 1-input iff (G, (q1,71), (g2, 5)) is a 1-input:

&: If G has edge disjoint paths g; — -+ — r; and g5 — - -+ — 15, then H has edge disjoint paths
q; »q, = —r; —riand g5 — qy — -+ = ry — 15 without using any deleted nodes.

=: If H has edge disjoint paths gf — -+ — r{ and q5 — -+ — r3, then these paths must have
the formq} - q; —» -+ —> r; = rjand g5 — g, — - -+ — ry — r3 without using the edge (g3, 1),
since indeg(q}) = indeg(q3) = outdeg(r;}) = outdeg(rs) = 0. Thus they yield edge disjoint paths
g, —-—rjandgy — - —>ryin G.

Define (H', (51,t1)5 -+, (Sks tk)) from H as in the proof of Theorem 14.19. Define H* from H’
by adding nodes s7, t7, ..., sk, tf and the following “zigzag” edges:

566 §66
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We claim that:

(i) OPT>2 = OPT' >k
(i) OPT<1 = OPT' <1< k/m¢

where OPT is for (G, (q1,71), (q2, 72)) and thus (H, (q}, 1), (¢5,73)), and OPT" is for (H*, (s, t3),
o (st ti:)). This is essentially as in the proof of Theorem 14.19. The zigzag edges don’t let edge
disjoint paths from s to t; and from sj to t] cross each other without going through a copy of
H.

It remains to argue that H* is strongly connected. We claim that every node v is reachable
from s;. Symmetrically, t; is reachable from every node u. Also, s; is reachable from t; by the
zigzag edges. Thus there exists a walk from u to t; to s; to v, so G’ is strongly connected.

s If v is either some t; or t} or in a copy of H (in the i row) and reachable from g3, then
a walk from s; to v can go down the diagonal from top-left toward bottom-right, using
the (q3, ) edges, until reaching g} in the leftmost copy of H in the i™ row, and then go
rightward using the g3 to r3 paths in the copies of H.

* If v is either some s; or s} or in a copy of H (in the i column) and reachable from g3,
then a walk from s; to v can go to t; (as above), then to s} using the zigzag edges, then
downward using the g7 to r{ paths in the copies of H.
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Exercise 14.17: To see that OPT < 2, consider any assignment a; : {0,1} — {1,2} x {0,1} to
the left nodes and a,: {0,1} — {1,2} x {0, 1} to the right nodes. We claim that if two edges are
satisfied, then the other two edges must be falsified:

* One case is when the two satisfied edges share an endpoint, say edges (0, 0) and (0, 1) with
a;(0) = a,(0) = a,(1) = (i,w). We must have (i,w) = (1,0) since a;(0) = (2,1) would
falsify edge (0, 0), and a,(0) = (2,0) would falsify edge (0, 1), and a;(0) = (1, 1) would
falsify both. But then a,(0) = (1, 0) falsifies edge (1, 0), and a,(1) = (1, 0) falsifies edge
(1,1).

* The other case is when the two satisfied edges are disjoint, say edges (0,0) and (1, 1) with
a;(0) = a,(0) = (i,0) and a;(1) = a,(1) = (j,1). But then edge (0, 1) is falsified since
a,(0) and a,(1) disagree on w, and edge (1, 0) is falsified since a,(1) and a,(0) disagree
on w. (The situation is analogous if edges (0, 1) and (1, 0) are satisfied.)

Now, we show that OPT’ > 8. For each of the 16 pairs of edges ((ul, uy), (vq, vz)) of the original
graph, the new graph has an edge ((ul,vl), (uz,vz)). Define a;(uq,vq) = ((1,u1),(2,u1)) and
as(uy, vy) = ((1,1/2), (2, vz)). That is:

* Both provers pick prover 1 on the first repetition and prover 2 on the second repetition.
* Prover 1 responds to both repetitions with the bit given to it in repetition 1.
* Prover 2 responds to both repetitions with the bit given to it in repetition 2.

This satisfies each of the 8 edges with u; = v, since in the original graph, edge (u;, u,) is satisfied
by labels (1,u;) and (1, v,), and edge (v;, v,) is satisfied by labels (2,u;) and (2, v5).
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Exercise 14.18: Here’s a poly-time (a, 3, a, 43 )-gap-preserving reduction from the nonbipar-
tite analogue of Max UNIQUE k-LABEL CoveR (with m edges) to the original bipartite version
(also with m edges): Map directed graph G = (V, E) to bipartite graph G’ = (V’, E’) by replacing
each node v with two nodes v, (on the left side) and v;; (on the right side) and replacing each
edge e = (u,v) with e’ = (ugys, vi,) Where f,, = f,. We claim that

(i) OPT >a = OPT' > a
(i) OPT < f3 = OPT' <4f

where OPT and OPT’ are for G and G’ respectively.

(1): Suppose OPT > a. For any assignment a: V — [k] satisfying > a edges of G, the assignment
a’: V' — [k] defined by a’(vyy,) = a’(vy,) = a(v) satisfies the corresponding edges of G’. This is
because for every e = (u, v) € E, we have fe/(a’(uout), a’(vin)) = fe(a(u), a(v)). Thus OPT’ > a.

(ii): Suppose OPT’ > 4f3. Consider any assignment a’: V' — [k] satisfying > 4 edges of G’.
We use the probabilistic method to show there exists an assignment a: V — [k] satisfying > f3
edges of G. For each v € V independently, assign a(v) = a’(vy,) with probability 1/2, and
a(v) = a’(v;,) with probability 1/2. For every e = (u,v) € E, with probability > (1/2)? = 1/4
we have a(u) = a’(ugy) and a(v) = a’(vy,), in which case f,(a(w), a(v)) = fo(a’ (Ueu) @’ (Vin))
and so e is satisfied if ¢’ is. For each e € E, let X, be the indicator random variable for e being
satisfied, and let X = > _. X, be the number of satisfied edges in G.

e€E

E[X] = >,z ElX,] (linearity of expectation)
>.cg Prla satisfies e]

= ZeEE : a’ satisfies e’ 1/4
> (4B)-(1/4)
=p

Thus some outcome a satisfies X (a) > E[X] > 3 edges of G, so OPT > f3.

The uniqueness property was irrelevant for this proof.

In conclusion, assuming the nonbipartite unique games conjecture holds, so does the original
bipartite version: Consider any constants ¢ < 1 and d’ > 0. Then for d = d’/4, there exists a
constant k such that nonbipartite (cm,dm)-Gap Max UNIQUE k-LABEL CovER (with m edges)
is NP-complete, by the nonbipartite unique games conjecture. By the above reduction, bipartite
(cm,d’m)-Gap Max UNIQUE k-LABEL Cover (with m edges) is NP-complete, so the bipartite
unique games conjecture holds.
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Exercise 14.19: Assume (m, bm)-Gap Max 3-Sat is NP-complete for some constant b < 1. To
see that NP € PCP[logN, k] for some constant k (depending on b), consider any A € NP. By
assumption, A has a poly-time mapping reduction to (m, bm)-Gap Max 3-Sat. Consider this
randomized verifier V for A on a valid input x:

( )
run the mapping reduction on input x to get an m-clause 3-CNF ¢,

view the purported witness w as an assignment to ¢,.’s variables

pick a uniformly random clause C of ¢,

query the three bits of w corresponding to variables in C
\accept iff these three bits of w satisfy C

J

Prr[V(x swiT) accepts] is the fraction of clauses of ¢, satisfied by w. This V has completeness 1
and soundness b:

A(x)=1 = OPT(p,)=m

)

(HW : w satisfies all m clauses of cpx)

= (Elw : Prr[V(x;w; r) accepts] = 1)

A(x)=0 = OPT(yp,) < bm
= (VW : w satisfies less than bm clauses of (px)

= (VW: Prr[V(x;w; r) accepts] < b)

Technicality: If m isn’t a power of 2, then V can’t exactly sample a uniformly random clause
using uniformly random bits. Instead, V can let m’ < 2m be the least power of 2 that’s > m,
sample uniformly random r € [m’], and if r < m then check whether the r clause is satisfied,
and if r > m then just accept. The completeness is still 1, and the soundnessis 1—(1—5b)/2< 1
since for all w, V(x;w;r) rejects for > (1—b)m > ((1—b)/2)m’ many r.

To improve the soundness to 1/3, we run V £ times independently (with fresh randomness
but the same w each time) and accept iff all runs accept. We need £ to be a large enough constant

that (1 —(1-b)/ 2)[ < 1/3. The query efficiency becomes k = 3/, and the randomness efficiency
is O({logN) = O(logN). Thus A € PCP[logN, k].

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 14 468

Exercise 14.20.a: Here’s the algorithm:

on input p(x;---x,): b
for each i € [n]:
if ¢ contains at least as many (x;) clauses as (x;) clauses: assign a; « 1
else: assign a; < 0
returna =a, ---a, )

No assignment to x satisfies more clauses of ¢ than a does, because for each i, no assignment
to x; satisfies more of the (x;) and (x;) clauses than a; does.
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Exercise 14.20.b: Suppose A € PCP_ ([logN, 1]. Let V be a poly-time randomized verifier for
A with completeness ¢, soundness s, randomness efficiency < alogN (for an integer a), and
query efficiency < 1. Assume w € {0, 1}" where n = dN°¢ (for integers d, ). For each valid input
x of size N and each r € {0,1}?°8N | either V accepts or rejects without querying w, or there
exist:

* Anindex i, € {0,...,n—1} of w queried by V(x;w;r).
* Anonconstant function f, ,: {0,1} — {0, 1} such that V(x; w; r) accepts ifffx’r(wl-x r) =1.
Note that f , is one of the literals w; orw; .

Then max,,c(g 1}n Prrcfo 1}alosn [V(x; w;T) accepts] equals 1/N¢ times:

(number of r such that V(x;w; r) accepts without querying W) +

Zje[n] max((number of r such that f, . is Wj), (number of r such that f, , is W_J))

On input x, a poly-time algorithm can compute this quantity and accept iff it’s > c. Thus A € P.
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Exercise 14.21: Since Sat is NP-complete via < (Theorem 2.40), it suffices to prove SAT €
NLPCP[log N ]. Say the input to SAT is an n-variable m-clause CNF ¢(x). As a technicality, we
may assume m is a power of 2 by duplicating clauses if necessary.

First, we show SAT € NLPCP[poly N ] (with poly N randomness efficiency):

( A
view w as a sequence of 2m many assignments w', ..., w?™ to x
fori—1,...,2m:

pick a uniformly random clause of ¢
if w! falsifies the clause: reject

\accept

J

We implement this as a log-space randomized streaming verifier V: For each assignment w', V
checks whether w' falsifies the randomly chosen clause by paying attention to the values of the
clause’s variables as it reads through w'. This has completeness 1 because if ¢ is satisfiable, then
Prr[V(cp; w;r) accepts] = 1 when each w' is a satisfying assignment. This has soundness 1/3
because if ¢ is unsatisfiable, then for all w!, ..., w?™:

]_[lz;n1 Pr[w' satisfies a uniformly random clause of ¢ |
[T2a—1/m)

(e71/my2m (Fact 7.6)
—2

Prr[V(tp; w;r) accepts]

IA

IA

e
1/3

IA

The randomness efficiency is 2mlogm. To prove SAT € NLPCP[logN], we improve the ran-
domness efficiency to O(logm): Identifying [m] and [4m] with {0, 1}1°™ and {0, 1}!°8™+2 let
h: {0,1}318m+1 5 [4m] — [m] be the pairwise uniform hash function from Lemma 8.9, which
is computable in O(log m) space.

s N
view w as a sequence of 3m many assignments w’, ..., w™ to x

sample r € {0, 1}31°8™*+! yniformly at random
fori<—1,...,3m:
if w! falsifies ¢’s h, (i)™ clause: reject
accept
\§

J

We implement this as a log-space randomized streaming verifier V’. This has completeness
1 because if ¢ is satisfiable, then Prr[V’ (psw;r) accepts] = 1 when each w' is a satisfying
assignment. To see that this has soundness 1/3, suppose ¢ is unsatisfiable and consider any
w!,...,w®™. Define a function f: [3m] — [m] such that for all i, w' falsifies ¢’s f(i)® clause. If

h,.(i) = f(i) for some i, then V'(p;w;r) rejects. Thus by Exercise 8.12:

Prr[V’(np;w;r) accepts] < Prr[Vie[Sm]: hr(i)#f(i)] < m/3m = 1/3
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Exercise 14.22: Consider any b € {0, 1}”3 such that b # a® a®a for all a € {0, 1}". Consider
a defined by a; = b; ; ; for all i € [n], and let c = a ® a ® a # b. Note that

uW'eb = Yujbi = 2w = uoa
and vV ®@b=v®aand w ©b=w @ a. Note that:
Wob)(vob)woeb) =wuead(vea)(wea)
= (Ziuiai)(Zjvjaj)(Zkaak)
= Zi’j’k(uivjwk)(aiajak)
= (u®vew)o(a®a®a)
= (u®vew)oc
Next, we overload the ® notation for when the operands have different lengths:

« Ify €{0,1}" and z € {0,1}", define y @2 € {0, 1}" by (y ©2);; = ¥ @ (211, - - -»Zi.j.n)-
* If y €{0,1}" and 2 € {0, 1}”2, define y @2 € {0,1}" by (y ©2); =y ©(2;1,---,2i 1)-

Note that
w®vew)ob = 3, . uviwibj = 25U 25V 2y Wibijx = u® (ve(wob))
and (u®v®w)®c=u®(v®(w®c)).
* Since b # c, we have b; ; ;. # c; j x for some i, j, k, so by the random subsum principle:
Prw[(W Ob)i#(wo C)i,j] = 1/2
* If (wob),; #wo c); j then by the random subsum principle:
Prv[(v owe b))i # (v owe c))i] =1/2
o If (v owe b))l. # (v owo c))i then by the random subsum principle:
Pru[uG(VO(WGb))#u@(v@(w@c))] =1/2
By the chain rule:
Pr,,,[(u®v®Ww)ob# W ©b)(v ©b)w ©b)]
= uvw[(u@v@w)@b#(u@v@w)@c]
= uvw[u v@(w@b)) #u@(v@(w@c))]
> P uvw[u@ veo(we b)) #u@(v@(w@c)) (web),; #(wac),;; and
(v@(w@ b))l. # (v@(w@c))i]-
Prv,w[(v o(wo b))i #(vowo c))i ’ (wob),;#(we c)i,j] .

Pr,[(wo b),; #(wo C)i,j]
= (1/2)-(1/2)-(1/2) = 1/8
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Exercise 14.23: On input (M, d), the purported witness is some (w!, w?) where w': {0,1}" —
{0,1} and w?: {0, 1}”2 — {0, 1}, and the randomness is (g, r, s, t*, s2, t?,u, v) where:

q € {0, 1}”2 (for locally correcting w?)
re{0,1}™ (for the linear combination of equations; r is a 1 x m vector)
sttt e {0,1}" (for locally testing linearity of w')
s2,t2 € {0, 1}”2 (for locally testing linearity of w?)
u,ve{0,1}" (for checking that w? is quadratically consistent with w)

* Define W?I: {0, 1}"2 — {0,1} by wg(z) = w?(z ® q) ® w?(q), which is two queries to w?.
* Defineu®v € {0, 1}”2 by (u®v); ; = u;v;.
( N
V(M,d; wh,w?; q,r, st 1, s, t2,u,v):
accept iff wé(rM) =rd
and wi(s'@® t) =wl(sH) ew!(t!)
and w?(s?2 ® t2) = w?(s?) @ w?(t?)
and wi(u®v) =w'(ww'(v)

V has query efficiency 12.
We prove V has completeness 1. Suppose M(a ® a) = d for some a € {0, 1}".

e Define w': {0,1}" — {0,1} by w!(y) =y @ a.
* Define w?: {0,1}" — {0,1} by w3(z) =2 ® b where b =a ®a.

Then Prq,r’sl,tl,sz,tz’u,vI:V(M, d; whw?; q,r, st th, 52,62 u,v) accepts] = 1 because Wé = w? and:
w?(rM) = (rM)b = r(Mb) = rd
wislet!) = 'et)oea = s'ead)e(ttea) = wiisH) ew!(th)
wis?et?) = (sPet?)ob = (s2e0b)e(t?0b) = w2(s?) ®w?(t?)
wWwev) = Wev)e(a®a) = woea)(vea) = www!(v)

We prove V has soundness 19/20. Suppose M(a ® a) # d for all a € {0,1}". Consider any
w!: {0,1}" — {0, 1} and w?: {0, 1}"2 — {0, 1}. In all four of the following cases:

Prq,r,sl,tl,sz,tz,u,v[V(M> d: lewz; q) T, 51; tls 525 tzy u, V) accepts] S 19/20

Case 1: Forsomeaand b=a®a, Prq[wz(q) #£q0O b] < 1/20. Viewing r as a 1 x m vector
and b as an n? x 1 vector,

Prq,r[wg(rM) = rd]

IA

Prq,r[r(Mb) =rd or wczl(rM) + (rM)b]
Pr,[r(Mb) =rd ]| +Pr, [w2(rM) # (rM)b]
< 1/2+1/10 < 19/20

IA

by a union bound and the random subsum principle, since M b # d.
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Case 2: For all q, Prp[wl(p) £FpoO a] > 1/20 over uniformly random p € {0,1}". Then we
have Pra o[w!(s! @ t1) = wl(s}) @ w!(¢!)] < 19/20 by Theorem 14.28.

Case 3: For all b (not necessarily of the form a ® a), Prq[wz(q) #q0O b] > 1/20. Then we
have Pl‘sz,tz[Wz(SZ ot?)=w?(s?) e Wz(tz)] < 19/20 by Theorem 14.28.

Case 4: Forsomeaand b #a®a, Prp[wl(p) #p®a]<1/20and Prq[wz(q) #q@b] < 1/20.
By a union bound:

Prq’u,v[wg(u ®v)=w!(ww! (v)]
< Prq’u’v[(u ®v)eb=(uoa(vea) or
wé(u@v)#(u@v)@b or wl(u)#Zuo®a or Wl(v)aévcaa]
Pru,v[(u ®v)eb=(uoa)(voe a)] +
Prq’u’v[wg(u V)£ (uU®v)e b] + Pru[wl(u) #Fuo® a] +Prv[w1(v) #Fv0O a]
Pr,,[(u®v)ob=woa)(vea)|+1/10+1/20+1/20

IA

IA

Letc=a®a,so (u®a)(voa)=(u®v)®c. We have
Pr,,[u®v)ob#uoea)(veoa)] = Pr, [(u®v)eb#uev)ec] > 1/4
as in the proof of Claim 14.33. Putting everything together:

Pry ., [wi(u®v)=w'(@w!(v)] < 3/4+1/10+1/20+1/20 = 19/20
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Exercise 14.24: The reduction runs in poly time since m’ = 2¢ = 200°8™) — poly m.
Consider any assignment a € {0, 1}". By the random subsum principle (Lemma 7.2.(ii)):

=1 ifM(a®a)=d

Pr.y [(rM)(a®a)=rd] = Pr,.y [r(M(a®a))=rd] {= 1/2 if M(a®@a)#d

By the derandomized random subsum principle (Observation 11.9.(ii)):

=1 if M(a®a)=d

PrrNG(Ul)[(rM)(a@)a) = rd] = PrrNG(UZ)[r(M(aQba)) = rd] {< 12+e<c ifMa®a)£d

This implies:

* If some a satisfies M (x ® x) = d, then the same a satisfies each of the equations (rM)(x ®
x) =rd for r = G(s).

* If every a doesn’t satisfy M(x ® x) = d, then every a satisfies < ¢ fraction of the equations
(rM)(x ® x) =rd for r = G(s).

Thus for OPT = maxae{o’l}n(number of s € {0,1}¢ such that (rM)(a ® a) = rd where r = G(s)):

orT 1= m’  if M(x ® x) = d is satisfiable
<cm’ if M(x ® x) = d is unsatisfiable

This shows that the reduction is correct.

In conclusion, (m’,cm’)-Gap MaX Z, QUADRATIC SYSTEM SAT is NP-complete since Z,
QuADRATIC SYSTEM SAT is NP-complete (Lemma 14.31), so MAx Z, QUADRATIC SYSTEM SAT has
no poly-time c-approximation algorithm unless P = NP (Lemma 14.6).
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Exercise 14.25:

(f.g) = (ZI.?IXI’ Z,] §JXJ> (Lemma 14.35)
= ZI,J? 185 X1 X1) (linearity)
=Y figi1+ PN 1850 (Lemma 14.34)
= ZI?IEI
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Exercise 15.1.a:

Fr
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Exercise 15.1.b: If p is an automorphism of G, then p(2) = 2 since 2 is the only node with
degree 2. Its neighbors 3 and 5 could be swapped, in which case their respective neighbors 1
and 4 would need to be swapped. So G has two automorphisms:

v|1
p(v) | 4

2 3
2 5

STES
w|lu,

3 4 5
3 4 5

By Lemma 15.3, 5!/2 = 60 graphs are isomorphic to G.
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Exercise 15.2.a: Map (G, G5, p) to (G}, G5) where G} is G, with a clique of size n +2v + 1
attached (by a single edge) to node v € [n] for each v such that p(v) is defined, and G} is G,
with a clique of size n+2v + 1 attached (by a single edge) to node p(v) for each v such that p(v)
is defined. To show this poly-time mapping reduction is correct, we argue that there exists an
isomorphism from G; to G, that’s consistent with p iff there exists an isomorphism from G to
G:

=: If g is an isomorphism from G; to G, that’s consistent with p, then we can turn g into an
isomorphism ¢’ from G} to G, by mapping the clique attached to v in G} to the clique attached
to p(v) in G3.

<: If ¢/ is an isomorphism from G} to G5, then ¢’ maps the clique attached to v in G to the
clique attached to p(v) in G5 (since those are the only nodes with those degrees) and thus maps
v to p(v) for each v such that p(v) is defined. Ignoring the added cliques yields an isomorphism
q from G; to G, that’s consistent with p.
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Exercise 15.2.b: On input (G, Gy, p) where G; and G, have nodes [n] and p: [n] — [n]is a
partial permutation: Define the partial permutation p’: [n] — [n] by p’(p(v)) = p(v) for all v
such that p(v) is defined.

( )
Arthur picks i € {1, 2} uniformly at random

if i = 1: Arthur picks a permutation q; : [n] — [n] consistent with p uniformly at random
if i = 2: Arthur picks a permutation g, : [n] — [n] consistent with p’ uniformly at random
Arthur sends Merlin q;(G;)
Merlin responds with j € {1,2}

\Arthur accepts iff j =1

J

Completeness 1: Suppose there’s no isomorphism from G; to G, that’s consistent with p.
There do not exist permutations g, consistent with p and g, consistent with p’ such that q;(G;) =
q-(G,), because otherwise (q;95')(G;) = G, and the permutation q;q5* is consistent with p.
Thus Merlin can tell whether the graph Arthur sent is q;(G;) for some permutation q; consistent
with p, or q,(G,) for some permutation g, consistent with p’.

Soundness 1/2: Suppose r is an isomorphism from G; to G, that’s consistent with p. The
distribution q;(G;) is the same as the distribution q,(G,) = q5(r(G;)) = (rqy)(G,) because
if g, is a uniformly random permutation consistent with p’, then rq, is a uniformly random
permutation consistent with p. It follows that g;(G;) is independent of i, so Merlin’s response
j—which depends on Arthur’s message q;(G;)—is also independent of i. Therefore Arthur’s
acceptance probability is:

Pr[j=i] = Pr{j=i=1]+Pr[j =i=2]
= Pr[j=1]-Pr[i =1]+Pr[j =2]-Pr[i = 2] (j and i are independent)
= Pr[j=1]/2+Pr[j =2]/2 (i is uniformly distributed)
= 1/2

The soundness can be amplified as in the proof of Theorem 15.1.
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Exercise 15.3: This is essentially the same as the proof that BPP C P/poly (Theorem 7.9).
Suppose A € AM and A has word size W = O(log N), so each input of size N is an element of
({0, 1}")N. By amplification, A has a poly-time randomized verifier V with completeness > 1—¢
and soundness < £ where ¢ = 27VW_ Let B = MERLIN OF V.

A(x)=1 = Pr,[B(x,r)=1]>1—¢
A(x)=0 = Prr[B(x,r)z 1] <e

That is, Prr[B(x, r)# A(x)] < ¢ for every valid input x. For every N, by a union bound:

Prr[Ei valid x of size N : B(x,r) # A(x)] < D valid x of size N Prr[B(x, r)# A(x)]
< 2MW.¢e =1

Hence for every N, there exists an outcome r such that B(x,r) = A(x) for every valid x of size

N. Treat this particular r as the advice ay. Then A € NP/poly by a nonuniform verifier V' where
V/(x;w;ay) runs V(x; ay; w):

A(x)=1 © B(x,ay)=1 & (EIW: V(x;ayn;w) accepts) = (EIW: V'(x;w;ay) accepts)
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Exercise 15.4: First, we prove that MA is unchanged if we require completeness 1. Suppose
A € MA by a randomized verifier V. Let B = ARTHUR OF V & BPP. In the proof of Theorem 7.10,
we designed a poly-time 2-witness verifier V’(x,w;s; r) such that the following hold, where 3
means “for at least 2/3 fraction of”:

B(x,w)=1 = 3sVr: V/(x,w;s;r) accepts
B(x,w)=0 = Vs Ir: V/(x,w;s; ) rejects

Then A € MA by a randomized verifier V" where V”(x;w,s;r) runs V/(x,w;s;r), and V” has
completeness 1 and soundness 1/3:

A(x)=1 = 3Jw: B(x,w)=1
= Jw Is Vr: V'(x,w;s;r) accepts

= Jw,s: Prr[V”(x;W,s; r) accepts] =1

A(x)=0 = VYw: B(x,w)=0
= VYwVs 3r: V/(x,w;s;r) rejects
= VYw,s: Prr[V“(x;w,s;r) accepts] <1/3
Now, we prove that AM is unchanged if we require completeness 1. Suppose A € AM. By

amplification, A has a randomized verifier V with completeness 1 —1/2N, soundness 1/3, time
efficiency < T = cN¢ (for integers c,d), and log-bounded word size W. Let B = MERLIN OF V:

A(x)=1 = Pr,[B(x,r)=1]>1-1/2"
A(x)=0 > Prr[B(x,r) = 1] <1/3
Denote s = (sq,...,5;) where each s; € ({0,1}")T for k = TW € polyN. By the same

calculations as in the proof of AM C M,P (Theorem 15.7) except with < 1/3 instead of < 1 in
the A(x) = 0 case:

A(x)=1 = VsdrVi: B(x,res;)=1
A(x)=0 = JsVr Ji: B(x,r&s;)=0

Denote w = (w1, ..., w;) where each w; € ({0,1}")T. Define a randomized verifier V/ where
V/(x;s;r,w) runs V(x;r @s;;w;) for each i and accepts iff all of these runs accept. For all s and
r:

(Vi : B(x,r®s;) = 1) = (EIW Vi: V(x;r@s;w;) accepts)
=3 (EIW: V/(x;s;1,w) accepts)
Then V' has completeness 1 and soundness 1/3 for A € AM:
A(x)=1 = Vs 3r 3w: V'(x;s;r,w) accepts

= Prs[ﬂr,w s V(x;s;r,w) accepts] =1

A(x)=0 = IsVrVw: V/(x;s;r,w) rejects
= Prs[Eir,w s V(x;s;r,w) accepts] <1/3
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Exercise 15.5.a: Assume coNP C AM. It suffices to prove X,P C N,P. Suppose A € 3,P by a
2-witness verifier V with time efficiency < T = ¢cN¢ (for integers ¢, d) and log-bounded word
size W. Let B = FINAL Y oF V € coNP. We have B € AM by a randomized verifier V', which we
assume has been amplified to have completeness 2/3 and soundness ¢ = 277" /3. Then A € AM
by a randomized verifier V"’ where V" (x; r;wy,w’) runs V'(x,wy; r;w'):

A(x)=1 = 3Fw;: B(x,w;)=1
= Jw;: Prr[ﬂw’: V'(x,wy;r;w) accepts] >2/3
= Prr[ﬂwl Iw' s V/(x,wq;r;w) accepts] >2/3

/

= Prr[le,w s V(e rwe,w) accepts]ZZ/B

A(x)=0 = VYw;: B(x,w;)=0
= Vw;: Prr[Hw’: V'(x,wy;r;w) accepts] <e
= Pr,[3w; Iw': V/(x,wy;r;w') accepts] <2 .e=1/3  (union bound)

= Pr.[3wy,w': V”(x;r;wy,w') accepts| < 1/3

Thus 2,P € AM C M,P (Theorem 15.7).
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Exercise 15.5.b: If GRaPH IsoMORPHISM is NP-complete, then GRAPH NONISOMORPHISM 1is
coNP-complete and therefore cONP € AM since GRAPH NON1SOMORPHISM € AM (Theorem 15.2),
which implies X,P = N,P (Exercise 15.5.a) and therefore the polynomial hierarchy collapses
(Theorem 4.23).
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Exercise 15.6: This is essentially the same as the proof that if NP C P/poly then X,P = MN,P
(Theorem 5.5) but with Arthur in place of ¥ and Merlin in place of 3.

Assume NP < P/poly. Since SaT € NP C P/poly and SaT SEARCH < SaT (Theorem 2.14), Sat
SEARCH has a poly-time program II with advice a;,a,,... (Lemma 5.4). For every satisfiable
CNF ¢ of size M, T1(p;a,,;) outputs an assignment that satisfies ¢. We may assume II runs in
poly time even with wrong advice.

Since MA € AM (Theorem 15.4), it suffices to prove AM C MA. Suppose A € AM by a
randomized verifier V. Let B= MERLIN oF V. We have B € NP by a verifier U where U(x, r;w)
runs V(x; r;w). Since Sat is NP-complete (Theorem 2.10), B <7' Sat by a reduction that maps
(x,r) to a CNF g, . such that B(x,r) = 1iff ¢, , is satisfiable. We may assume ¢, , has the
same size M for all r. We claim that A € MA by this poly-time randomized verifier V'(x; b;r):

run the mapping reduction to get ¢, ,
run II(, .; b) to get an assignment y
if y satisfies ¢, ,.: accept

else: reject

Completeness: For all x, r, we have
B(x,r)=1 = (cpx’r is satisﬁable) = (H((,ox’r; ay) satisfies gox,r) = (V’(x;aM; r) accepts)
and thus:
A(x)=1 = (Pr,[B(x,r)=1]>2/3) = (3b: Pr,[V'(x;b;r) accepts ]| > 2/3)
Soundness: For all x, r, b, we have
(V’(x; b;r) accepts) = (H(pr,r; b) satisfies apx,r) = (cpx’r is satisﬁable) = B(x,r)=1
and thus:

A(x)=0 = (Prr[B(x, r)= 1] < 1/3) = (Vb : Prr[V’(x; b;r) accepts] < 1/3)
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Exercise 15.7.a: Suppose A € MA by a randomized verifier V with time efficiency < T = cN¢
(for integers ¢, d) and log-bounded word size W, so a witness is w € ({0,1}"V)T. By amplification,
A has a randomized verifier V/ with the same witness size and with completeness 2/3 and
soundness ¢ = 277" /3. Then A € SBP by a randomized program IT where II(x;w,r) runs
V/(x;w;r):
Alx)=1 = Fw: Prr[V’(x;w; r) accepts] >2/3
= Prw’r[V’(x;w; r) accepts | > 2¢

= Prw,r[ (x;w,r) accepts] > 2¢e

A(x)=0 = Yw: Pr,[V/(x;w;r) accepts| < ¢
= Prw’r[V’(x;w; r) accepts] <e

= Prw’r[ (x;w,r) accepts] <eg
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Exercise 15.7.b: Suppose A € SBP by a randomized program II and a function £(N). Say IT has
time efficiency < T = cN¢ (for integers c,d) and log-bounded word size W, so the randomness
is s € ({0,1}")T. For each valid input x of size N, define S, = {s : II(x;s) accepts}, and define
k=¢e2"W:

A(x)=1 = |S,|>2k
A(X)=0 = |S,| <k

Letm = [10g(8k)1, so 8k < 2™ < 16k and thus 1/8 > k/2™ > 1/16. Let h: {0,1}2™TW=1 x
({0,1}")T — {0, 1}™ be the pairwise uniform hash function from Lemma 8.9. (Or, we could use
Lemma 8.7.) Then A € AM by the following randomized verifier V with completeness 1.5k/2™
and soundness k/2™ (which can be amplified to 2/3 and 1/3 as in the proof of Theorem 15.2):

V(x;r;s):
accept iff IT(x;s) accepts and h,.(s) = 0™

AX)=1 = |S,|>2k
= Pr,[3s€S,: h(s)=0"]> Z(1—Z) > 1.5k/2" (Lemma 8.13)
= Prr[ﬂs : Vx;r;s) accepts] >1.5k/2™

A(x)=0 = |S,|<k
= Prr[ﬂs €S,: h.(s)= Om] <k/2m (Lemma 8.13)
= Prr[ﬂs : V(x;r;s) accepts] <k/2m
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Exercise 15.8: Let I be the hypothesized reduction. Assume B € NP by a verifier V. Then
A € AM/poly by the following nonuniform randomized verifier V’: Define the advice ay =
Pr, [B( y)= 1] where y is distributed as the random query made by IT on inputs x of size N.

V/(x;r;wyay): b
view r as (rq,...,r;) where k = 717 and each r; is randomness for IT
run II(x;ry),...,II(x; ) to get queries yq,..., Yk
view w as:
bits by,..., by (Merlin claims b; = B(y;) for all i)
for each i such that b; = 1: w also includes w; (a purported witness for B(y;) = 1)
accept iff b; = 1 for > (ay —1/20)k many i
and V(y;; w;) accepts for each i such that b; =1
and > k/2 of T1(x;ry),...,II(x; ) accept after receiving oracle answers b, ..., by J

-

Imagine k tosses of a coin with heads probability ay, where the i toss is heads iff B(y;) = 1.
By Lemma 7.20:

e—(1/20)2k < 1/6
e—(1/2o)2k < 1/6

Prr[(number of i such that B(y;) =1) < (ay — 1/20)k]
Prr[(number of i such that B(y;) =1) > (ay + 1/20)k]

IA

IA

Now, imagine k tosses of a different coin, where the i toss is heads iff I1(x;r;) # A(x) after
receiving the correct oracle answer B(y;). The heads probability p, < 1/3 doesn’t depend on i.
By Lemma 7.20:

Prr[(number of i such that I1(x;r;) # A(x) after receiving the correct oracle answer B(y;))
> (1/3+1/20)k ]

< e (M200%k < 1/6

Completeness: Assume A(x) = 1. For each r, define w (depending on r) as follows: For each
i, let b; = B(y;), and for each i such that b; = 1, let w; be such that V(y;; w;) accepts. By a
union bound:

Prr[V’(x; r;w;ay) rejects] < Prr[bi =1 for < (ay —1/20)k many i] +
Prr[s k/2 of T1(x;ry),...,I1(x; ry) accept
after receiving oracle answers b,..., bk]
< 1/6+1/6 = 1/3

Soundness: Assume A(x) = 0. Consider any r,w such that V'(x;r;w;ay) accepts. For
each i, if b; = 1 then V(y;; w;) accepts (since V' accepts) and thus B(y;) = 1. This means if
b; # B(y;) then b; = 0 and B(y;) = 1. Assume for the moment that B(y;) = 1 for < (ay +1/20)k
many i. Then since b; = 1 for > (ay — 1/20)k many i (since V' accepts), we have b; # B(y;)
for < (ay +1/20)k —(ay —1/20)k = k/10 many i. Then since > k/2 of I1(x; ry),...,I(x; )
accept after receiving oracle answers b, ..., by (since V’ accepts), it follows that > k/2—k/10 >
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(1/3+1/20)k of II(x;rq),...,II(x; ) accept after receiving oracle answers B(y;),...,B(yx).
By a union bound:

Prr[ﬂw (V/(x;r;wyay) accepts] < Prr[B(yi) =1 for > (ay + 1/20)k many i] +
Pr.[> (1/3 + 1/20)k of II(x; ry), ..., [1(x; ry.) accept
after receiving oracle answers B(y;), ..., B( yk)]
< 1/6+1/6 = 1/3
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Exercise 15.9: Suppose A has a poly-time private-coin interactive proof system with complete-
ness > 0 and soundness 0. Then A € NP by a verifier V that views the purported witness w as
Arthur’s randomness and a sequence of messages from Merlin, where V(x; w) accepts iff Arthur
would accept.

A(x)=1 = 3 Merlin strategy : Pr,[Arthur accepts] > 0 (completeness > 0)

= Jw: V(x;w) accepts

A(x) =0 = V Merlin strategy : Pr,[Arthur accepts] =0 (soundness 0)

= VYw: V(x;w) rejects
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Exercise 15.10: Arithmetization gives the polynomial:
P(X]_, X9, X3, X4) = (]. - Xl(]‘ —Xz)X4) . (1 — X1X3(1 —X4))
Arthur lets by = 12.

¢ Merlin sends the coefficients of:

Qi(x1) = X (0.1} Divse(01} 2axyefo,1} P(X15 X2, X3,X4)

= (1-x;-(1-0)-0)-(1—x;-0-(1—0)) +
(1-x,-(1—0)-1)-(1—x;-0-(1—1)) +
(1—x,-(1-0)-0)-(1—x;-1-(1—0)) +
(1-x;-(1—=0)-1)-(1—x;-1-(1—1))+
(1—x;-(1-1)-0)-(1—x;,-0-(1—0)) +
(1—x;-(1-1)-1)-(1—x-0-(1—-1)) +
(1-x;-(1—1)-0)-(1—x;-1-(1—0)) +
(1—x;-(1—1)-1)-(1—x;-1-(1—1))

1+(1—x)+ (1 —x)+Q—=x)+1+1+(1—x)+1

= 25x;+8
Arthur doesn’t reject now, since Q;(0) + Q1(1) =8 +4 =12 = b,. Arthur samples a; =4
and lets b; = Q;(a;) = 21.

¢ Merlin sends the coefficients of:

Qa(xz) = Zx3€{0,1}Zx4e{0,1}P(a1:x2;x3’x4)
(1-4-(1—x,)-0)-(1—4-0-(1—0)) +
(1-4-(1—x)-1)-(1—4-0-(1—1) +
(1-4-(1—x3)-0)-(1—4-1-(1—0)) +
(1-4-(1—x)-1)-(1—-4-1-(1—-1))
= 14+(1—4+4x)+(1—4)+(1—4+4x,)
= 8x,+21

Arthur doesn’t reject now, since Q5(0)+Q,(1) = 2140 =21 = b;. Arthur samples a, = 18
and lets by = Q5 (a,) = 20.

¢ Merlin sends the coefficients of:

Q3(x3) = 2,eq01) P(a1,a2, X3, X4)
(1-4-(1—-18)-0)-(1—4-x3-(1—0)) +
(1-4-(1-18)-1)-(1—4-x5-(1—1))
= (1—4x3)+11

25x3 +12
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Arthur doesn’t reject now, since Q3(0)+Q3(1) = 12+ 8 = 20 = b,. Arthur samples a; = 11
and lets by = Q3(as) = 26.

¢ Merlin sends the coefficients of:

Q4(x4) = P(ay,ay,as,xy4)
=(1-4-(1-18)-x4)-(1—4-11-(1—x,))

(10x, +1) - (15x, + 15)

= 5x3 +20x4+ 15

Arthur doesn’t reject now, since Q4(0)+Q4(1) = 15411 = 26 = bs. Arthur samples a4 = 2
and lets by = Qq4(ay) =17.

Arthur accepts since P(4,18,11,2) =17 = by.
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Exercise 15.11.a: Suppose Q(x) = c,ux™+ -+ cox? +cyx +coand Q'(x) = (¢, +++- + ¢y +
¢1)x+c¢y. Since ¢y = Q(0) and ¢, +- - - +¢; +¢o = Q(1), we have Q'(x) = (Q(l)—Q(O))x+Q(O) =
(1—x)-Q(0) +x -Q(1).

Another way to show it: Q’(x) and (1 —x)-Q(0) + x - Q(1) have degree < 1 and agree on
the two points 0 and 1, so they’re identical (Corollary 0.21).
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Exercise 15.11.b: The polynomials P; ;(xy,...,X;) forn > i > j > 0 are defined by:

* P,,=P.
e Ifi <nthen P;;(xy,...,Xx;) = 1— P11 0(xq,...,%;,0) - Piyg o(x1,...,X;, 1).
* Ifi > j then P; ; = P, j,; with x;; linearized.

This recursive subroutine maintains the invariant that eval(i, j, a;, ..., a;) = P, j(as,...,qa;) by
Exercise 15.11.a:

~
eval(i,j,a,...,a;):
if i = j = n: return P(ay,...,a,)
ifi = j: return 1 —eval(i + 1,0,a,...,a;,0)-eval(i +1,0,a;,...,a;,1)
return (1 —a;4)-eval(i,j+1,ay,...,a;,0,a49,...,a;) +
L aj,q -eval(i,j+1,a;,...,a;,1,a49,...,a;) )

This has recursion depth < n?, and each stack frame uses poly N space, so the total space is:

(polyN stack frames at a time) . (polyN bits per stack frame) = polyN bits
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Exercise 15.11.c: In outer iteration i and inner iteration O, the honest prover sends the co-
efficients of Q; o(x;) = P;g(ay,...,a;_1,X;) for the current values of ay,...,a;_; (ignoring the
rest of the communication history). Since Q; o has degree < m, the prover can recover its coef-
ficients from the values P; o(ay,...,a;_1, ;) for all x; € {0,...,m}, which he obtains by calling
eval(i,0,a,...,a;_;,x;) for all x; € {0,...,m}.

In outer iteration i and inner iteration j > O, the honest prover sends the coefficients of
Qi j(x;)=P;;(...,aj_1,X},a;1,...) for the current values of ay,...,a;_1,aj41,...,a; (ignoring
the rest of the communication history). Since Q; ; has degree < m, the prover can recover its
coefficients from the values P, ;(...,a;_1,X;,aj41,...) for all x; € {0,...,m}, which he obtains
by calling eval(i, j,...,aj_1,X;,a;41,...) for all x; € {0,...,m}.
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Exercise 15.12: Suppose EXP C P/poly. Then EXP C 3,P (Exercise 5.7) and X,P € PSPACE
(Lemma 4.20), so EXP = PSPACE. In that case, “EXP C P/poly implies EXP = MA” follows from
“PSPACE C P/poly implies PSPACE = MA” (Corollary 15.19).
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Exercise 15.13.a: The reduction changes the number of edges from m to m’ = ('21) —m and
thus changes the input size from N ~ n+m to N’ ~ n+ m’. This yields a correct interactive
proof system for #ANTI-TRIANGLE, and the honest prover is poly-time, but the verifier runs in
time quasi-linear in N’ (which could be ~ N 2), not quasi-linear in N.
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Exercise 15.13.b: This is like the doubly efficient interactive proof system for #TRIANGLE
(Theorem 15.20). First, assume n is a power of 2. Redefine S(x, y) to be:

S(x,y) = 1_2:(1.1,1/)ev2 : u:vor{u,v}eERu(x) ‘R,(¥)

For every boolean assignment to x,y, we have S(x,y) = 1if x # y and {x,y} ¢ E, and
S(x, y) = 0 otherwise. With this S, define:

T(X,J’,Z) = S(X:J’)'S(X,Z)'S(J’:Z)

For every boolean assignment to x, y,z, we have T(x,y,z) = 1if x, y, 2 are distinct and {x, y, 2}
is an anti-triangle in G, and T(x, y,z) = 0 otherwise. There are éz(x)y’z)e({o’l}logn)g T(x,y,%)
anti-triangles in G since Z(x,y’z)e( {0,1}logn)3 T(x,y,z) counts each anti-triangle 3! = 6 times (once
for each permutation of the three nodes). The doubly efficient interactive proof system for
#ANTI-TRIANGLE uses the sum-check protocol with T, starting with b, « 6k.

If n isn’t a power of 2, we add some £ < n degree-0 nodes so the total number of nodes n + ¢
is a power of 2. This increases the number of anti-triangles by exactly ((g) — m) L+n- (g) + (g)

since (('21) — m) -{ anti-triangles have one new node, n - (g) anti-triangles have two new nodes,

and (é) anti-triangles have three new nodes. Thus the original graph has exactly k anti-triangles

iff the new graph has exactly k + ((;) — m) L+n- (g) + (g) anti-triangles.
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Exercise 15.14: A poly-time (c,s)-checker for A on input x can map x to x’ (using A <J' A")
and run the poly-time (c,s)-checker for A’ on input x’. Whenever the latter queries B’(y’), the
former instead maps y’ to y (using A’ <p' A) and queries B(y), unless y’ = x’, in which case
the former queries B(x) (noting that possibly y # x).

Completeness: If B = A then the checker for A(x) simulates the checker for A’(x”) with
B’ = A’ since B'(y’) =B(y) = A(y) = A'(y’) for y’ # x’ and B’(x’) = B(x) = A(x) = A'(x'),
and thus accepts with probability > c.

Soundness: If B(x) # A(x) then the checker for A(x) simulates the checker for A’(x’) with
B’ such that B'(x”) # A’(x’), and thus accepts with probability < s.
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Exercise 15.15.a: Since we know CONSISTENT GRAPH ISOMORPHISM Spm GRAPH [SOMORPHISM
(Exercise 15.2.a), it suffices to show GRaPH ISOMORPHISM SEARCH <; CONSISTENT GRAPH
ISOMORPHISM:

( )
on input (G;, G,) where G; and G, have nodes [n]:

initialize p: [n] — [n] as the partial permutation that’s undefined everywhere
forvel,...,n:
for each w € [n] \ {p(l), ..., p(v— 1)}:
p(v) —w
query the oracle on (G, G5, p)

L if it accepted: break out of the w loop, so p(v) = w becomes frozen J

This maintains the outer loop invariant that there exists an isomorphism from G; to G, that’s
consistent with p.
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Exercise 15.15.b: Let A = GRAPH IsoMORPHISM. By Lemma 15.22, it suffices to show that A
and A have poly-time private-coin interactive proof systems with completeness 1 and soundness
1/3 where the honest provers are computed by poly-time oracle reductions to A.

For A, we just use A € NP where a witness is an isomorphism. By Exercise 15.15.a, the
honest prover is computed by a poly-time oracle reduction to A.

For A, we use the private-coin Arthur—-Merlin proof system from Theorem 15.1. The honest
prover is sent a graph H that’s isomorphic to one of G; or G,, and he must determine which one.
He can make the oracle query (H, G;) to A to determine whether H = G, holds (and if not, then
H = G, must hold).

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 15 501

Exercise 15.16: <: This holds by the same argument as Lemma 15.22 for single-prover inter-
active proof systems.

=: Assume A has a poly-time (2/3,1/3)-checker. We turn this into a poly-time PCP verifier
for A that, on input x, runs the checker using the purported witness to answer queries to the
oracle B, and accepts iff the checker accepts and B(x) = 1. This has completeness 2/3 because
if A(x) =1 and the witness B is A (more precisely, A’s truth table for relevant input sizes), then
the PCP verifier accepts with probability > 2/3. This has soundness 1/3 because if A(x) = 0 and
B(x) = 0 then the PCP verifier accepts with probability 0, and if A(x) = 0 and B(x) = 1 then
the PCP verifier accepts with probability < 1/3. By the proof of Lemma 15.16, A has a poly-time
two-prover interactive proof system with completeness 2/3 and soundness 1/3 where the honest
provers simply answer queries to A.

Furthermore, A has a poly-time (2/3, 1/3)-checker that’s the same as the one for A except
it negates each answer it receives from the oracle. Thus, A also has a poly-time two-prover
interactive proof system with completeness 2/3 and soundness 1/3 where the honest provers are
computed by poly-time oracle reductions to A and thus to A (by negating the oracle’s answers).
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Exercise 15.17: Consider the dishonest verifier that sends a uniformly random pair of nodes
{u, v} (not necessarily an edge). Assuming G has a proper 3-coloring c, the simulator can sample
a uniformly random pair of nodes {u, v} along with the bit indicating whether c(u) = c(v),
because the messages the honest prover puts in the boxes labeled u and v would be the same
color as each other if c¢(u) = c(v), and different colors if c(u) # c(v). We design a poly-time
randomized algorithm that uses this simulator to find a proper 3-coloring of G (assuming one
exists), which implies GRAPH 3-CoLORING € RP and thus NP = RP since GRAPH 3-COLORING is
NP-complete. Running the simulator 2n?log n times where n is the number of nodes:

Pr[EI {u, v} that’s sampled by no run of the simulator]
<> (wv} Pr[Vi : the i run of the simulator doesn’t sample {u, v}] (union bound)
= Dy | I; Prthe i run of the simulator doesn’t sample {u, v}]
= (O-1E)"
(g)e—(an logn)/(5)
(g)e—4logn

1/3

IA A

IA

Thus with probability > 2/3, every pair {u, v} is sampled by at least one run of the simulator,
in which case we know whether c(u) = c(v) for each pair {u, v}. Assign red to node 1 and to
all nodes u such that c(u) = c(1). Assign green to some node v such that c(v) # ¢(1) and to all
nodes u such that c(u) = c(v). Assign blue to all remaining nodes. This proper 3-coloring is ¢
but with the colors possibly permuted.
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Exercise 15.18: Completeness 1: Suppose G has a full cycle C, and consider the honest verifier’s
interaction with the honest prover. If b = 0 then the honest verifier accepts upon confirming that
p is a permutation and the unlocked boxes form p(G). If b = 1 then the honest verifier accepts
upon confirming that the boxes corresponding to p(C) form a full cycle in p(G).

Soundness 1/2: Suppose G has no full cycle, and consider the honest verifier’s interaction
with an arbitrary prover. Whatever messages the prover puts in the boxes, they either don’t
form a graph isomorphic to G (in which case the honest verifier rejects if b = 0, by the binding
property) or don’t contain a full cycle (in which case the honest verifier rejects if b = 1, by the
binding property). Either way, the honest verifier accepts with probability < 1/2.

Zero-knowledge: Suppose G has a full cycle C, and consider an arbitrary poly-time verifier’s
interaction with the honest prover. The verifier's message b doesn’t depend on p, by the hiding
property. If b = O then the verifier’s view is p and p(G), which is trivial to simulate. If b =
1 then the verifier’s view is a uniformly random full cycle on nodes [n], which is trivial to
simulate by sampling a uniformly random permutation q: [n] — [n] and outputting the full

cycle (1) —q(2) —q(3) — -+ —q(n) —q(1).
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Exercise 16.1: Leta,b € {0,1,*}" denote partial assignments to x, y. This adversary strategy
assigns a; = b; = 1 if x; is queried before y;, and assigns a; = b; = 0 if y; is queried before x;:

repeat:
if x; is queried and y; wasn’t previously queried: respond 1
if y; is queried and x; was previously queried:  respond 1
if y; is queried and x; wasn’t previously queried: respond 0
if x; is queried and y; was previously queried:  respond O

Right before the (2n)™ query, a; = b; for all but one i, and for the remaining i, either a; = 1 and
b; = x (in which case a > b if b; =0, and a # b if b; = 1) or b; = 0 and q; = * (in which case
a>bifa;=1,and a # b if q; = 0).
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Exercise 16.2: Since f is nonconstant and symmetric, there exist k € [n] and b € {0,1}
such that f(x) = b if weight(x) = k, and f(x) = b if weight(x) = k — 1. The adversary
responds 1 to the first k—1 queries and 0 to subsequent queries. After N — 1 queries in total, the
remaining unqueried variable could be assigned 1 to get a b-input, or O to get a B-input, so fl,
is nonconstant.
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Exercise 16.3: An adversary strategy for f can maintain the invariant that f|, has an odd
number of 1-inputs: Assume this holds at the beginning of a round in which x; is queried. Let
a’ be a with a/ = 0, and a” be a with a/ = 1. The inputs consistent with a are partitioned into
inputs consistent with a” and inputs consistent with a”, so

number of 1-inputs of f|, = (number of 1-inputs of f|,) + (number of 1-inputs of f|,~)

and thus either f|, or f|,» has an odd number of 1-inputs, and the adversary assigns x; ac-
cordingly to maintain the invariant. Until a is a full assignment, an even number of inputs are
consistent with a and thus f|, is nonconstant.

An alternative proof is by the contrapositive: Suppose f has a decision tree of depth < N.
Partition the set of all inputs according to which leaf they lead to. For a root-to-leaf path of
length k < N, the number of inputs leading to the leaf is 2V~ which is even, and either all these
inputs are O-inputs or all these inputs are 1-inputs. Thus

number of 1-inputs of f (number of inputs leading to that leaf)

= Zleaves that output 1

which is a sum of even numbers and is therefore even.
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Exercise 16.4.a: Imagine x, = 1 is prepended to the input and x,.,; = O is appended to the
input. These phantom input bits don’t affect whether x contains 01.

~
query X,X4Xg - - Xy_1 and accept if it contains 01
finda j€{1,3,5,...,N} such that x;_; =1 and x;;; =0
query x;x3- - X;j_p and accept if x;x, -+ x;_; contains 01
query Xji X4+ Xy and accept if xj X4+ Xy contains 01
reject
J

If this accepts on the first line, then Fy(x) = 1 since for some odd i, x;_;x;;; = 01 and thus
X;_1X;X;+1 € {001,011}, both of which contain 01. If this reaches the second line, then there
indeed exists such a j since xgx3X4 - Xy_1Xy41 i 1s followed by Os (and in this case, x; never
gets queried). If this accepts on the third or fourth lines, then of course Fy(x) = 1. If this rejects
on the last line, then Fy(x) = 0 since x1X " Xj_1XjXj41Xj42 "Xy = 11---1x;00---0 is 1s
followed by Os, regardless of x;’s value. In all cases, at most N — 1 input bits are queried.
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Exercise 16.4.b: Fy has N + 1 many O-inputs, namely 000---00, 100---00, 110---00, ...,
111---10, 111---11. If N is even then Fy has an odd number 2¥ — (N + 1) of 1-inputs, so Fy is
evasive (Exercise 16.3).

Now, assume N is odd. We showed Det(Fy) < N — 1 (Exercise 16.4.a). We have Det(Fy) >
Det(Fy_;) = N—1 by a projection reduction (Lemma 16.5) from Fy_; to Fy that maps x; - - - Xy_;
to xq -+ -xn_10.
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Exercise 16.5.a: Here’s a decision tree for Fy (x;

.-+ xy) assuming N = 3k + 1 for an integer k:

N
fori<—1,...,k:
query Xs; g
if it’s O:
query Xxz; * - Xy
if it contains the substring 11: accept
else: reject
ifit’s 1:
query x3; 5 and x3;
if either is 1: accept
reject
. J

If this accepts on the fifth line, then it’s correct and didn’t query x5;_,. If this rejects on the sixth
line, then it’s correct since x = 010010010 --010x3;_50x3; - - - Xy doesn’t contain the substring
11, regardless of the unqueried value of x3;_,. If this accepts on the next-to-last line, then it’s

correct since either x3;_5x3;_1 = 11 or x3;_1X3; =

11, and it didn’t query xy. If this rejects on

the last line, then it’s correct since x = 010010010 --010xy doesn’t contain the substring 11,
regardless of the unqueried value of x, . In all cases, the decision tree queries < N —1 bits of x.
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Exercise 16.5.b: Let wy be the number of 1-inputs of Fy (the weight of its truth table). We
have w; = 0 and w, = 1 and for each N > 2, wy = wy_; + wy_o + 2V 72 since wy_; many
1-inputs have xy = 0, and wy_, many 1-inputs have xy_;xy = 01, and 2V~2 many 1-inputs
have xy_;xy = 11. Let my = wy mod 2. For each N > 2,

mN = (mN_l + mN_2 + (ZN_Z mOd 2)) mod 2 = mN_1 [$7) mN_2

since 2V72 is even.

m; < 0and m, <« 1
for N « 3,4,5,...: my < my_; ® my_

We see that m;, m,, ms,...=0,1,1,0,1,1,0,1,1,0,1,1,0,.... Formally, the algorithm maintains
the invariant that my = 0 if N mod 3 =1, and my = 1 if N mod 3 # 1, because 0® 1 = 1 and
1®1=0and 1®0=1. By Exercise 16.3, Fy is evasive if N mod 3 # 1 since my = 1 means Fy
has an odd number of 1-inputs.

Now, assume N mod 3 = 1. We showed Det(Fy) < N — 1 in Exercise 16.5.a. We have
Det(Fy) > Det(Fy_;) = N —1 by a projection reduction (Lemma 16.5) from Fy_; to Fy that
maps xj - Xy_1 to X7+ Xny_10.
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Exercise 16.6:

query all possible edges between the first |[n/2 ] nodes and the last [n/2] nodes b
if at least three of these edges are assigned 1 and are incident to a common node v:
query all possible edges incident to v and reject if deg(v) #n—4
for each neighbor u of v:
query all possible edges incident to u and reject if deg(u) # 1
accept
else: reject
\§ J

If this accepts, then the input graph has a degree-(n —4) node v, each of whose neighbors is
only adjacent to v. Conversely, if the graph has such a node w, then we must have v = w since w
has > n—4—([n/2]—1) = 3 incident edges between the first |n/2| nodes and the last [n/2]
nodes, and all other nodes have degree < 2 and thus don’t have this property, so the decision
tree accepts.

If this accepts, then among v’s three nonneighbors, at least two of them are both among the
first [n/2] nodes or both among the last [n/2] nodes, so the edge between them is unqueried.
Similarly, if this rejects then not all edges are queried.
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Exercise 16.7: We design an adversary strategy that maintains the following invariant (for the
partial assignment a recording the results of queries so far): The edges {u,v} with ag,,; =1
form a forest (every connected component is a tree), and ay, ,, = * for all u and v in different
connected components.

initialize a@ « *x- - - * \
repeat:
the querier picks some {u, v}
if u and v are in the same connected component: assign ag, ,; < 0
L else: assign ay, ,y < 1 (thereby merging those two connected components) )

Since the invariant holds right before the N™ query {u, v}, there must be only one connected
component (the edges assigned 1 form a tree connecting all nodes) because if there were at least
two connected components, then there would be at least two unqueried edges between them
(since n > 3). Assigning ay,,) < 0 would yield a tree (with no cycles). Assigning ay,,; < 1
would yield a graph with a cycle consisting of {u,v} and a path between u and v of edges
previously assigned 1.
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Exercise 16.8.a: For N =n(n—1), Fy(g) = \/ue[n] Ave[n]\{u} g(u,v) is expressed by a read-once
formula and is therefore evasive (Theorem 16.1).
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Exercise 16.8.b: We design an adversary strategy that maintains the following invariant: The
edges {u, v} with a, ,; = 1 form a tree connecting a subset of nodes S. For every {u,v} C S, we
have ay, ,) # *. For every u € S, there exists v € S with ay, ,,; = *.

N
the querier picks some {u, v}

assign ag, ,; < 1 and let S « {u, v}
repeat:
the querier picks some {u, v} with ag, ,; = *
ifug Sandv¢S: assign ag,,; < 0
ifug S and v €S (or vice versa, swapping the roles of u and v):
if there exists w € S \ {v} with ay, ;) = *: assign ag,,; < 0

else: assign ay, ) < 1 and update S < S U {u}
|\ J

Since the invariant holds right before the N query, this query must be {u, v} for the unique node
u ¢ S and the unique node v € S with ay, ,; = *. Also, u has no incident edge assigned 1, and
every node in S has an incident edge assigned 1. Assigning ay, ,; < 0 would yield a graph with
a degree-0 node, namely u. Assigning ay, ,; <= 1 would yield a graph with no degree-0 node.
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Exercise 16.9: The algorithm from the proof of Theorem 16.4 is uniform and runs in time
O(n) = O(+/N) as long as we can find distinct u,v € S in constant time. For this, we have
variables for u and v and maintain the invariant thatu <vand S = {u,v,v+1,v+2,v+3,...,n}
(so the algorithm need not explicitly maintain S). To remove v from S: update v < v + 1. To
remove u from S: update u «—vand v < v + 1.
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Exercise 16.10.a: The following decision tree maintains the set S of contenders, which are
nodes where each possible incoming edge is 1 or *, and each possible outgoing edge is 0 or *. It
computes CELEBRITYy as in the proof of Theorem 16.4.

initialize S « [n]
repeat n— 1 times:
query (u, v) for distinct nodes u, v € S of lowest query-degrees
if it’s 0: remove v from S
if it’s 1: remove u from S
let w be the only remaining node in S
for each node u # w:
if (u, w) hasn’t been queried: query (u, w) and reject if it’s O
if (w,u) hasn’t been queried: query (w,u) and reject if it’s 1
\accept

J

The first phase makes n — 1 queries. We just need to argue that qdeg(w) > |logn] at the end
of the first phase, since then the second phase makes < 2(n — 1) — |logn] queries, for a total of
< 3(n—1)—|logn] queries. First, suppose n is a power of 2. The first n/2 queries (first stage)
are disjoint pairs of nodes of query-degree 0; half of these nodes get removed from S and the
other half’s query-degrees get incremented to 1. The next n/4 queries (second stage) are disjoint
pairs of nodes in S; half of these nodes get removed from S and the other half’s query-degrees
get incremented to 2. This continues for logn stages, after which only one node remains in S,
and it has query-degree logn. If n isn’t a power of 2, then qdeg(w) after the first phase can be
no smaller than if n were rounded down to a power of 2, in other words, |logn].
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Exercise 16.10.b: Let T; and qdeg; denote T and qdeg after round i. We claim that the
first phase maintains the invariant that every node in T; is a contender and |T;| = n —i and
Dier, 2998 < n. This holds for i = 0 since 3}, 1,299 = n-2° = n. To see that the
invariant is maintained, assume it holds for i — 1. It’s straightforward to see that every node in
T; remains a contender and |T;| =n—i. If u,v € T;,_; and qdeg;_,(u) < qdeg;_;(v) then

zqdegi(u) — 2qdegi,1(u)+1 — 2qd68i71(U)+2qdegi71(u) < zqdeg,;l(u)_,_zqdegifl(V)

and thus:
2qdegi t 2qdegl— t n
Zteli © = Zteli 1 1) <

Likewise, if u,v € T;_; and qdeg; ;(u) > qdeg;_;(v) then Zren 20degi() < . Ifu & T,_; or
v & T;_; then qdeg;(t) = qdeg;_,(t) for every t € T;, so:

qdeg;(t) — qdeg;_;(t) qdeg;_;(t)
ZteTiz = ZteTiz s ZteTi_lz Y sn

Since the invariant holds after round n — 1, w is a contender and 239&-1(") < n and thus
qdeg,_;(w) < |logn]. After 2(n — 1) —|logn|— 1 more rounds (so round 3(n—1) —|logn]—1
overall), w is still a contender and has at least one unqueried edge. At this point, w could be a
celebrity (if w’s unqueried edges are assigned the “right” bits—1 for incoming and 0 for outgoing),
or the graph might have no celebrity (if all but one of w’s unqueried edges are assigned the “right”
bits, and the other is assigned the “wrong” bit, since then w isn’t a celebrity, and no other node
can be a celebrity since either w’s incoming edges are all assigned 1 or w’s outgoing edges are
all assigned 0).
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Exercise 16.11: Det(fog") < Det(f)Det(g): We combine a querier strategy for f that makes <
Det(f) queries, and a querier strategy for g that makes < Det(g) queries, to get a querier strategy
for f o gV that makes < Det(f)Det(g) queries: On input (y!,...,y"), whenever f’s querier
queries x;, run g’s querier on y' to get g(y%). Then f’s querier outputs f(g(yl), . ..,g(yN)) =
(fogM)(y?,...,¥N). Since this runs g’s querier < Det(f) times, and each run makes < Det(g)
queries, overall this makes < Det(f)Det(g) queries to the bits of (y!,...,yN).

Det(f o g¥) > Det(f)Det(g): We combine an adversary strategy for f that makes the game
last > Det(f) rounds, and an adversary strategy for g that makes the game last > Det(g) rounds,
to get an adversary strategy for f o gV that makes the game last > Det(f)Det(g) rounds: Let
a € {0,1,+}" denote a partial assignment to x = x; --- Xy, and b’ € {0,1,}™ denote a partial
assignment to y' = yi --- yl,;. The adversary for f o gV uses g’s adversary strategy on each block
y! independently. Whenever some bit y} is queried, if g’s adversary would be forced to reveal
the value of g(y') (that is, assigning b} < 0 would make g|,: constant, and assigning b} « 1
would make g|,: the other constant), then the adversary for f o gV tells f’s adversary that x; is
being queried, and finds out which bit q; it would assign, and then assigns b} to make g|;: the
constant a; function. Call such a round major. There must be > Det(f) major rounds before f|,
is constant. Before that, f|, could go either way by assigning appropriate bits to all a; = , and
for each i with a; = *, g|;: could go either way (either bit for a;) by assigning appropriate bits
to all b} = %. Thus before Det(f) major rounds, (f o gV )p1,.. pv could go either way. Each major
round corresponds to > Det(g) rounds (queries within the associated block y'), so the game
lasts > Det(f)Det(g) rounds.
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Exercise 16.12: This is like the proof that every read-once formula expresses an evasive func-
tion (Theorem 16.1). View the definition of f = MaJ TREEy as a read-once “formula” ¢ with
MaJoORITY; gates (“M gates”). The following adversary strategy maintains the invariant that ¢
expresses f|, and every unqueried variable still appears in 1):

(initialize Y — @ and a < #k-- - % A
repeat N — 1 times:
the querier picks some variable x;
if x; feeds into an M gate in 1:
assign a; < 0
replace the M gate in ¢ with an A gate with the other two incoming wires
if x; feeds into an A gate:
assign a; « 1
delete the A gate from 1) and use its other incoming wire as its outgoing wire

-

When only one variable x; remains unqueried, f|, is x; (since ¢ expresses f|, and x; still appears
in 2 by the invariant), which is nonconstant.
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Exercise 16.13.a: Given a circuit C computing f: {0,1}" — {0, 1}, this recursive subroutine
maintains the invariant that qc(C) = Det(f).

qe(C):
if C(x) is the same for all x € {0,1}": return 0
else: return minie[n](l + max(qc(CI*...*O*...*), qc(CI*...*l*...*)))
(these are the contractions of C with O or 1 plugged in for x;)

If f isn’t a constant function, then the algorithm tries all possible variables for the root to query,
and picks whichever leads to a shallowest decision tree.

The recursion depth is < n+ 1 < N. Each stack frame only needs O(N) bits to repeatedly
evaluate C (reusing space for all x € {0,1}") and store other local data. The space efficiency is:

(N stack frames at a time) . (O(N ) bits per stack frame) = O(N?) bits
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Exercise 16.13.b: For any a € {0,1,+}" and b € {0,1} and i € [n] such that a; = x, let a"? be
a except that (a*?); = b. This dynamic programming algorithm stores a dictionary det such that
det[a] = Det(f|,) for each partial assignment a.

for each a € {0, 1, %}" in increasing order of number of *s:
if f(x) is the same for all x € {0, 1}" consistent with a: let det[a] « O
else: let det[a] « min; gych that , = *(1 -+ max(det[ai’o], det[ai’l]))
return det[* - - - %]

The “if” inside the loop checks whether f|, is constant. If it’s not, the “else” tries all possible
variables for the root to query, and picks whichever leads to a shallowest decision tree.

The input size is N = 2". The loop has 3" = N'°%2(3) jterations, each of which takes 2" polyn =
N polylog N time, so the overall running time is N'°82(3)*1 polylog N € polyN. (To improve the
time efficiency to N'°2(3) polylog N, we can avoid the loop over all x: To check whether f|, is
constant in polylog N time—assuming a; = * for some j—we can check whether det[a?®]=0=
det[a’'] and f(y) = f(z) for some y,z € {0,1}" consistent with a/° and a’>! respectively.)
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Exercise 16.14: Let F = PARITY OF SORTED.

Det(F) < [log(N + 1)]: First, assume N + 1 is a power of 2. The following decision tree does
binary search to find the index of the last 0 in the input—assuming the input has a phantom 0
at “index 0”—maintaining the invariant that this index is > £ (“lower”) and < u (“upper”) and
that u—¢ = (N +1)/2% after the k™ iteration:

(initialize {—0Oandu«N+1 A
while u—¢ > 1:
letm e« ({+u)/2 (“middle”)
query X,
if x,, = 0: update £ < m
if x,, = 1: update u < m
output (N —¢) mod 2
\ J

After k =log(N + 1) queries, u—{ = (N +1)/2X =1, so £ is the last 0’s index and the input has
N —{ many 1s (at indices £ + 1,...,N).

If N +1 isn’t a power of 2, consider the least M > N such that M + 1 is a power of 2. Then
Det(Fy) < Det(F,,) <log(M + 1) =[log(N + 1)] by a projection reduction (Lemma 16.5) from
Fy to Fy; that prepends M — N many Os to the input.

Det(F) > [log(N +1)]: Letting the partial assignment a € {0, 1, *}" record the results of queries
so far—and implicitly a, = O—the following adversary strategy maintains the invariant that
a; €{0,%}ifi <{,and aq; =« if { <i <u, and q; € {1,%} if i > u, and that u —£ > (N + 1)/2*
after the k™ iteration:

( )
initialize { < O and u < N +1

while u—£ > 1:
letm e |(£L+u)/2]
the querier picks some x;
if i < m: respond 0 and update { < m

if i > m: respond 1 and update u < m+1
\ J

After k = [log(N +1)]—1 queries, u—£ > (N +1)/2 > 1, so assigning a,, ; either 0 or 1—along
with a; =0 foralli < /¢ and a; =1 for all i > ¢ + 2—would yield valid inputs consistent with a
but with different outputs, so Fy/|, is nonconstant for the a before iteration [log(N + 1)].
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Exercise 16.15: By Exercise 2.12, since ¢ is unsatisfiable, some of its clauses correspond to
a cycle of implications (between literals) of the form x; = -+ = Xx; = --- = Xx; for some
variable x;. To find one of these implications that’s unsatisfied, we first query x;. If x; = 1 then
we do binary search over the x; = .-+ = X; part, maintaining the invariant that the current
segment of implications has the form 1 = --- = 0, until we narrow it down to an unsatisfied
implication 1 = 0. If x; = 0, we do the same thing with the x; = --- = x; part of the cycle. Each
iteration of the binary search queries one variable (corresponding to the literal in the middle of
the current segment of implications), and there are O(logN) iterations, so the decision tree’s
depth is O(logN).
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Exercise 16.16.a: Rand,(f) > d if there exists a distribution D over 1-inputs of f such that for
every depth-d deterministic decision tree T that rejects all O-inputs of f, Prwa[T(x) = 0] >1/3.

We prove the contrapositive. Suppose Rand;(f) < d by some depth-d randomized decision
tree, which is a distribution R over depth-d deterministic decision trees that reject all O-inputs of
f. Consider any distribution D over 1-inputs of f. Taking probabilities over T ~ R and x ~ D:

ming (Pr,[T(x) =0]) < Pry[T(x)=0] < max,(Pr;[T(x)=0]) < 1/3

Thus for some depth-d deterministic decision tree T that rejects all O-inputs of f, Prx[T(x) =
0] <1/3.
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Exercise 16.16.b: The upper bound is Lemma 16.6. We prove the matching lower bound using
Exercise 16.16.a. Let D be the uniform distribution over all inputs x with exactly one 1. Consider
any depth-([2N /3]—1) deterministic decision tree T that rejects the all-Os input, so the leftmost
root-to-leaf path (where all queries are 0s) outputs 0. If x has exactly one 1 but the leftmost
path doesn’t query the 1, then T follows this path on x and errs. There are > |[N/3]+1>N/3
many such inputs x since the leftmost path queries < [2N /3]—1 variables. So this happens with
probability > (N/3) - (1/N) =1/3.
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Exercise 16.17: Letd = f%N]

The upper bound Rand, ; .(OrR) < d generalizes Lemma 16.7: With probability ¢, accept
(with no queries). With the remaining probability 1 — ¢, pick a uniformly random i € [N], query
X;Xi41Xipo * Xiyd—1 (wWrapping around), and accept iff at least one query was a 1. If OrRy(x) =0
then Pr[accept] = €. If ORy(x) = 1 then Pr[accept] > e+ (1—¢)d/N > e+ (1—¢) 11__2: =1—c¢.

The lower bound Rand,; .(OR) > d generalizes Theorem 16.10: We prove this using the
natural generalization of Lemma 16.9 to error ¢ instead of 1/3. For some small 6 > 0, define a

distribution D over {0, 1}:

£e+0 if x is all-Os
D(x) = { (1—&—06)/N if x has exactly one 1
0 otherwise

Consider any depth-(d — 1) deterministic decision tree T. If the leftmost root-to-leaf path (where
all queries are Os) accepts, then T errs on the all-Os input, which has probability > . Now,
suppose the leftmost path rejects. If x has exactly one 1 but the leftmost path doesn’t query the 1,
then T follows this path on x and errs. There are > N—d+1 many such inputs x since the leftmost
path queries < d — 1 variables. So this happens with probability > (N —d +1)-(1—¢—6)/N,
which is > ¢ if 6 is small enough, since (N —d +1)-(1—¢)/N > (1 — 11__2:) -(1—¢) =¢. In both
cases, PrXND[T(x) # ORN(X)] > ¢.
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Exercise 16.18.a: Rand*(MAJORITYs5) < 4.5: Query the variables in a uniformly random order
until three identical input bits have been seen, and then output that bit. To analyze this, first
suppose three input bits are b and the other two are —b. Let the random variable Q be the
number of queries. Then Pr[Q = 3] = % . % . % = 1/10 since the probability the first query is a
b is 3/5, and conditioned on that, the probability the second query is a b is 2/4, and further
conditioned on that, the probability the third query is a b is 1/3. We have Pr[Q = 5] = 3/5
since Q = 5 iff the fifth query is a b. Thus Pr[Q = 4] = 1—1/10—3/5 = 3/10. Finally,
E[Q] = % -3+ 13—0 -4+ % -5 = 4.5. Similarly, if the input has more than three of the same bit,
then E[Q] is even lower.

Rand*(MAJORITYs5) > 4.5: We use Lemma 16.11. Let D be the uniform distribution over
all length-5 weight-2 bit strings. Consider any deterministic decision tree T that computes
MaJjoriTys. Note that T always makes at least three queries, since T only terminates after
seeing three of the same bit in the input. With probability 3/5, the first four queries don’t include
all three Os, so T makes five queries. With probability 3/10, the first four queries include all
three Os but the first three don’t, so T makes four queries. Thus:

EXND[number of queries T makes to x] > % -5+ % -4+ 1—10 -3 = 4.5
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Exercise 16.18.b: This returns MaJss TREEy (x) with probability 1:

eval(x):
if N = 1: query and return x
permute the five fifths of x uniformly at random, then name them u,v,w, y, 2
if eval(u) = eval(v) = eval(w): return that bit
else if eval(y) equals two of eval(u), eval(v), eval(w): return that bit

else: return eval(z)
\ _J

Let the random variable Q,. be the number of queries on input x. For each d =logs(N) > 0 (the
depth of MaJys TREE) define:

4q = Max, .« qysd (E[Qx])
We claim eval maintains the invariant that q; < 4.59. This holds for the base case d = 0 since
qo = 1 =4.5°. To see that the invariant is maintained, assume it holds for d—1, and consider any
x €{0,1}*". Consider the values of Mass TREEy 5 on the five fifths of x. If three of these bits are
the same and the other two are different, then with probability 1/10, eval(x) returns after three
recursive calls (on u, v,w), and with probability 3/10, eval(x) returns after four recursive calls
(onu,v,w,y), and with probability 3/5, eval(x) returns after five recursive calls (on u,v,w, y, 2):

E[Q,] = 5(E[Q,J+E[Q,]+E[Q,])+
%(E[Q,]+E[Q,]+E[Q,]+E[Q,]) +
¢(E[Q,]+E[Q,]+E[Q,]+E[Q,]+E[Q,])

< 15:3qq1+ 15 4qg 1+ 25041 = 4.5¢41 < 4.5

If the values of MaJ; TREEy /5 on the five fifths of x have more than three identical bits, then
E[Q, ] is even lower. We conclude Rand*(MaJs TREE) < q; < 4.5¢ = N1°&:(4:5),

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 16 529

Exercise 16.19.a: We show there exists a depth-k deterministic decision tree T such that:

Pr(x,)n[ T(x,¥) # INDEXy (x,¥)] < 1/4 < 1/3

Query yi_;---y; and x,, .., o and output the latter. Conditioned on an arbitrary outcome of
Yi—1'*" Y1, by the law of total probability we have

Pr[T(x,y);éxy] = Pr[yOZO]-Pr[T(x,y)7éxy | y0=0]+
Prlyo=1]-Pr{T(x,y) # x, | yo=1]
=3-0+5-3 = 1/4

since Pr[T(x,y) # X, \ Yo = 1] = Pr[xyk_1~--y10 #* xyk_r"yll] = 1/2 by the full independence of
all bits of x.

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 16 530

Exercise 16.19.b: Consider any depth-k deterministic decision tree T. We argue that:
Pr(x,y)ND[T(x,y) + INDEXN(x,y)] =1/2 > 1/3

In fact, this holds conditioned on reaching any particular leaf of T (that has positive probability),
say corresponding to a partial assignment a with at most k non-xs and outputting a bit c. If the
¥y part of a is fully assigned—and thus the x part is fully unassigned—then Pr[c # x, ] = Pr[c #
a(y)o b] = 1/2 since b is uniformly random (conditioned on (x, y) being consistent with a).
If the y part of a is not fully assigned, then regardless of the value of b (conditioned on (x, y)
being consistent with a), x; = ®(i) ® b = 1 for exactly half of all i consistent with the y part of a,
and y is uniformly distributed over all such i, so Pr[x, = 1] = 1/2 and thus Pr[c # x, ] = 1/2.
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Exercise 16.20.a: Consider any deterministic decision tree T that computes TRIBES, . We show
EX~DO|:number of queries T makes to x] = Q(N). Since T computes TRIBESy and x ~ D, is a
O-input, T must query x until it has seen the 0 in each row. In each row, since the 0’s location is
uniformly random and independent of the other rows, the number of queries to find it is equally
likely to be any of 1,2,...,n, which is (n + 1)/2 in expectation. By linearity of expectation:

E,..p,[number of queries] = Zie[n] E, .p,[number of queries in row i] = n(n+1)/2 = Q(N)
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Exercise 16.20.b: Let d = N /400 and consider any depth-d deterministic decision tree T. We
show Prx~D|:T(x) # TRIBESN(X)] > 1/5, which implies Rand, ; (TRIBES) > d = Q(N) if the er-
ror probability is 1/5 instead of 1/3 (by Lemma 16.9 with 1/5), which implies Rand,, ; (TRIBES) =
Q(N) with error probability 1/3 (by amplification).

If PrXNDO[T(x) = 1] > 2/5 then PrXND[T(x) # TRIBESN(X)] > 1/5 as desired. So as-
sume PrwaO[T(x) = 1] < 2/5 and thus PrXNDO[T(x) = 0] > 3/5. We claim that this implies
PrxNDl[T(x) = 0] > 2/5, which implies PrXND[T(x) # TRIBESN(X)] > 1/5 as desired.

To sample y ~ D;, we can sample x ~ D, and obtain y by picking a uniformly random 0
to flip to 1. This is a joint probability space where the marginal distribution of x is Dy and the
marginal distribution of y is D;. To prove the claim, it suffices to prove that

Pr[T(x) queries the bit on which x and y differ] < 1/5
since then:

Pr[T(y) = 0]

v

Pr[T(x) =0 and x and y lead to the same leaf]

Pr[T(x) = O] — Pr[x and y lead to different leaves]

= Pr[T(x) = O] — Pr[T(x) queries the bit on which x and y differ]
> 3/5—1/5 = 2/5

v

We claim Pr[T(x) queries > n/10 many Os] < 1/10, which implies:

Pr[T(x) queries the bit on which x and y differ]
< Pr[T(x) queries > n/10 many Os] +
Pr[T(x) queries the bit on which x and y differ | T(x) queries < n/10 many Os]
< 1/10+1/10 = 1/5
Say a query is early if it’s one of the first n/2 queries made in its row, and late otherwise. At most
n/20 late queries of T (x) are Os, since otherwise T (x) would make > (n/20)-(n/2) > d queries in
total. So to prove the latest claim, it suffices to argue Pr[> n/20 early queries of T(x) are Os] <
1/10. Conditioned on a particular query being early, it’s 0 with probability < 1/(n/2). By
linearity of expectation:
E[number of early queries of T(x) that are O]
= Dlield] Pri™ query of T(x) is early and 0]
Dield] Pr{i™ query of T(x) is 0 \ it’s early |
d/(n/2)
n/200

IA AN A

By Lemma 7.13:
Pr[> n/20 early queries of T(x) are Os]

IA

E[nurnber of early queries of T(x) that are 0] /(n/20)
(n/200)/(n/20) = 1/10

IA
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Exercise 16.21.a: Let d = Rand,(f). Consider any depth-d randomized decision tree—which
is a distribution R over depth-d deterministic decision trees—such that PrTNR[T(x) = 1] >2/3
if f(x)=1 and PrTNR[T(x) = 0] =1if f(x) = 0. Define a randomized decision tree for g that
samples T ~ R and outputs T'(x*, x2,...,xM) = T(x)VT(x?)V---v T(xM). This makes < Md
queries and:

e If g(xt,...,xM) =1, say f(x)) =1, then Pr[ T'(x},...,xM) = 1] > Pr{ T(x") = 1] > 2/3.
o If g(xt,...,xM) =0 then Pr[T’(xl,...,xM) =O:| =1.
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Exercise 16.21.b: Let d = Rand,(f). Consider any depth-d randomized decision tree—which
is a distribution R over depth-d deterministic decision trees—such that PrTNR[T(x) = 1] =1if
f(x)=1and PrTNR[T(x) = 0] > 2/3if f(x) = 0. First, consider this randomized decision tree,
which may run forever:

on input x*,...,xM:
fori—1,...,M:
repeatedly sample T ~ R until T(x') =0

output 0

o If g(x,...,x™) =1, say f(x') = 1, then this runs forever since Pry.g[ T(x) =0] =0.
e If g(x!,...,x™) = 0 then by linearity of expectation,
E[number of queries] = Zf\il E[number of queries in outer iteration i]

< 3™ 1.5d = 1.5Md

since PrTNR[T(xi) = 0] > 2/3 and thus E[number of runs of T(x!) until T(x") = 0] <
3/2 (Lemma 0.11).

We modify this randomized decision tree to stop and output 1 if it hasn’t already halted after
4.5Md queries have been made in total.

o If g(x?,...,xM) =1 then Pr[output 1] = 1.
o If g(xt,...,xM) =0 then by Lemma 7.13:

Prloutput 1] = Pr[more than 4.5Md queries would be made] < 1.5Md/4.5Md = 1/3

Thus Rand(g) < 4.5Md.
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Exercise 16.22: Asshown in §6.1.2, PARITYy has a bounded-fan-in formula with depth 2log N
and N? literals, after pushing negations to the input variables. We just need a version where
the layers of gates strictly alternate between V and A. Then the projection reduction maps x to
the values of the literals feeding into this formula for AND-OR TREEy:2. The following mutually
recursive subroutines, which we name ®(N) and ®(N), return such formulas for PArRiTY, and
Par1TYy respectively.

( )
®(N):
if N = 1: return the literal x;
return (&(N/2)(x; -+ xn/2) AN BN /2)(Xn 241" xn))V
(&N /2)(x; -+ Xny2) NON /2)(xn o401 xn))
®(N):
if N = 1: return the literal x;
return (&(N/2)(x; -+ Xny2) ANON /2)(xnjg41 xn))V
(5(1\7/2)(351 Xy /2) NB(N/2) (XN 241 "xN)) )

These maintain the invariant that the returned formulas have depth 2logN and N? literals and
strictly alternate between V and A layers: The four recursive calls return formulas with depth
21log(N/2) and (N /2)? literals, so the original calls return formulas with depth 2log(N/2)+2 =
2logN and 4(N/2)? = N2 literals.
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Exercise 16.23.a: Let f = INDEXy where N = 2K + k. We prove Cert(f) = k + 1. We have
Cert(f) < Det(f) < k+ 1 and Cert(f) > k + 1 since the proof of Theorem 16.2 shows that every

certificate has size > k + 1.
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Exercise 16.23.b: Let f = CONNECTEDy Where N = (g) and n > 1. We prove Cert(f) =

Ln/2]-[n/2].

<: To certify f(g) =1, revealing a tree of n —1 < |n/2]-[n/2] edges present in g is sufficient.
To certify f(g) = 0O, revealing all non-edges with one endpoint in some S C [n] (a union of
some but not all connected components) and the other in [n] \ S is sufficient, and there are
IS|-(n—|S]|) < [n/2]-[n/2] such edges.

>: Let S be the first [n/2] nodes and T be the other [n/2] nodes. Let g have all possible edges
with both endpoints in S or both endpoints in T, and no edges with one endpoint in S and the
other in T. To certify f(g) = 0, revealing all |S| - |T| non-edges with one endpoint in S and the
other in T is necessary: If such a non-edge isn’t revealed, then assigning it 1 and assigning all
others according to g would yield a connected graph.
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Exercise 16.23.c: Let f = CELEBRITYy Where N = n(n—1) and n > 1. We prove Cert(f) =
2(n—1).

<: To certify f(g) = 1, revealing the celebrity’s n — 1 incoming edges and n — 1 outgoing non-
edges is sufficient. To certify f(g) = 0, revealing < n < 2(n—1) bits is sufficient: For each node,
we can certify that it’s not a celebrity by revealing an incoming non-edge or an outgoing edge.

>: To certify f(g) = 1, revealing the celebrity u’s n — 1 incoming edges and n — 1 outgoing
non-edges is necessary: Suppose not all are revealed. Assign one of them the opposite bit, and
assign the rest according to g. This yields a graph h with no celebrity, because u is not a celebrity,
and neither is any other node v: If h, ,y = 1 and g, ,) = O then h(, ) = g(,,) = 1 and thus v
isn’t a celebrity in h. If h(,, ;) = 0 and g(, ;) = 1 then h(, .,y = g(,») = 0 and thus v isn’t a celebrity
in h. If hy ) = gq,v) and h, ) = g(y,u) then v isn’t a celebrity in h since it isn’t a celebrity in g.
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Exercise 16.23.d: Let f = AND-OR TREEy where N = 29 for even d. We prove Cert(f) =
20/2 = JN.

>: Cert(f) > 4/Det(f) > +/N by Theorem 16.22 and Theorem 16.1.

<: To certify f(x) = 1: The V gate at the root evaluates to 1. Pick one child that also evaluates
to 1. Pick both children of that A gate. For both of those V gates, pick one child that evaluates
to 1, and so on. This forms a tree with 2¢/2 leaves since each V gate gets one child and each A
gate (of which there are d/2 layers) gets two children. Revealing the 1 at each such leaf yields
a certificate for (f, x).

To certify f(x) = 0: The V gate at the root evaluates to 0. Pick both children (which also
evaluate to 0). For both of those A gates, pick one child that evaluates to 0. For both of those V
gates, pick both children, and so on. This forms a tree with 2¢/2 leaves since each A gate gets
one child and each V gate (of which there are d/2 layers) gets two children. Revealing the O at
each such leaf yields a certificate for (f, x).
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Exercise 16.24.a: Let f = Fy. Cert;(f) < 1 € polylog N by the 1-DNF (x;)V (x2) V-V (xy/2),
which accepts all 1-inputs of f and rejects all O-inputs of f. Certy(f) < 1 € polylogN by the
1-DNF (xp/241) V (Xn/242) V -+ V (xy), which accepts all 0-inputs of f and rejects all 1-inputs
of f. Det(f) > N/2 ¢ polylog N by the adversary strategy that always responds 0: After N/2—1
queries, the left and right halves each still have an unqueried variable, so the input could still be
a 1-input or a O0-input. Thus F € NP9¢ and F € coNP9 and F ¢ P9, assuming these classes allow
partial functions.
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Exercise 16.24.b: The proof of Theorem 16.22 works in this case because the contradiction in
the proof of Lemma 16.23 is that some x (for which f(x) may be undefined) satisfies both ¢,
and .
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Exercise 16.25: =: We prove the contrapositive. Suppose J is disjoint from some block I C [N ]
of x that f is sensitive to. Then x and x! are consistent with a, but f(x!) # f(x), so a isn’t a
certificate for f.

&: We prove the contrapositive. Suppose a isn’t a certificate for f, so f(y) # f(x) for some y
consistent with a. Then I = {i : y; # x;} is disjoint from J (since y is consistent with a), but f
is sensitive to block I since y = x! and f(y) # f(x).
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Exercise 16.26: Consider any monotone f. We know Sens(f) < BSens(f) < Cert(f), so it
suffices to prove Cert(f) < Sens(f), that is, maxx(Cert(f,x)) < maxy(Sens(f,y)), in other
words, for every x there exists y such that Cert(f,x) < Sens(f, y). Assume f(x) =1, since the
proof is symmetric if f(x) = 0. Let y be a lowest-weight 1-input such that {j : y; =1} € {j :
x; = 1}. For each i with y; = 1, we have f(y") # f(y) since otherwise y' would be a 1-input
such that {j : (y'); =1} € {j : x; = 1} of lower weight than y. Thus weight(y) < Sens(f, y).
Also, a defined by a; =1 if y; =1 and q; = % if y; = 0 is a 1-certificate (of size weight(y) and
consistent with x): Assigning Os to the xs yields a 1-input, and flipping any of those Os to 1s still
yields a 1-input since f is monotone. Thus Cert(f, x) < weight(y) < Sens(f, y).
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Exercise 16.27: =: This was in the proof of Lemma 16.32.

<: Suppose P is a projection reduction from g to f. Let x = P(00---0) and for each j € [k],
let I; = {i : P(y);is yjor )7]}, so xli = P(0---010---0) where the 1 is at index j. Then
f(x)=g(00---0) =0 and for each j € [k], f(x'i) = g(0---010---0) = 1. Thus f is sensitive to
the disjoint blocks I, ..., I; on the O-input x, so BSensy(f) > k.
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Exercise 16.28.a: Let d = Det(f). Consider a depth-d decision tree computing f, and assume
every root-to-leaf path makes exactly d queries (by querying and ignoring extra variables as
needed). For each accepting leaf, consider the width-d term that accepts exactly those inputs
that lead to this leaf. The V of these terms is a d-DNF that expresses f (it accepts iff x leads to
an accepting leaf) and is unambiguous (since each 1-input only leads to one leaf and thus only
satisfies one term). Therefore UCert,(f) < d.
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Exercise 16.28.b: Consider an unambiguous k-DNF ¢ for f. Partition the set of 1-inputs
according to which term of ¢ they satisfy. Since each term accepts exactly 2V~ inputs (all of
which are 1-inputs), the number of 1-inputs is 2V7% times the number of terms.

ORy, has an odd number 2V — 1 of 1-inputs, which can’t be a multiple of 28k
(since 2N7* is even if k < N).

unless k =N
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Exercise 16.28.c: This is similar to the proof that Det(f) < Cert;(f)-Certy(f) (Theorem 16.22).

Suppose UCert; (f) = k so an unambiguous k-DNF ¢ expresses f. We design an algorithm
that computes f with < k? queries, so Det(f) < k2. Throughout the algorithm, the partial
assignment a records the results of queries so far, and |, is the contraction of ¢ with a plugged
in, which is also an unambiguous DNF.

repeat until f|, is a constant function:
pick any term of ¢|, and query the term’s variables
output the constant value of f|,

We argue that this makes < k+ (k—1)+ (k—2)+---+ 241 = k(k + 1)/2 < k? queries. In
each iteration, every pair of terms of ¢|, overlap each other since otherwise we could define an
input that satisfies both terms, contradicting the unambiguity of ¢|,. So each term of ¢|, either
disappears or shrinks, since at least one of its variables is queried. Since ¢’s terms have width k,
and the maximum width of ¢|,’s terms decreases in each iteration, one of the following happens
within k iterations:

* |, has a width-0 term and thus always accepts, so f|, is constant 1.
* |, has no terms and thus always rejects, so f|, is constant O.

The first iteration queries < k variables, and the second iteration queries < k — 1 variables, and
SO on.
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Exercise 16.28.d: Det(f) > n? by this adversary strategy: In each row, answer the earliest
2n— 1 queries (1,null),...,(1,null) and the last query 0. After n? queries in total, some row i
has had < n queries (since if each of the n rows had > n queries, there would be > n? queries in
total) and thus:

* Some O-input is consistent with the results of queries so far: Let each row have a 0-entry
if it doesn’t already. Then no row is special.

* Some 1-input is consistent with the results of queries so far: Continue the adversary strategy
to assign all remaining entries outside of row i. For each row h # i, let jj, be the column
containing 0. Let j; be arbitrary. In row i, assign (1, j;),...,(1, j,) to the first n remaining
entries and (1, null) to any further remaining entries. Then row i is special.

UCert;(f) < 3n—1 because each 1-input is consistent with exactly one 1-certificate of size
3n —1, namely the all-1s row and the Os it points to.

We can turn f into a boolean function exhibiting a similar separation, like in the proof of
Theorem 16.35.
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Exercise 16.29: Let S be a 1-fooling set for f. We claim that in every DNF for f, inputs in S
must satisfy different terms, so the DNF has at least |S| terms. Suppose for contradiction that for
some DNF for f, some distinct x, y € S satisfy the same term. There exists a 0-input z such that
2; € {x;,y;} for all i. Thus z also satisfies that term, and the DNF incorrectly outputs 1 on input
Z.
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Exercise 16.30.a: Just like Lemma 16.9: f has randomized decision tree size complexity > s
if there exists a distribution D over {0, 1} such that for every size-s deterministic decision tree
T, Pr,.p[ T(x) # f(x)] > 1/3.

Let D be the uniform distribution over {0,1}". To prove ParITYy has randomized decision
tree size complexity > 2V /3, it suffices to show that for every deterministic decision tree T of
size < 2V/3, Pr,.p[ T(x) # PariTvy(x)] > 1/3.

PrXND[T(x) queries all N bits] < 1/3 since T has < 2V/3 many leaves at depth N. Condi-
tioned on not querying all N bits, T errs with probability exactly 1/2 since flipping an input bit
that T doesn’t query would flip PARITY)’s value but not flip T’s output. By the chain rule:

PrXND[T(x) # PARITYN(X)]
> PrXND[T(x) queries < N bits and T(x) # PARITYN(X)]
PrXND[T(x) queries < N bits] . PrXND[T(x) # PARITYy () | T(x) queries < N bits]
> (2/3)-(1/2) = 1/3
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Exercise 16.30.b: Exercise 16.22 gives a projection reduction from PARITY /5 to AND-OR TREEy;,
so the randomized decision tree size complexity of AND-OR TREEy is at least that of PARITY /g,

which is Q(Zm) (Exercise 16.30.a), since the proof of Lemma 16.5 also works for randomized
decision tree size.
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Exercise 16.31.a: Det®(Or) > N: The adversary responds O to each query. After N —1 queries,
the value of Ory could be 0, and it could be 1 because if S;,S,,...,Sy_; C [N] are the subsets
queried so far, then ®(xg,) =0, &(xs,) =0, ..., ®(xs, ,) =0 is homogeneous system of N —1
linear equations in N variables over Z, and thus has a nonzero solution (Theorem 0.29), which
is a 1-input consistent with the queries so far.

Rand$ (OR) < 2: Consider the randomized @-decision tree that queries and outputs the parity
of a uniformly random subset of input variables. This accepts the 0-input with probability O and
accepts each 1-input with probability 1/2 by the random subsum principle (Lemma 7.2.(7)). We
amplify the success probability to 3/4 > 2/3 on 1-inputs by making two independent queries
and accepting iff either yields 1.
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Exercise 16.31.b: Det(”(f) < Det’(f): Let d = Det”(f). Consider any depth-d A-decision
tree for f. Turn it into an ordinary decision tree for f by replacing each internal node that queries
A(xg) (for some S € [N]) with a sequence of nodes that query x; for all i € S one at a time
until a 0 is seen or all of them were 1s. (There are |S| copies of the original node’s left subtree,
corresponding to the |S| places the first O could be seen. This process is continued down the
tree.) For each root-to-leaf path in the new decision tree, the number of Os is the number of Os
along the corresponding path in the original A-decision tree, which is < d. Thus DetO)(f) < d.

Det"(f) < Det®(f) - O(logN): Let d = Det®)(f). Consider any decision tree for f where
every root-to-leaf path reads < d many Os. Here’s an A-decision tree for f: First, do binary
search on the rightmost root-to-leaf path (which only reads 1s) to find the first edge labeled 0
that would be taken on the given input. That is, if the rightmost path queries x; , ..., x; (where
k < N), then query (x; A-+- A Xik/z) and if it’s O then query (x; A--- A xik/4) next, but if it was 1
then query (x; A=A X, /4) next, and so on. This is O(log N') queries. If the given input deviates
from the rightmost path by taking an edge labeled 0, then repeat this process from that node,
and so on, until reaching a leaf. Along any root-to-leaf path in this A-decision tree, there are
O(log N) queries per 0 read along the corresponding root-to-leaf path in the original decision
tree. Thus the A-decision tree has depth d - O(logN), so Det”*(f) < d - O(logN).
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Exercise 16.31.c: DTSize(f) < (N + 1)DetTerm(f ): Let d = Det™™(f). Consider any depth-d
decision tree for f where each internal node can evaluate an arbitrary term. Turn this into an
ordinary decision tree for f by replacing each internal node with a decision tree of size <N +1
that evaluates the associated term. Since this is like a depth-d tree where each internal node has
< N +1 children, it has < (N + 1)¢ leaves. Thus DTSize(f) < (N + 1) .

Det™™(f) < logs,(DTSize(f)): Let £ = DTSize(f). Let T be a size-{ decision tree for f. For
any non-root node v:

* Let ¢, be the term that accepts iff the input reaches v.

* Let T, be the decision tree rooted at v. Thus, T, agrees with T on inputs that reach v.

* Let T_, be T but with v’s subtree deleted and with v’s parent deleted and replaced with
v’s sibling. Thus, T_, agrees with T on inputs that don’t reach v.

This recursive subroutine returns a decision tree T’ for f where each internal node can evaluate
an arbitrary term:

( )
squash(T):
if T has only one leaf: return T
if T has £ > 2 leaves:
find a node v whose subtree has < 2¢/3 but > £/3 leaves using Lemma 6.23
return T’ whose root queries ¢, and has
X right subtree squash(T,) and left subtree squash(T_,) )

Since T, and T_, each have < 2{/3 leaves, the number of levels of recursive calls—not counting
base case calls, which correspond to leaves—is < logs,(£). Thus T’ has depth < logs ,(£), so
DetTerm(f) S logg/z(e).
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Exercise 16.32: =: Nothing to prove.

&: We prove the contrapositive. Suppose B is not read-once, so some path P rereads some
variable. Let x; be the first variable to be reread along P. Since the section of P before the second
x; node reads each variable at most once, some input traverses this section of P up to the second
x; node (but may deviate from P thereafter). On this input, B rereads x;.
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Exercise 16.33: We prove ROBPSize(f)=K-(N —K +1).

<: A straightforward read-once branching program for f reads the input from left to right,
remembering how many 1s and how many Os there have been, and accepts once it has seen > K
many 1s, and rejects once it has seen > N —K + 1 many Os. This has a nonsink node for each pair
(k,£)e{0,...,K—1} x{0,...,N — K} where k is the number of 1s so far, and { is the number
of Os so far.

>: This is essentially the same argument as Theorem 16.44. Consider any read-once branching
program B for f. Any path from the start node that reads < K—1 many 1s and < N —K many Os
is traversed by some O-input and some 1-input (since B is read-once) and thus doesn’t reach a
sink. For each pair (k,{) € {0,...,K—1} x{0,...,N—K}, let v; , be the nonsink node reached by
the path P, , where the edge labels are k many 1s followed by £ many Os. We claim the nodes vy ,
are distinct, so B has at least K - (N —K + 1) nonsink nodes. Suppose for contradiction vy , = vy s
for some (k,?) # (k’,£"). Suppose k # k', say k < k’. (The case { # £’ is analogous.) Let Q be
the path from vy ; = v}, ,» where the edge labels are K —1—k many 1s followed by N —K +1—{
many Os. The combined path P, ;,Q reads K — 1 many 1s and doesn’t read N — K + 1 many Os
until the very last query, so Q must end at the reject node. But since B is read-once, some input
traverses the combined path Py, ,,Q and is rejected despite having k' + K —1—k > K many 1s.
Thus B doesn’t compute f.
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Exercise 17.1: S = {(v, v):ve V} is a 1-fooling set for f because for all distinct (u, u), (v, v),
either (u,v) or (v,u) is a O-input since either the path from u to v or the path from v to u
has length > n/2 (otherwise the whole cycle would have length < n/2 + n/2). Therefore
Det(f) > log|S| =logn (Lemma 17.4).
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Exercise 17.2: To prove that the size of a largest 0-fooling set is > 3, we exhibit a 0-fooling set
of size 3. Let a, b,c € {0, 1} be any three distinct strings (which exist since [{0, 1})Y| > 4 since
N >2). LetS = {(a, b), (b, c), (c,a)}. Every (x,y) €S is a 0-input since x # y. Also:

e If (x,y)=(a,b) and (x’,y’) = (b, ¢) then (x’, y) = (b, b) is a 1-input.
e If (x,y)=(b,c)and (x’,y") =(c,a) then (x’,y) = (c, c) is a 1-input.
e If (x,y)=(c,a) and (x’,y’) = (a, b) then (x’, y) = (a, a) is a 1-input.

To prove that the size of a largest 0-fooling set is < 3, we consider any S C {0, 1}" x {0, 1}" such
that |S| > 4 and prove that S isn’t a 0-fooling set. Suppose for contradiction that S is a 0-fooling
set. Let (x1, y1), (x2,y2), (x3,¥%), (x* y*) be four distinct inputs in S. Every (x,y) € S is a
O-input, so x' # y! for all i. Also, for all i # j, either x' = y/ or x/ = y'. Thus, either x*
equals at least two of y2,y3, y* or y! equals at least two of x2, x2, x*. Assume the former, say
x! = y? = y3. Now, we see that x? # y2 = y3 # x3, so we conclude that x? # y® and x3 # y2,
contradicting the fact that either x2 = y3 or x3 = y2.
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Exercise 17.3: The accepting leaves v of a protocol for f partition f~1(1) into rectangles R,
(Corollary 17.3). Since 1 = D(f (1)) = 2 accepting leaf v PRv) = Daccepting leat v 0> the number of
accepting leaves is > 1/8, so the depth is > log(1/6). The 1-fooling set method is a special case:
If S is a 1-fooling set of size s, then letting D be the uniform distribution over S, each rectangle
R C f7!(1) contains at most one input in S and therefore D(R) < 1/s, so every protocol for f has
at least s accepting leaves.
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Exercise 17.4.a: Consider any f. For any rectangle R, let q(R) be the number of distinct rows
in the submatrix corresponding to R.

In any protocol for f, consider a root-to-leaf path that repeatedly steps to whichever child
has more distinct rows in its rectangle (breaking ties arbitrarily). Consider any node v along this
path, with children v, and v;.

* Suppose Bob speaks at v, so R,’s columns are partitioned into R, ’s columns and R, ’s
columns. Each row of R, combines a row of R, and a row of R, , so q(R,) < q(R, ) q(R,,)

and thus either q(R, ) or q(R,,) is = v/q(R,).
* Suppose Alice speaks at v, so R,’s rows are partitioned into R, ’s rows and R, ’s rows. Either

q(R,,) or q(R,, ) is = |—q(Rv)/2], which is > 4/q(R,) if g(R,) > 2.

Thus for each non-root node v along the path, q(R,) = 1/q(R, parent) s long as q(R, s parent) > 2.
If the path has £ edges from the root to the first node v with q(R,) < 2 (which must exist since

leaf rectangles have only one distinct row), then 2 > q(R,) > q(Ryo0r) "/ 2" Therefore the protocol
has depth > € > log(log(q(Rroer)))-
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Exercise 17.4.b: Det™(f) < 2P¢f) because for each of the < 2¢ many leaves in a depth-d
two-way protocol for f, Alice can send Bob a bit indicating whether Alice’s input would lead to
that leaf, assuming Bob’s input does too. That is, for each leaf v with R, = A, x B,,, Alice says
whether x € A,. This is enough information for Bob to determine the leaf they would reach (and
hence what to output): Among all v with y € B,, there’s a unique v with x € A,,.. Thus Det(f) >
log(Det_’ (f )) > log(log(number of distinct rows in f’s rnatrix)) (Observation 17.23).
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Exercise 17.5: Let S be a set of at most 2%t rectangles whose union equals f (1), and label
these rectangles with k;-bit strings. Let T be a set of at most 2% rectangles whose union equals
£71(0). In each iteration, Alice and Bob try to rule out at least half of the remaining rectangles
in T, meaning they know that the input (x, ¥) is in none of the ruled-out rectangles.

( A
initialize T/ « T
while T’ # §:
if an R € S includes row x and is row-disjoint from > half the rectangles in T":
Alice sends the label of such an R
remove from T’ every rectangle that’s row-disjoint from R
else:
Alice says there’s no such rectangle
if an R € S includes column y and is column-disjoint from > half the rectangles in T’:
Bob sends the label of such an R
remove from T’ every rectangle that’s column-disjoint from R
else: Bob says there’s no such rectangle; reject

accept
\§ J

The depth is O(k; - kq) because in each iteration, k; +O(1) bits are communicated, and there are
< ko + 1 iterations since in each iteration, at least half of T’ is removed (or Alice and Bob halt).
This protocol is correct: If f(x,y) = 0 with (x,y) € Q € T, then they reject since Q is never
removed from T’. If f(x,y) =1 with (x,y) € Q € S, then they accept because in each iteration,
Q is disjoint from all rectangles in T’ and is therefore either row-disjoint from at least half the
rectangles in T’ or column-disjoint from at least half the rectangles in T’, so either Alice or Bob
will find a suitable R.
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Exercise 17.6: To compute (fogN)((xl, XN (L ,yN)) = f(g(xl,yl), e g(xN,yN)),
Alice and Bob run a depth-Det9¢(f) decision tree for f, and whenever it queries its input’s i bit,
Alice and Bob run a depth-Det®(g) protocol for g to compute g(x', y'). This protocol for f o gV
communicates < Det%°(f) - Det“(g) bits since each of the < Det9°(f) queries entails < Det“(g)
bits of communication.
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Exercise 17.7: Lets = DTSize(f). We turn a size-s decision tree for f into a size-s communica-
tion protocol for f: At a node that queries x;, Alice sends Bob x;. At a node that queries y;, Bob
sends Alice y;. By Theorem 17.13, Det(f) < 2log;,(s) = O(logs), so s > 28UDet(£))
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Exercise 17.8.a: Let N be this problem’s input size. A shallowest protocol for f has size
< |X||Y| £ N (at most one leaf per input). At each node in the protocol, the message function
also has size < N. The verifier treats the purported witness as a protocol with description size
poly N bits, and accepts iff the protocol computes f and has depth < d.
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Exercise 17.8.b: We design a poly-time algorithm to decide whether f (corresponding to the
input partial matrix M) has a depth-2 protocol in which the root belongs to Alice, meaning she
sends the first bit. (Symmetrically, we can also decide whether f has a depth-2 protocol in which
the root belongs to Bob.)

If both children of the root belong to Alice, then f(x, y) only depends on x, so f actually has
a depth-1 protocol. It’s straightforward to check whether each row of M is monochromatic.

If one child of the root belongs to Alice and the other to Bob, then within M’s bichromatic
rows, each column is monochromatic. It’s straightforward to check whether this holds.

The most interesting case is when both children of the root belong to Bob. Such a protocol
exists for f iff M’s rows can be partitioned into two parts such that within each part, each column
is monochromatic. Let G be the undirected graph with set of nodes X where {x, x’} is an edge
iff there exists y € Y such that x # f(x,y) # f(x’, y) # *. A suitable partitioning of M’s rows
corresponds to a proper 2-coloring of G. We can decide whether G is properly 2-colorable in
poly time (Theorem 2.1).
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Exercise 17.8.c: We reduce GRAPH 4-COLORING (which is NP-complete by Corollary 2.26) to
this problem (with d = 3) by mapping G = (V, E) to the matrix of f: V xV — {0, 1} where f(u,v)
is1ifu=v,is 0if {u,v} € E, and is undefined otherwise. To show this poly-time mapping
reduction is correct, we argue that G has a proper 4-coloring iff Det(f) < 3:

=>: Suppose G has a proper 4-coloring c: V — {0,1}? (identifying colors with length-2 bit
strings). Here’s a depth-3 protocol for f(u,v): Alice sends c(u), and then Bob sends the bit
indicating whether c(u) = c¢(v), and they output that bit. If u = v then of course c(u) = c(v), so
they accept. If {u, v} € E then c(u) # c(v) since c is a proper 4-coloring, so they reject.

&: Suppose f has a depth-3 protocol. Without loss of generality, the protocol has eight leaves,
of which four accept and four reject, because Alice and Bob can send extra dummy bits if they
would have sent fewer than three bits total, and we may assume the last communicated bit is the
output. View the four accepting leaves as colors. Define the 4-color assignment ¢ by c(u) = the
accepting leaf reached on input (u, u). This is a proper 4-coloring of G because if {u, v} € E then
input (u, v) leads to a rejecting leaf, and therefore (u,u) and (v, v) lead to different accepting
leaves (since if they led to the same accepting leaf, then (u, v) would also be in the rectangle of
inputs leading to that leaf), which means c(u) # c(v).
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Exercise 17.9: Designate an arbitrary node as the root.

4 N
Alice says whether u is the root, or a child of the root, or neither

Bob says whether v is the root, or a child of the root, or neither

if u is the root: accept if v is a child of the root, and reject otherwise
if v is the root: accept if u is a child of the root, and reject otherwise
run an EQUALITY protocol on input (u, v’s parent)

run an EQUALITY protocol on input (u’s parent, v)

\accept iff at least one of those two runs accepted

J
Assume the EQUALITY protocol has depth O(1) and error 1/6 on the side of O-inputs. If u or v
is the root, then our protocol is correct, so assume neither u nor v is the root. If u and v are
adjacent, then either u = v’s parent or u’s parent = v, so at least one of the two runs of the
EQuaLITY protocol accepts with probability 1. If u and v aren’t adjacent, then u # v’s parent and
u’s parent # v, so each run of the EQUALITY protocol accepts with probability < 1/6, and thus
our protocol accepts with probability <1/6+1/6=1/3.
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Exercise 17.10.a: S = {(x,y) cx;=0and y;=1and xy- Xy = Yo" '-yN} is a 1-fooling set
of size 2V~! because for all distinct (x, y), (x’,¥’) € S, (x,y") (and (x’,y), for that matter) is
a O-input since x; # y; and x; # y/{ for some i > 1 and thus dist(x, y’) > 2. By Lemma 17.4,
Det(f) >N —1.
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Exercise 17.10.b: Consider the protocol that samples a uniformly random S C [N] (that is,
Pr[i € S]=1/2 for each i € [N] independently), runs an EQuALITY protocol on (xg, y5) and on
(x5, ¥3), and accepts iff at least one of those two runs accepts. Assume the EQUALITY protocol has
depth O(1) and one-sided error 1/2 on the side of 0-inputs. Then our protocol for f has depth
0O(1) and one-sided error 7/8 on the side of 0-inputs (which can be amplified): If f(x,y) =1
then certainly either x5 = ys or xg = yg, so Pr[accept] = 1. If f(x, y) = 0 then for some i # j
we have x; # y; and x; # y;, and with probability 1/2, one of i or j is in S and the other is in
S, in which case xg # yg and X5 # Y5 and so each run of the EQUALITY protocol rejects with
probability > 1/2. Therefore:

Pr[reject] > Pr[xs # ys and x5 # yg] .
Pr[ EQuALITY protocol rejects (xs, ¥s) | Xs # ¥s]-
PI‘[EQUALITY protocol rejects (xg, y3) | X5 F# _y§]

>1.4.1=1/8
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Exercise 17.10.c: Assume N is a power of 2, and identify [N] = {0,1}" where n =logN. Let
h: {0,1}""! x {0,1}" — {0, 1} be the pairwise uniform hash function from Lemma 8.7. Sample
S C [N] by sampling uniformly random r € {0,1}"*! and letting S = {i th(i)= 1}. Then for
all i # j, we have Pr[i,j €S ori,j €S| =Pr[h.(i) = h.(j)] =1/2.
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Exercise 17.11: Let E: {0,1}¥ — {0,1}™ be an error correcting code with constant relative
distance 6 = (1) and constant rate N/M = (1), where M is a perfect square. The inputs
x,y €{0,1}" are messages (for the code). View the codewords E(x), E(y) as v M x +/M binary
matrices.

* Alice picks a uniformly random i € [+/M] and sends the referee i and E(x)’s i row.
* Bob picks a uniformly random j € [+/M] and sends the referee j and E(y)’s j™ column.
* The referee rejects iff E(x); ; # E(y); ;-

If x = y then Prfaccept] = 1 since E(x) = E(y) and thus E(x);; = E(y);;. If x # y then
Pr[reject] > & since E(x) and E(y) disagree on > § fraction of coordinates, and (i, j) is uniformly
random over all coordinates. This can be amplified. The number of bits communicated is

O(log vM + v/M) = O(+/N) since M = O(N).
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Exercise 17.12.a: Randﬁ’Ub( f) > d if there exists a distribution D over 1-inputs of f such that
for every depth-d deterministic protocol T that rejects all O-inputs of f, Pr(x’y)ND[T(x, y)= 0] >
1/3.

We prove the contrapositive. Suppose Randllmb( f) < d by some depth-d public-coin protocol,
which is a distribution P over depth-d deterministic protocols that reject all O-inputs of f. Consider
any distribution D over 1-inputs of f. Taking probabilities over T ~ P and (x,y) ~ D:

minT(Prx,y[T(x,y) = O]) < PrT,(X’y)[T(x,y) = O] < maxx,y(PrT[T(x,y) = O]) < 1/3

Thus for some depth-d deterministic protocol T that rejects all O-inputs of f, Prx’y[T(x, y) =
0]<1/s.
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Exercise 17.12.b: Let d = log(2s/3). Suppose for contradiction that S is a 1-fooling set of
size s for f, but RandIbe( f) <d. Let D be the uniform distribution over S. By Exercise 17.12.a,
there exists a depth-d deterministic protocol T that rejects all O-inputs of f, and such that
Pre )~ D[T (x,¥)= 0] < 1/3. Thus the accepting leaves’ rectangles contain > 2/3 fraction of S.
No two inputs (x, y),(x’,y’) € S can be in the same accepting leaf’s rectangle, because (like in
the proof of Lemma 17.4) otherwise (x, y’), (x’, y) would both be in the same rectangle and be
accepted, contradicting the assumption that one of them is a 0-input and is therefore rejected.
Thus T has > 2s/3 many accepting leaves and at least one rejecting leaf, and so has size > 2s/3
and depth > log(2s/3) = d, contradicting the assumption that T is depth-d.

Thus Rand?"’(EQuaLiTy) > log(2 - 2V /3) > log(2V™1) = N — 1, so Rand?"’(EQuaLrTy) > N,
since EQy has a 1-fooling set of size 2N (Theorem 17.5).
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Exercise 17.13.a: Let f = DisJy and d = [4eN]. Alice and Bob pick a uniformly random
i€[N]and defineI = {i,i+1,i+2,...,i +d — 1} where indices wrap around (so N + 1 means
1). Alice sends Bob x; € {0,1}¢. Bob tells Alice to reject iff xj = y; = 1 for some j € I. If
f(x,y) = 1 then Pr[accept] = 1. If f(x,y) = O then Pr[reject] > d/N > 4¢. Consider the
protocol where Alice and Bob reject with probability 1/2 — ¢ (without communicating) and
otherwise run the above protocol. If f(x,y) =1 then Pr[accept] =1/2+¢. If f(x,y) =0 then
Prireject] > (1/2—¢)+(1/2+¢€)4e > 1/2+¢. The depthis d + 1 = O(eN) since € > 1/N.
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Exercise 17.13.b: If f = DisJy has a depth-d (1/2—¢)-error protocol, then running it O(1/¢?)
times independently and outputting the majority vote yields a depth-O(d /&2) 1/3-error protocol
for f (§7.3.2). Since any such protocol has depth Q(N) (Theorem 17.22), we see that d/e? >
Q(N) and therefore d > Q(e2N).
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Exercise 17.13.c: Run the original protocol k times independently and accept iff all runs
accept.
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Exercise 17.13.d: This follows from Exercise 17.13.c since:

1/2—¢

k
Uat Ja < (1—2e)a < eFa < (c/4)a
£

(1/2—e) = (
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Exercise 17.13.e: Suppose f has a (dk, a, (c/4)a)-protocol. For each outcome r € {0,1}™
of the coin tosses, let T, be the corresponding deterministic depth-dk protocol. Consider any
distributions D; and D, over f~(1) and f~1(0). Let P,y = Pr(x,y)NDl[Tr(x,y) = 1] and pg , =
Pr(x,y)~DO[Tr(x’ y)= 1]-

5w 20 Ply = Prr’(x,y)Npl[Tr(x,y) =1] min(x’y)effl(l)Prr[Tr(x,y) =1] > a
%ero,r = Prr,(x,y)~D0|:Tr(xa.y):]-:| < maX(x,y)ef—l(o)Prr[Tr(X,J’)=1] < (¢/4)a

v

Suppose for contradiction that for every r, either p; , < a/2 or py, > (c/2)p;,. Let S = {r :
pO,r > (C/z)pl,r}-

ZL'" Zr Po,r = sz ZreS Po,r

> %Zreg(c/z)m,r

(0/2)(2% DuPir— sz ngés pl,r)
(c/2)(a—a/2)

= (c/4a

V

v

At least one of these inequalities must be strict, yielding the contradiction zlm Zr Po, > (c/Ma.
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Exercise 17.13.f: For each leaf v of T, let R, be the rectangle of inputs that lead to v. The
accepting leaves v partition A into at most 22X rectangles R, .

Dy (A) = Zaccepting leaf v Dy (Rv)
== Zaccepting leaf v (CDl R,)—1 2N ) (Lemma 17.21)
dk j9cN—1
Zc Zaccepting leaf v D, (Rv) —2 /ZC

cDy(A) — 2%k /2Nt
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Exercise 17.13.g: Suppose f = DisJy has a (d,1/2 + ¢,1/2 — ¢)-protocol. Let ¢ and D =
D;/2+ Dy/2 be from Lemma 17.21.

* By Exercise 17.13.d, f has a (dk, a, (c/4)a)-protocol where k = |—ln(4/c)/28-| and a =
(1/2+ &)k

* By Exercise 17.13.e, there exists a depth-d k deterministic protocol T such that D;(A) > a/2
and Dy(A) < (c/2)D;(A) where A = T~1(1) is the event that T accepts.

* By Exercise 17.13.f, Dy(A) > cD;(A) — 24k /2eN=1,

Combining these, we get (c/2)D;(A) > cD;(A) — 29 /2°N=1 Then rearranging yields 2% >
2°N=1(¢/2)D;(A) > 2°N3ca and thus dk > cN —3 +1log(ca) > cN —3 +logc — k. It follows that
d > cN/k—0(1) = Q(eN).
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Exercise 17.14.a: The proof of Det(F) < 20(Randg'(F)) (Theorem 17.16) yields a one-way

protocol, so N < Det™ (InpEx) < 20®Rands; (Inpex)),
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Exercise 17.14.b: Every f:[N] x [N] — {0,1} has a rectangular reduction to INDExy that
maps (x,y) to (x’,y) where x’ = f(x,1)f(x,2)--- f(x,N) € {0,1}" since f(x,y) = x;,. With
f =1Pjpgy, We get Randgjllb (INDExy) > Rand}? (IPjogn) = Q(logN) (Theorem 17.19).
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Exercise 17.15: Let G be the n-node complete graph, with edges between all pairs of nodes.
Alice’s clique is any subset of nodes, which we identify with its characteristic bit string x € {0, 1}".
Bob’s independent set is any individual node, which we view as an index y € [n] (ignoring the
possibility that Bob gets the empty set). In this case, CIS; is equivalent to INDEX,, since Bob’s node
is in Alice’s set of nodes iff x,, = 1. By Theorem 17.25, Randgfllb’_)(CISG) > Randgjllb’_’(INDExn) >

Q(n). Also, Randgﬁb’_’(CISG) < n trivially holds.
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Exercise 17.16.a: <: Let N be the VC dimension, so some S C Y of size N is shattered by {f* :
x € X}, which means every g: S — {0, 1} agrees with some f* on S. Say S = {y*,y2,...,yV}.
We define a rectangular reduction from INDEXy to f: Map (a, b) € {0,1}" x [N] to (x, y?) such
that f* agrees with g: S — {0,1} defined by g(y)g(y?)---g(y") = a. This works because

INDExy(a, b) = a, = g(¥*) = F*(y") = f(x, 7).

>: Suppose there exists a rectangular reduction (hjice, pop) from INDEXy to f. To show the
VC dimension is > N, we show that some S C Y of size N is shattered by {f* : x € X}.
Let S = {y1,y?%,...,¥y"} where y® = hpy(b) for all b € [N]. Then S has size N because
if b # b’ then y® # yb' since for some a € {0,1}" we have a, # a; and thus f(x,y?) #
f(x, y?) where x = hajice(a). To see that S is shattered, consider any g: S — {0, 1}. Define
a=g(yDg(y?)---g(y") € {0,1}" and x = hpy(a). Then g agrees with f* since g(y?) =
a, = INDEXy(a, b) = f(x, y?) = f*(y®) forall b e [N].
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Exercise 17.16.b: Let N be the VC dimension. Since there exists a rectangular reduction
from INDExy to f (Exercise 17.16.a), we have Randg’ulb () = Randgﬁb’_’(INDExN) = Q(N)
(Theorem 17.25) because we could turn any public-coin one-way protocol for f into a public-
coin one-way protocol for INDExy without increasing the depth or the error probability: On input
(a,b) € {0,1}" x [N], Alice and Bob run the protocol for f on input (hAlice(a), hBOb(b)).
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Exercise 17.16.c: Big-O: On input (x,y), Bob uses O(logN) bits to send y to Alice, who
outputs x,,.

Big-Q: By Exercise 17.16.b (interchanging the roles of Alice and Bob), for all f: X xY — {0, 1}
we have Randgfllb’(_(f) > Q(VC dimension of {f” : y € Y}) where f¥: X — {0, 1} is defined by
fY(x) = f(x,y). For f = INDEXy;, this concept class is dictatorships. The VC dimension is |log N |
(Lemma 13.12).
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Exercise 17.17: Assuming f has a public-coin (a, b)-protocol with one-sided error ¢ on the
side of 1-inputs and f is (s, t)-rich, we prove that f has a 1-monochromatic |—(1 —E)s/ 2“+b-| X
[(1 — ﬁ)t/zb] rectangle.

Since f is (s, t)-rich, there exists a set S of s - t many 1-inputs, consisting of exactly t many
1-inputs in each of exactly s many rows. Let D be the uniform distribution over S. Like in
Exercise 17.12.a, there exists a deterministic (a, b)-protocol T that rejects all 0-inputs of f
and such that Pr(x,y)ND[T(x, y)= O] < ¢. Since T accepts > 1 — ¢ fraction of S, there exist >
(1—+/&)s many rows each of which has > (1—4/¢)t many inputs that T accepts (by contrapositive
reasoning). In other words, the function computed by T is ((1 —e)s, (1 — \/E)t)-rich. By
Lemma 17.27, the function computed by T has a 1-monochromatic [(1 — Je)s/ 2“+b] X |—(1 —
Je)r/2b -| rectangle. This rectangle is also 1-monochromatic for f, because T rejects all O-inputs

of f.
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Exercise 17.18: Identify the bit strings x and y with the sets {i : x; =1} and {i : y; =1}, so
weight corresponds to size.

Leta=k/4and b={/4 and s = (IZ) and t = (Ne_k).

f is (s, t)-rich because each of the s many size-k subsets of [N] is disjoint from t many size-{
subsets of [N].

We show that f has no 1-monochromatic [s/29+%]x [t /2b] rectangle. Consider any [s/2¢70]x
[t/2P] rectangle A x B. Note that

s = (e = () ()

since £ <k and k < 0.7N, and

N—k N—k)/2 N/2+/2 AN
= (M Y= ()= (V) ()
1) 1 1) L
since k < N/2 and £ < 0.4N. The union of all x € A (viewing x as a subset of [N]) has size
> 0.7N since otherwise, some set of size 0.7N would be a superset of every x € A, implying

|A] < (O'ZN). The union of all y € B (viewing y as a subset of [N]) has size > 0.4N since

otherwise, some set of size 0.4N would be a superset of every y € B, implying |B| < (O'ZW). Since
0.7N + 0.4N > N, there exists i € [N] that’s in both the union of all x € A and the union of
all y € B. That is, for some x € A and some y € B, we have i € x and i € y and therefore
f(x,y)=0. Thus A x B is not 1-monochromatic.

By Lemma 17.27, f has no (a, b)-protocol.
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Exercise 17.19: We reduce from DisJOINTNESS. Suppose II is a p-pass space-s randomized
streaming algorithm that approximates the highest frequency within factor < +/2 when the
elements are from [n]. We turn II into a depth-2ps public-coin two-way protocol for DisJ,,,
which implies 2ps > Q(n) (Theorem 17.22), so s > Q(n) if p is a constant. On input (x,y) €
{0,1}" x {0,1}": Alice runs IT with the stream being the indices i}, 1,,...,i; of 1s in x (using
public coins for IT’s randomness), then sends Bob II’s memory contents. Bob continues running
IT with the indices ji, jo, ..., j; of 1s in y appended to the stream, then sends Alice IT's memory
contents. They repeat this for each subsequent pass that IT takes. Bob accepts (and tells Alice to
accept) iff IT’s output is < /2. This is correct because:

o If {iy,..., it} N {j1,..-,J¢} = 0 then (iy,...,i, ji,---,J¢) has highest frequency 1, so IT’s
output is < ¥/2- 1 = /2 with probability > 2/3.

o If {iy,..., ik} N {j15---,Je} # 0 then (iy,...,ik, ji,---,J¢) has highest frequency 2, so IT’s
output is > 2/+/2 = +/2 with probability > 2/3.

The depth is < 2ps since for each of the p passes, Alice sends < s bits and Bob sends < s bits.
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Exercise 17.20: Let f = OpPOSITE PARITYy With domain X x Y. Let D be the uniform distri-
bution over the set Z of all inputs (x, y) with dist(x, y) = 1. Like Lemma 17.17, it suffices to
prove that every deterministic protocol with Pr(, ,).p[output is an acceptable solution] > 2/3
has depth > 2log N —O(1). Consider any such depth-d size-s protocol. For each leaf v, let R,
be the rectangle of inputs that lead to v. Let Z’ be the set of inputs in Z on which the pro-
tocol outputs an acceptable solution, so |Z’| > (2/3)|Z| = (2/3)N2N~1. Like in the proof of
Theorem 17.33, no two inputs in Z’ NR, are in the same row or in the same column. Letting
z, = |Z' NR,|, this implies R, has > z, rows and > z, columns and therefore > z2 inputs. By
Corollary 0.27:

2
|XXY| = ZleafleVl 2 Zleafvz\% 2 (Zleafvzv) /S = |Z/|2/S
We conclude that
s > |Z'P/IX x Y| = ((2/3)N2V"1)?/(2""1)? = (4/9)N?

so the protocol has depth d > logs > 2log N —log(9/4).
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Exercise 17.21: Det(FORK; ;) > Det(OPPOSITE PARITY, ;) > 2log(n + 1) (Theorem 17.33’s
lower bound holds even when n + 1 isn’t a power of 2) since we can turn any protocol IT for
FORK, , into a same-depth protocol I’ for OPPOSITE PARITY,,; where IT'(x, y) runs II(a, b) and
adds 1 to the output, where a; = x; ®x,®-- - ®x; and b; = y1 @y, ®---®y; foreachi € {1,...,n}
(and implicitly, ag = bg=0and a,;1 =x1® - ®x,y; =land b, 1 =y1® - ®y,;1 = 0).
This works because TI(a, b) outputs a fork i € {0,...,n} for (a, b), which means a; = b; and
Qi1 7 biy1, which implies 1 = ;1 ®b; 11 = (4;®x;11)®(b; ® Y1) = Xi 11D ¥i41, 0 Xiy1 # YVis1
and thusi+ 1€ {1,...,n+ 1} is an acceptable solution.
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Exercise 17.22: This is like the proof that Det(FORK) > Q((log k)(log n)) (Theorem 17.34). In
the three places where the definition of “fork” is relevant, the switch to “undirected fork” makes
virtually no difference:

In Lemma 17.35’s counterpart: On input (x,x) € S x S, the only undirected fork is n. On
input (x,y) € S x S, n isn’t an undirected fork since x,, # y, and x,..1 # ¥,+1- Thus S x S is not
monochromatic.

In Lemma 17.37’s counterpart, when |V, | > 4/&/2k™?: 11, computes UNDIRECTED Forky,
because for all x, y € V,, (with xo = y, = u,,/» implicitly), we have ux,uy € S and so IT(ux,uy)
outputs an undirected fork i € {0,...,n} for (ux,uy), which means either (ux); = (uy); and
(ux)iz1 # (uy);4q or (ux); # (uy); and (ux);;; = (uy);4+1, which implies i € {n/2,...,n} and
either x;_;/2 = Yi—nj2 and X /241 # Yi—nj2+1 OF Xi—nj2 # Yi—n/2 a0d Xi_n/211 = Yi—n/2+41, SO
i —n/2 is an undirected fork for (x, y).

In Lemma 17.37’s counterpart, when |U| > V6 /2k2: T computes UNDIRECTED FORK;/
because for all x, y € U (with x,,/51 = v{ # w{ = y,,/241 implicitly), we have xv*, yw” € S and
so II(xv*, yw”) outputs an undirected fork i € {0,...,n} for (xv*, yw”), which means either
(xv¥); = (yw”); and (xv*);4q # (yw? )4y or (xv™); # (yw”); and (xv*);4; = (yw”);11, which
implies i € {0,...,n/2} (since v* and w” differ in every coordinate) and either x; = y; and
Xiy1 7 Yig1 OF X; # y; and x;,1 = Y41, S0 1 is an undirected fork for (x, y).
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Exercise 17.23.a: As in the randomized upper bound for GREATER THAN (Theorem 17.14),
Alice and Bob use binary search with an EQuaLITy oracle to find the first i such that x; # y;. Plug-
ging in an amplified EQUALITY protocol yields RandPUb(UNIVERSAL SEARCH) < O(logN loglogN).
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Exercise 17.23.b: Det(EQuaLITYy) < Det(UNIVERSAL SEARCHy ) + 2: To compute EQUALITYy
on input (x, y), Alice and Bob run a protocol for UNIVERSAL SEARCH, on input (x, y) to get an
index i, and then exchange x; and y; (two more bits of communication) and reject iff x; # y;.
This works because if x = y then even though (x, y) is an invalid input to UNIVERSAL SEARCHy;,
Alice and Bob accept since x; = y; regardless of i, and if x # y then the UNIVERSAL SEARCHy
protocol finds i such that x; # y;, so Alice and Bob reject. Thus Det(UNIVERSAL SEARCHYy) >
Det(EQuaLriTyy) —2 =N —1 (Theorem 17.5).
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Exercise 18.1: This is like Theorem 18.1. For each remainder r € {0, 1,2}, define F": {0,1}* —
{0,1} by F"(x) = 1 iff weight(x) mod 3 =r, so F = F°.

This is trivial for N < 2, so assume N > 3. Consider any circuit C for F{ with as few A/V
gates as possible. Consider the first A/V gate u in some topological order. Two possibly-negated
variables x; and x; feed into u. Either x; or x;, possibly negated, also feeds into another A/V
gate v, because otherwise the three partial assignments with x;x; € {00,01,11} would yield
only two contractions of C (in which u becomes constant 0 or 1) but three restrictions of F, ,9,
(namely Fy_, Fi_, Fy_,, which are different since N > 3). Say x;, possibly negated, feeds into
v. Assigning x; < 0 and contracting C eliminates u and v, yielding a circuit for F{_; with at
least two fewer A/V gates. Repeating this until two variables remain eliminates > 2(N —2) many
A/V gates. Then, an A/V gate remains for FS. Thus C has > 2(N —2) + 1 many A/V gates.
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Exercise 18.2: This is like Theorem 18.2. Consider any circuit C for EQy with as few A/V
gates as possible. Consider the first A/V gate u in some topological order. Two possibly-negated
variables x; and x; feed into u. Then x;, possibly negated, also feeds into another A/V gate v,
because otherwise assigning x; a certain bit and contracting C would make u a constant and thus
yield a circuit that doesn’t depend on x;, which can’t happen for EQy (since restricting EQy by
assigning one variable yields a function that still depends on all other variables). Neither v nor
—v is the output, because assigning x; a certain bit would make v a constant, which can’t happen
for EQy. Thus v, possibly negated, feeds into an A/V gate w, and w # u since u is the first A/V
gate in the topological order. Assigning x; a certain bit and contracting C makes v a constant
and eliminates u, v, w. The resulting circuit must still depend on x;’s partner (x;,y/ if j <N /2,
or x;_y o if j > N/2), and assigning x;’s partner the same bit as x; and contracting eliminates
another A/V gate (if N > 4), yielding a circuit for EQy_, with at least four fewer A/V gates than
C. Repeating this until one pair of variables remains eliminates > 4(N /2 —1) = 2N —4 many
A/V gates. After eliminating three more A/V gates by assigning one more variable, the circuit
might have no more A/V gates. Thus C has > 2N —1 many A/V gates.

By the way, this lower bound is exactly tight: The obvious circuit for EQy has only 2N —1
many A/V gates.
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Exercise 18.3: We may assume N is a power of 2. Abbreviate 2-THRESHOLDy as F. To obtain
a monotone formula ¢y for FZ, recursively obtain a monotone formula @y /2 for F 2 /2 and define:

on(x) = onjalxy- xn/2) V onja(xn/osr - xy) V ((X1V"'VXN/2) A (XN/2+1V"'VXN))

For the base case, (p,(x;Xx;) = x; A X has 2 leaves. Note that ¢y directly contributes N leaves,
and the 2 copies of ¢y, each contribute N /2 leaves (totalling 2- N /2 = N leaves for this level),
and the 4 copies of ¢y /4 each contribute N /4 leaves (totalling 4- N /4 = N leaves for this level),
and so on. Each of the log N levels contributes N leaves, so ¢, has N log N leaves in all.
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Exercise 18.4.a: We design a “low-degree mapping reduction” from f: {0,1}" — {0,1} to
Vv: {0, 1}('5) — {0,1}: Let g: {0,1}™ — {0, 1}(';) be such that the bits of g(y) are the “and”s of
all pairs of bits y. Then f(y) = 1iff V(g(y)) = 1 because y has at least two 1s iff at least one pair
of bits of y are both 1s. We take the distribution over Zs-polynomials of degree 2 for V on (r;)
variables, and combine it with the reduction by replacing each variable with the product of the
two relevant bits of y. This distribution computes f with error probability < 1/3. Moreover, this
distribution is over polynomials of degree 4, because replacing each of a monomial’s variables
with a product of two variables doubles the monomial’s degree.
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Exercise 18.4.b: Consider this distribution over b € {0,1}™: Pick h € {1,2,...,[logm]} uni-
formly at random, and then for each i € [m] independently, let b; = 1 with probability 1/2"1.
IfV(y)=0thenb-y=0.If V(y) =1, with Y = {i : y; = 1} where 27! < |Y| < 2¢ for some
Le{1,2,...,[logm]}, then:

Pr[b-y =1]
> pr[b-y=1andh=e]
= [logm Pr[b y=1 |h (] (chain rule)

= —[bgm] ZieY Pr[b~ =1land b;j=0foralljE€Y \ {i}|h :g]

=[10;m] leyPr[b—1|h ﬂ (1—Pr|:bj=1forsomejeY\{i}|h:£:|)

v

[log;m] ey Pr[b;=1 |h ={]- (1 _ZjeY\{i}Pr[bj =1 |h = ED (union bound)

o] Sier 71+ (1~ Djerq 787
1 Y] |Y| —1

[logm 1 2t+1 (1 o+t

[logm] (1 - 2)

_1
8[logm]

For k = [In(3)8[logm]], let Q(y) = 1 — (1 — b -y)---(1 — bk - y) for independent b* €
{0,1}™,...,b* € {0,1}™, each distributed as above. If V(y)=0thenQ(y)=0. If V(y) =1
then:

Pr[Q(y)#1] = Pr[b'-y#1and--- and bX-y #1] < (1—8[+gm])k < e k/8Mlogm] < 1/3

Q has degree < k = O(logm), and Pr[Q(y) # V(y)] < 1/3 for every y € {0,1}™.
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Exercise 18.5: This is like the proof of Theorem 18.3 but using Zs instead of Zs.

Lemma. For every depth-d size-s circuit C: {0,1}¥ — {0, 1} (with “mod 5 gates” allowed) and
every k > 1, some Zs-polynomial of degree < (4k)? agrees with C on > 1—s/5* fraction of {0,1}".

Proof. Like the proof of Lemma 18.4: It suffices to design a distribution over N-variate Zs-
polynomials P of degree < (4k)? such that PrP[P(x) # C(x)] < s5/5% for every x € {0,1}".
For a “mod 5 gate” with incoming wires y = (¥1,...,Yn), the degree-4 polynomial Q(y) =
1—(y; +yo+ -+ y,)* works since 1* = 2% = 3* = 4% = 1. For an V gate with incoming wires
¥y =1,--->Ym), the degree-4k polynomial

Q) = V(b - y)h .., (b)) = 1= (1= y)*)--- (1= (6" - y))

for independent and uniformly random b! € ZT, ..., bk e 7.3 works: If V(y) = 0 then Q(y) = 0.
If V(y) =1 then Pr[Q( y)# 1] = 1/5% since b - y is uniformly distributed over Zs (for uniformly
random b € ZI) and so (b - y)* is 0 with probability 1/5 and 1 with probability 4/5. For the
combined polynomial P on any input x € {0, 1}", we have Pr[Q; errs] < 1/5 for each gate, and
we do a union bound over all s gates. u

Lemma. Every Zs-polynomial of degree < +/N /2 agrees with PaRITYy on < 4/5 fraction of {0, 1}".

Proof. Like the proof of Lemma 18.5: First, we change perspective: “Sum over Z,” (parity)
becomes “product over Zs” if we change O to 1 and change 1 to —1 = 4: For all x € {1,—1}",

x1X o xy = 1—2((2x; —2)® (2x, —2) @ -+ & (2xy — 2))

since this is —1 iff x has an odd number of —1s. Let P be a Zs-polynomial of degree < +'N /2
that agrees with PARITYy on some S € {0,1}Y. Then Q(x) = 1—2P(2x; —2,...,2xy —2) is a
Zs-polynomial of degree < +/N /2 that agrees with the product function x; -++xy on T = {x :
(2x1—2,...,2xy —2) € S} € {1,—1}", which has the same size as S. We have |T| < (4/5)2" as
in the proof of Lemma 18.5: Every function f: T — Zs is expressed by a polynomial of degree
<N/2++/N/4, so:

5lTI < 5(I(\)I)*'(ID*'(IZ)*'"+([N/2+Nm/4j) < 5(4/5)2N -

Combining the lemmas: Pick k = L(«/N /2)1/d/ 4J = Q(N'/?d) 50 the two degree bounds
essentially match: For every depth-d size-s circuit (with “mod 5 gates” allowed) for PaRITYy,
some Zs-polynomial of degree < (4k)? < +/N /2 agrees with the circuit on > 1 —s/5* but < 4/5
fraction of {0, 1}". Rearranging 1 —s/5 < 4/5 yields s > 5k/5 = 290>,
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Exercise 18.6.a: Suppose MAJORITY,y has a depth-d size-s circuit C. We have C(y) = 1 iff
weight(y) > N. We design a circuit for PARITYy(x): For each k € [N] in parallel, evaluate
wy — C(x011Nk*1) to determine whether weight(x) > k. Then, output \/ 44, e (Wi A
Wi,1) to determine whether weight(x) is odd. This circuit has size O(Ns) and depth d + 2. By
Theorem 18.7, Ns > 20NYE) a0 thus s > 2UCNY) for e =1/(d + 1).

This material accompanies Complexity in Computer Science by Thomas Watson, which will be published by
Cambridge University Press. This supplement is free to view and download for personal use only. Not for dis-
tribution, sale, or use in derivative works. © Thomas Watson, 2026.



Chapter 18 603

Exercise 18.6.b: This is like the proof of Claim 18.6. First, suppose n is even.

nygn - =1 n=3 531 _ (=2 n-4 4 2y1
W)/ = == 5 g 2 (n—l n-3 5 3) 2
nyon)? s (M=l m=3 5 3 1y mn—2 n—4 4 2y 1
G2y = (=225 5 =51 2) 5

__(n=1)-(n—=2)-(n—3)---4-3-2-1 1 1
n-(n-1)-(n—-2)-(n—3)---4-3-2 2 2n

Thus (n72) > 2"/4/2n. If n is odd, then ([n'/lz]) =1 (nfﬁ/z) > 1ont1/\/2(n+ 1) =2"/+/2(n + 1).
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Exercise 18.6.c: Let f = MAJORITYy, SO f(x) = 1 iff weight(x) > N /2. Recall that ZZ:O (Z) =

2" and (i) = (,2).

First, suppose N is odd. The number of inputs x such that f(x) =x; =1 is:

Zk =(N-1)/2 (Ngl) = (ZN 1+((N 1)/2))/2

This is also the number of inputs x such that f(x) = x; = 0. Thus the number of inputs x such
that f(x) = x; is

oN- 1+((N 2) = 282N/ 2(N - 1) > 2N(1/2+Q(1/VN))

by Exercise 18.6.b.
Now, suppose N is even. The number of inputs x such that f(x) = x; =1 is:

N-1 (N—-1
ez (k) = 28712
The number of inputs x such that f(x) =x; =0 is:

k__N/Z 1(N 1) 2N= 1/2+(N/2 ) =2V 1/2+([(N 1)/2]

Thus the number of inputs x such that f(x) = x; is
N4 ((igyg) = 2V 42V /VAN = 2V(1/2+Q(1/VN))

by Exercise 18.6.b.
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Exercise 18.7.a: We prove that if f: {0,1}¥ — {0,1} has a k-DNF ¢, then for a uniformly
random M-partial assignment a, where M < N/2:

Pr[ f1, has no depth-£ decision tree] < (16kM/N)t

Let R be the set of all M-partial assignments a such that f|, has no depth-{ decision tree. As
in the proof of Lemma 18.10, it suffices to exhibit an injection from R to S.

Consider any a € R. Since the decision tree that simulates ¢|, has depth > ¢, it has a rejecting
leaf at depth > £. Let b be the O-certificate of f|, that records the results of queries along the
path to this leaf. This b might not be minimal, but the encoder and decoder from the proof
of Lemma 18.10 still work in the same way. The minimality of b was only used to justify the
existence of a surviving term in ¢|1...pi-1, but now that follows from the decision tree’s definition.
Also, the tweak for ensuring d has exactly M —{ many s and e has exactly ¢ entries still works.
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Exercise 18.7.b: As in the proof of Lemma 18.11, let k = ¢ = 2logs, and let M; = N/32 and
a' be a uniformly random M -partial assignment to the N variables, and for i < 2,...,d —1, let
M; = M;_,/32k and a' be a uniformly random M;-partial assignment to the M;_; many s variables
of a'---a™. Now, let My = M,_;/32k and a“ be a uniformly random M,-partial assignment to
the M;_; many # variables of a' ---a?~!. For the output gate g, let B, be the bad event that g
isn’t a depth-k decision tree under a' ---a“ but is a k-DNF or k-CNF (depending on whether d is
even or odd) under a'---a?"!. By Exercise 18.7.a, Pr(B,]<1 /s for the output gate g as well.
By a union bound over all s gates, Pr[B, holds for at least one g] < Zg Pr[B,] < s/s>=1/s. If

1

no bad event holds, then the circuit becomes a depth-k decision tree under a =a" - -a?, which

is a uniformly random N /32(32k)?!-partial assignment.
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Exercise 18.7.c: Lets = 2V"'/64 _ 1 and k = 2logs. Consider any depth-d size-s circuit
exactly computing some f: {0,1} — {0, 1}. Let a be a uniformly random N /32(32k)?!-partial
assignment, and b be a uniformly random assignment to a’s * variables, so ab € {0,1}" is a
uniformly random assignment. Since s < 2N vy 64 we have k < N/32(32k)?"!. Thus if f|, has
a depth-k decision tree, then Pry [ fla(b) = PARITYNla(b)] = 1/2 since each root-to-leaf path
misses at least one variable of PArITYy|,. By Exercise 18.7.b:

Pr[f(ab) = PARITYN(ab)] < Pr[f(ab) = PARITYy (ab) |f|a has a depth-k decision tree] +
Pr[ flq has no depth-k decision tree]
< 1/2+1/s
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Exercise 18.8: This circuit does the job:

sample y € {0,1}" uniformly at random
output (y1, Y1 ® Y2, Y2 Y35 -5 Yn2® Yn-1> Yn-1® Yn> Yn)

This circuit is NC°-type since each output bit depends on at most two of the random input bits.
The output distribution is correct since for each x € {0,1}", the output (x, ®(x)) is yielded by
exactly one y € {0,1}", namely y; = x; ® x, ® - - - ® x; for each i.
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Exercise 18.9: We may assume N is odd. Let X = {x € {0,1}" : weight(x) = [N/Z]} and
Y = { y €{0,1}" : weight(y) =|N/ 2J}. Let f be the search problem MAJORITY} restricted to
domain X x Y. We claim that f has protocol size complexity > N2/4, which implies the same
lower bound for MaJjoriTy}; and thus that MaJoRITYy has formula size complexity > N2/4
(Lemma 18.16).

Consider any size-s protocol for f. Let Z C X xY be the set of all inputs (x, y) with dist(x, y) =
1, that is, (x, y) has only one acceptable solution. We have |X| = |Y| and |Z| =[N /2]-|X|. The
proof of Theorem 17.33 shows that s > |Z|?/|X x Y| =[N/2]?> > N?/4.
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Exercise 18.10: Let f = DIRECTED REACHABILITY,2. As noted in the proof of Theorem 18.19,
f has a depth-O(log? n) bounded-fan-in monotone formula. By Lemma 18.18, f’ has a depth-
O(log? n) protocol. We describe this protocol explicitly. Alice gets a graph x with a walk (of
length < n—1) from s to t. Bob gets a graph y with no walk from s to t. They want to find
an edge that x has but y doesn’t. First, Alice sends the identity of the halfway node v on her
walk from s to t, with logn bits of communication. Since y has no walk from s to t, either y
has no walk from s to v, in which case Bob says so and they update t « v, or y has no walk
from v to t, in which case Bob says so and they update s < v. This is one bit of communication
from Bob. They repeat this, maintaining the invariant that x has a walk from the current s to
the current t, and y doesn’t. The length of the walk from the current s to the current t in x
decreases by at least a factor 2 in each iteration. After at most logn iterations, x has a length-1
walk from s to t, and y doesn’t, so Alice and Bob output the edge (s, t). The protocol’s depth is
< (logn iterations) - (logn + 1 bits per iteration) = O(log? n).
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Exercise 18.11: This is like the proof for DIRECTED REACHABILITY (Theorem 18.19).

Define UNDIRECTED REACHABILITY (,_1)/2 : {0, 1}(=1)/2 5 {0, 1} as a monotone function:
The input is an n-node undirected graph z where for all 1 <i < j < n, we have z; ; = 1 iff there’s
an edge between nodes i and j. The output is 1 iff the graph has a walk between node s = 1 and
node t =n.

By balancing (Theorem 6.24), it suffices to prove f = UNDIRECTED REACHABILITY ,(,_1)/2
has monotone formula depth complexity 2(log®n). By Lemma 18.18, it suffices to prove f has
protocol depth complexity £2(log? n).

UNDIRECTED FORK ,, is the search problem where Alice gets x € [k]™, Bob gets y € [k]™,
and they want to output an undirected fork, which is an index i € {0,1,...,m} such that either
x; = y; and Xx;.1 # Yip1 Or x; # y; and X;.; = Y41, assuming implicitly that x, = y, and
Xm+1 # Ym+1, 88y Xo = Yo =1 and x,y =k and y,,yy =k —1.

We reduce UNDIRECTED FORKy ,, to f* where n = k(m +2) and k = m ~ /n. Then by
Exercise 17.22, both problems have protocol depth complexity Q((log k)(log m)) = Q(log? n).

The inputs to f’ will be layered graphs with nodes [k]x {0, 1,...,m+1}: Layer i is the nodes
[k] x {i}, and each edge goes between two adjacent layers. The start and destination nodes are
s=(1,0)and t = (k,m+1).

* Map x € [k]™ to a graph x’ having just the path

(%x0,0) — (o1, 1) = (x2,2) — -+ — (X, M) — (X410, m + 1)

between (1,0) =s and (k,m+ 1) = t. Thus f(x’) = 1 (¢ is reachable from s).
* Map y € [k]™ to a graph y’ having the path

(¥0,0) — (1, 1) —(¥2,2) — = =* — (¥Ym>m) — (Y41, m+1)

between (1,0) =s and (k—1,m+ 1) # t, and y’ also has an edge between each pair of
nodes that are both not on this path and are in adjacent layers. The latter edges don’t
create any new paths from s, so f(y’) =0 (¢t isn’t reachable from s).

Another way to describe the layered graphs x” and y’ is:

* (v,i)—(w,i+1)is an edge of x’ iff x; = v and x;,.; = w.
* (v,i)—(w,i+1) is a non-edge of y’ iff either y; =v and y;,; #wor y; # v and y;,; = w.

A protocol for UNDIRECTED FORK; ,,, on input (x, y) could run a protocol for f* on input (x’, y’)
to find an acceptable solution (v,i) — (w,i+ 1) (an edge of x’ that’s a non-edge of y’) and then
output i, which is an undirected fork for (x, y) since either x; =v = y; and x;,; =w # y;,; or
x; =v # y; and x;1; = w = y;,. Hence the protocol depth complexity of UNDIRECTED FORK;, ,
is no greater than that of f’.

For example, with k = m = 3 and x = (3,2,1) and y = (2,3, 1), with implicit “bookends”
Xo=Yo=1and x, =3 and y, = 2:
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The undirected forks are the indices 0, 2, and 3.
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Exercise 18.12: This is like Lemma 18.16.

=: Suppose f has a shape-G circuit. We design a shape-G* rectangle dag for f*. For each node
v,let A, x B, C X x Y be the rectangle of all (x, y) such that in the circuit, v evaluates to 1 on
x andtoOon y.

* Each sink v’s rectangle A, x B, is monochromatic with respect to f* since the corresponding
source in the circuit is a literal z; or z;, which means either x; =1 forallx € A, and y; =0
forally €eB,,orx; =0forallx € A, and y; =1 for all y € B,, and thus i is an acceptable
solution (that is, x; # y;) for all (x,y) € A, X B,,.

* For each non-sink v with outneighbors v, and v, in the rectangle dag:

* IfvisanV gate, then A, €A, UA, and B, € B, NB, by definition.
* If visan A gate, then A, €A, NA, and B, € B, UB, by definition.
* For the unique source v, we have A, x B, =X x Y because the circuit computes f.

<: Suppose f* has a shape-G* rectangle dag. We design a shape-G circuit for f such that each
node v evaluatesto lonall x € A, and to O on all y € B,

* For each source v in the circuit, where A, x B, is monochromatic with respect to f* and
i is an acceptable solution (that is, x; # y;) for all (x,y) € A, x B,, either x; = 1 for all
x €A, and y; =0 for all y € B,, in which case v becomes the positive literal z;, or x; =0
forall x € A, and y; =1 for all y € B,, in which case v becomes the negative literal z;.

* For each non-source v with inneighbors v, and v; in the circuit:

*IfA,CA, UA, and B, € B, NB,, then v becomes an V gate.
*IfA,CA, NA, and B, € B, UB, , then v becomes an A gate.

* The unique sink v outputs 1 on all x € A, =X and Oon all y € B, =Y, so the circuit

computes f.
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Exercise 18.13: The example in §18.7.1 (based on Lemma 18.11) shows for s = 2N1/(d_1)/128,
there exists a (23N, 1/2)-natural property for depth-d size-s circuits. By Theorem 18.22 (which
preserves depth), if there exists a (t — 2V, £)-natural property for depth-d size-s circuits, then
there doesn’t exist a (t, ¢)-pseudorandom function computed by a depth-d size-s circuit with
n > N. Combining these shows that there doesn’t exist a (23N 42V, 1/2)-pseudorandom function
computed by a depth-d size-s circuit with n > N. Letting N = n®, there doesn’t exist a (2" +
2" 1/2)-pseudorandom function computed by a depth-d size-2n"“ V128 cireyit,
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